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Recent contact angle studies provide an experimental foundation for theoretical developments of molecular
interactions. These newly obtained contact angles are interpreted in terms of combining rules for solid-
liquid intermolecular potential. Results suggest that existing combining rules do not describe adequately the
experimental adhesion patternssthe calculated and experimental patterns differ considerably. It is shown
that the combining rule originally proposed by Hudson and McCoubrey can be improved to advance our
understanding for solid-liquid interactions from like pairs. Macroscopic contact angle measurements are
used to infer relationships of unlike solid-liquid interactions at a molecular level. The resulting combining
rule gives a good fit to experimental adhesion and contact angle patterns for the range studied. The
thermodynamic property solid surface tension can also be obtained from this relation.

1. Introduction

In the theory of molecular interactions and the theory of
mixtures, combining rules are used to evaluate the parameters
of unlike-pair interactions in terms of those of the like
interactions.1-10 As with many other combining rules, the
Berthelot rule11

is a useful approximation, but does not provide a secure basis
for the understanding of unlike-pair interactions;εij is the
potential energy parameter (well depth) of unlike-pair interac-
tions; εii andεjj are for like-pair interactions.

From the London theory of dispersion forces, the attraction
potentialφij between a pair of unlike moleculesi andj is given
by

whereI is the ionization potential andR the polarizability. For
like molecules this term becomes

The total intermolecular potentialV(ri) expressed by the (12:6)
Lennard-Jones potential is in the form

whereσ is the collision diameter. The attractive potentials in
eqs 3 and 4 can be equated to give

Equation 5 can be used to deriveRi andRj; substituting these
quantities into eq 2, we obtain

If we write φij in the form-4εijσij
6/rij

6 such thatσij ) 1/2(σi +
σj), the energy parameter for two unlike molecules can be
expressed as

This forms the basis of the so-called combining rules for
intermolecular potential. The above expression forεij can be
simplified: whenIi ) Ij, the first term of eq 7 becomes unity;
when σi ) σj, the second factor becomes unity. When both
conditions are met, we obtain the well-known Berthelot rule,
i.e., eq 1.

For the interactions between two very dissimilar types of
molecules or materials where there is an apparent difference
betweenεii and εjj, it is clear that the Berthelot rule cannot
describe the behavior adequately. It has been demonstrated12,13

that the Berthelot geometric mean combining rule generally
overestimates the strength of the unlike-pair interactions, i.e.,
the geometric mean value is too large an estimate. In general,
the differences in the ionization potential are not large, i.e.,Ii

≈ Ij; thus the most serious error comes from the difference in
the collision diametersσ for unlike molecular interactions.

For solid-liquid systems in general, the minimum of the
solid-liquid interaction potentialεsl is often expressed in the
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following manner:1,4,6

whereg is a function ofσl andσs; they are, respectively, the
collision diameters for the liquid and solid molecules;εss and
εll are, respectively, the minima in the solid-solid and liquid-
liquid potentials. Several other forms for the explicit function
of g(σl/σs) have been suggested. For example, by comparingεsl

with the minimum in the (9:3) Lennard-Jones potential, one
obtains

An alternative form has been investigated by Steele14 and
others:15

Obviously from the (12:6) Lennard-Jones potential, eq 7
implies

These are various attempts for a better representation of solid-
liquid interactions from solid-solid and liquid-liquid interac-
tions. In general, these functions are normalized such thatg(σl/
σs) ) 1 whenσl ) σs; they revert to the Berthelot geometric
mean combining rule eq 1 forg(σl/σs) ) 1.

Nevertheless, adequate representation of unlike solid-liquid
interactions from like pairs is rare; moreover, the validity of
the existing combining rules for solid-liquid systems lacks
experimental support. This is due to the difficulties involved in
estimating the operative solid-liquid interactions. One attractive
alternative is by means of the thermodynamic free energy of
adhesion via wetting, as recently suggested.16-18 This can be
accomplished only when a set of thermodynamically significant
contact angles is generated. Recent work19-21 in systematic
contact angle studies sheds light on this matter. Our aim is to
test existing combining rules for solid-liquid intermolecular
potential and, as a second objective, to construct similar ones
using experimental data.

2. Theory

Thermodynamically, a relation of the free energy of adhesion
per unit area of a solid-liquid pair is equal to the work required
to separate unit area of the solid-liquid interface:22

Because the free energy is directly proportional to the energy
parameter,23,24 i.e., W ∝ ε, the Berthelot geometric mean
combining rule (eq 1) for the free energy of adhesionWsl can
be approximated in terms of the free energy of cohesion of the
solid Wss and that of the liquidWll:11,23-25

By the definitionsWll ) 2γlV andWss ) 2γsV, eq 13 becomes

Similarly, eq 8 can be expressed as

SinceW ∝ ε ∝ γ ∝ σ-3,6 the functiong can be rewritten in
terms ofγsV andγlV explicitly:

Thus, inserting eqs 9-11 into eq 15 yields, respectively, the
following expressions:

and

SinceWsl now relates explicitly toγlV and γsV, the effect of
changingγlV on Wsl can be examined for constantγsV.

Experimentally, one can in principle obtain the free energy
of adhesionWsl via contact angles through the Young equation:

whereθY is the Young contact angle, i.e., a contact angle that
can be used in connection with the Young equation. Combining
eq 20 with 12 yields a relation ofWsl as a function ofγlV and
θY:

Thus, experimental results can be compared with those predicted
from eqs 14, 17-19; i.e., contact angles of different liquids on
one and the same solid surface can be employed to study the
systematic effect of changingγlV on Wsl throughθY.

We wish to point out that this strategy is straightforward;
the underlying assumptions are however not trivial.16,17,26For
example, there exist many metastable contact angles which are
not equal to the one given by Young’s equation, i.e.,θY: the
contact angle made by an advancing liquid (θa) and that made
by a receding liquid (θr) are not identical. The difference
betweenθa and θr is called contact angle hysteresis. Contact
angle hysteresis can be due to roughness and heterogeneity of
a solid surface. If roughness is the primary cause, then the
measured contact angles are meaningless in terms of the Young
equation.

(1) On ideal solid surfaces, there is no contact angle
hysteresis, and the experimentally observed contact angle is
equal toθY.

(2) On smooth, but chemically heterogeneous solid surfaces,
θ is not necessarily equal to the thermodynamic equilibrium
angle; nevertheless, the experimental advancing contact angle
θa can be expected to be a good approximation ofθY. This has
been illustrated using a model of heterogeneous (smooth)
vertical strip surfaces.27,28Therefore, care must be exercised to
ensure that the experimental apparent contact angle,θ, is the
advancing contact angle in order to be inserted into the Young
equation.
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(3) On rough solid surfaces, no such equality between
advancing contact angle andθY exists. Thus, all contact angles
on rough surfaces are meaningless in terms of the Young
equation. While the receding angle on a heterogeneous and
smooth surface can also be a Young angle, it is usually found
to be nonreproducible often because of sorption of the liquid
into the solid and swelling of the solid by the liquid.29

The thermodynamic equilibrium angles on rough and het-
erogeneous surfaces are the so-called Wenzel30 and Cassie31-33

angles, respectively. They are not equal toθY; furthermore, they
are not experimentally accessible quantities.

Experimentally, one measures contact angles of different
liquids on one and the same solid surface to fulfill the
requirement of constantγsV for changingγlV. However, recent
work suggested that contacting liquids often interact with the
solid surface of interest in an unpredictable manner that can
cause the operativeγlV, γsV (and γsl) to be different from the
original, anticipated one.34,35 The applicability of the Young
equation20 is not guaranteed in such situations. Thus, experi-
mental determination of meaningful contact angles requires
painstaking efforts. A detailed discussion of these matters is
available.16,17

3. Results and Discussion

Figure 1 displays the free energy of adhesionWsl vs the
liquid-vapor surface tensionγlV from recent experimental
contact angles for polystyrene (PS),19 poly(styrene/methyl
methacrylate, 70/30) P(S/MMA, 70/30),20 and poly(methyl
methacrylate) PMMA;21 eq 21 was used to relateθ to Wsl. The
predicted patterns from eqs 14, 17-19 for a hypothetical solid
surface withγsV ) 30 mJ/m2 are also given. These results
suggest that the above combining rules do not predict the
observed adhesion patterns adequately; eqs 14 and 17 being
the poorest. It should be noted that such failure is not surprising
since the London dispersion theory together with the Lennard-
Jones potential are only approximation and cannot account for
all solid-liquid interactions.

3.1. Improved Combining Rule.Nevertheless, closer scru-
tiny suggests that the forms of the combining rules in eqs 18
and 19 may be useful in predicting the experimental adhesion
patterns. As a step toward such an investigation, we rewrite

these equations in the following generalized forms:

and

wherek andn are constants to be determined. Fork ) 2 andn
) 3, eqs 22 and 23 revert respectively to eqs 18 and 19. The
question now becomes how well these equations fit the
experimental data in Figure 1. AssumingγsV to be constant for
one and the same solid surface, experimental contact angle data
can be used to fit these equations using a least-squares scheme.

The best-fits of eqs 22 and 23 to data are shown in Figure 2,
parts a and b, respectively. Clearly, eq 23 gives a better fit to
the experimental data than eq 22. The fitting results are
summarized in Table 1. Although eq 23 appears to fit the data
well, there is some indication thatn may change with the solid
surface tensionγsV. To account for this, we assumen ∝ σs (i.e.,
n ∝ γsV

1/3) and square it with an as yet undetermined constantR

Figure 1. The free energy of adhesionWsl vs γlV for polystyrene (PS)
(circles), poly(styrene/methyl methacrylate, 70/30) P(S/MMA, 70/30)
(squares), and poly(methyl methacrylate) PMMA (diamonds). The
diagonal line is the line of zero contact angle, i.e.,Wsl ) 2γlV; other
solid lines are theWsl values predicted by eqs 14, 17-19 usingγsV )
30 mJ/m2 from γlV ) 30 to 75 mJ/m2.

Figure 2. The fitted free energy of adhesionWsl vs γlV for (a) eq 22
and (b) eq 23, for the data in Figure 1: polystyrene (PS) (circles), poly-
(styrene/methyl methacrylate, 70/30) P(S/MMA, 70/30) (squares), and
poly(methyl methacrylate) PMMA (diamonds).

TABLE 1: Fitting Results of Experimental Free Energy of
Adhesion from Contact Angles for Equations 22 and 23

eq 22 eq 23

solid surface
γsV

(mJ/m2) k
γsV

(mJ/m2) n

poly(methyl methacrylate), PMMA 39.9 1.3 38.9 12.6
poly(styrene/methyl methacrylate,

70/30), P(S/MMA, 70/30) 34.5 1.6 33.5 11.7
polystyrene, PS 32.3 1.7 30.6 10.9

Wsl ) 21-k(1 + (γsV

γlV
)1/3)k

xγlVγsV (22)

Wsl ) 2( 4(γsV/γlV)
1/3

(1 + (γsV/γlV)
1/3)2)n

xγlVγsV (23)
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in the exponential, so that

AssumingγsV andR to be constant for one and the same solid
surface, we fitted the data to eq 24; the resultingγsV andR values
are summarized in Table 2. It appears that such a modification
yields R values that are essentially independent of the solid
surfaces used. Averaging and weightingR over the number of
data used yieldsR ) 1.17 m2/mJ. This procedure allows the
determination of a combining rule for molecular potential from
macroscopic contact angle measurements. SinceγsV ≈ K/σs

3

and because of eq 24, the solid-liquid interaction potentialεsl

can be expressed as

whereR is 1.17 m2/mJ;K is in general a constant that depends
on the Boltzmann constant, absolute and critical temperatures.
Such a relation can be used to estimateεsl from solid-solid
and liquid-liquid pairs for intermolecular potential;εsl can be
related directly toεll andεss by the collision diameters of the
solid σs and liquidσl, as given by eq 25. In essence,R replaces
a constant similar to that from molecular theory. The sensitivity
of R relies on the validity of the assumption that the differences
in the ionization potential between the liquids and solids are
not large, i.e.,Is ≈ Il; if the difference is large, the explicit effects
of Il and Is on εsl would have to be considered in eq 25.
Obviously, if further refinement of the Lennard-Jones potential
is available, the above procedures together with the contact angle
data can be employed to yield a more exact relation.

3.2. Predictive Power.Free Energy of Adhesion.Equation
24 can be used to predict the free energy of adhesion for
different solid-liquid interactions. ExperimentalWsl values from
contact angles are plotted in Figure 3, for other solid surfaces
not used to determine the aboveR: these surfaces
are FC722 coated-fluorocarbons,36 Teflon (FEP),37 poly(n-
butyl methacrylate) (PnBMA),38,39 poly(ethyl methacrylate)
(PEMA),39,40 poly(methyl methacrylate/n-butyl methacrylate)
P(MMA/nBMA),39,41 and poly(propene-alt-N-(n-propyl)male-
imide) P(PPMI).34,35,39The values ofWsl as a function ofγlV
predicted by eq 24 are shown in Figure 3; each curve represents
a singleγsV value withR ) 1.17 m2/mJ. The agreement between
the predicted and experimental results is striking. From experi-
mental contact angles on the three solid surfaces not used in
Figure 3, eq 24 withR ) 1.17 m2/mJ can be used to predict the
adhesion behavior for other polar and nonpolar solid-liquid
combinations.

Contact Angles.Contact angle patterns can also be pre-
dicted: Combining eq 24 with eq 12, we can write the solid-

liquid interfacial tensionγsl as

Thus, the Young equation (eq 20) in conjunction with eq 26
yields

The predicted contact angle patterns are shown in Figure 4 for
γsV in the range from 12 to 38 mJ/m2 in 2 mJ/m2 increments, in
plots ofγlV cosθ vsγlV and cosθ vsγlV. These are experimental
contact angles not used to obtain the values ofR previously.
The predicted and experimental contact angle patterns agree well
within γsV ) (1 mJ/m2. Conversely, hypothetical contact angle
values can be generated using any given pair ofγlV and γsV.
UsingγsV ) 35.0( 1.0 mJ/m2 andR ) 1.17 m2/mJ, eq 27 can
predict the contact angles corresponding to each experimental
γlV value for P(MMA/nBMA). The predicted angles are sum-
marized in Table 3 together with the observed ones. The
agreement is very good and within the goniometer contact angle
accuracy of(2°.

Solid Surface Tensions.Further, the best-fitted experimental
values (from the free energy of adhesion or contact angle
patterns) to theoretical ones yield the solid surface tensionγsV.
Table 4 summarizes the fittedγsV values determined from eq
24 with R ) 1.17 m2/mJ: they were obtained by usingγsV as
the only adjustable parameter to give the best fit. The fittedγsV
values agree well with intuition that fluorocarbons should have
surface tension≈ 12-14 mJ/m2, PS ≈ 29-31 mJ/m2, and
PMMA ≈ 38-40 mJ/m2. We also note that the agreement with
those determined from the equation of state approach for solid-
liquid interfacial tensions37,42is remarkable; the results are also
given in Table 4. It is apparent, and in principle obvious from
fundamental considerations, that there is no conflict43 between
molecular theory and the equation of state approach for solid-
liquid interfacial tensions; the former is based on intermolecular
interactions at a molecular level; the latter on thermodynamics
and macroscopic measurements. The two approaches are indeed
closely related. Combining rule in intermolecular potential can

TABLE 2: Fitting Results of Experimental Free Energy of
Adhesion from Contact Angles for Equation 24

eq 24

solid surface
γsV

(mJ/m2)
R

(m2/mJ)

poly(methyl methacrylate) PMMA 38.9 1.15
poly(styrene/methyl methacrylate, 70/30)

P(S/MMA, 70/30)
33.6 1.19

polystyrene PS 30.6 1.17

Wsl ) 2( (γsV/γlV)
1/3

(1 + (γsV/γlV)
1/3)2)(RγsV)2/3

xγlVγsV (24)

εsl ) ( 4(σl/σs)
1/3

(1 + (σl/σs)
1/3)2)(RK/σ3

s)2/3

xεllεss (25)

Figure 3. The predicted free energy of adhesionWsl vs γlV from eq 24
with R ) 1.17 m2/mJ for FC722 fluorocarbon-coated surface (solid
circles); Teflon (FEP) (open diamonds); poly(n-butyl methacrylate)
(PnBMA) (solid left triangles); poly(ethyl methacrylate) (PEMA) (solid
down triangles); poly(methyl methacrylate/n-butyl methacrylate) P(MMA/
nBMA) (open circles); poly(propene-alt-N-(n-propyl)maleimide)
P(PPMI) (open rectangles).

γsl ) γlV + γsV - 2xγsVγlV( 4(γsV/γlV)
1/3

(1 + (γsV/γlV)
1/3)2)(RγsV)2/3

(26)

cosθY ) -1 + 2xγsV

γlV( 4(γsV/γlV)
1/3

(1 + (γsV/γlV)
1/3)2)(RγsV)2/3

(27)
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be used to determine solid surface tensions, just as the equation
of state approach for solid-liquid interfacial tensions.

4. Conclusions

We have generalized a combining rule for intermolecular
potential, by modifying the original form given by Hudson and
McCoubrey.3 Such a relation relates the energy parameter for
solid-liquid interactionsεsl with those of the solid-solid and
liquid-liquid pairs in terms of the collision diameters. It can
also be related to the free energy of adhesion and contact angles.
The agreement between the predicted and experimental adhesion
and contact angle patterns is remarkable, for the range studied.
We have also shown that the best-fits of our equation to the

adhesion and contact angle patterns yield the solid-surface
tensions that are essentially identical to those determined from
the equation of state approach for solid-liquid interfacial
tensions.
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