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Equilibrium wetting on rough surfaces is discussed in terms of the “competition” between complete
liquid penetration into the roughness grooves and entrapment of air bubbles inside the grooves underneath
the liquid. The former is the homogeneous wetting regime, usually described by the Wenzel equation. The
latter is the heterogeneous wetting regime that is described by the Cassie-Baxter equation. Understanding
this “competition” is essential for the design of ultrahydrophobic surfaces. The present discussion puts the
Wenzel and Cassie-Baxter equations into proper mathematical-thermodynamic perspective and defines
the conditions for determining the transition between the homogeneous and heterogeneous wetting regimes.
In particular, a new condition that is necessary for the existence of the heterogeneous wetting regime is
added. It is demonstrated that when this condition is violated, the homogeneous wetting regime is in effect,
even though the Cassie-Baxter equation may be satisfied.

Introduction
Understanding wetting on rough surfaces1-29 is es-

sential for designing and controlling wetting processes in
general. Of special interest is the extreme case of ultra-
hydrophobic surfaces, for which roughness results in very
high water contact angles and very low water roll-off
angles.1-8,11-13,17-19 Leaves of some plants, notably the

Lotus flower leaves, have this property as an essential
part of a self-cleaning mechanism.18 The application of
this mechanism is desirable also for nonbiological systems,
such as windows, painted exterior surfaces, and so forth.7,8

In addition, ultrahydrophobic surfaces may have many
other applications, such as in microfluidics.

The above two requirements of ultrahydrophobic sur-
faces, namely, very high water contact angles and very
low water roll-off angles, are closely related but not
necessarily equivalent. In particular, the mechanism of
roll-off is not yet fully understood. However, complete
understanding of this dynamic process can be achieved
only if its starting point, namely, the equilibrium state of
a drop on a hydrophobic surface, is well understood. One
of the most important underlying questions is: does the
liquid fill up the roughness grooves (Figure 1a) or are air
bubbles entrapped inside the grooves, underneath the
liquid (Figure 1b)? The former situation is the “homoge-
neous wetting regime”, while the latter is the “heteroge-
neous wetting regime”. The relationship between roll-off
and the wetting regime is not yet clear and will be
discussed elsewhere. The present discussion focuses on
the conditions for existence of either wetting regime, in
terms of the topography characteristics of the solid surface.

The basis for studying equilibrium wetting on rough
hydrophobic surfaces was established many years ago by
Wenzel23 and Cassie and Baxter24 (CB). The Wenzel
equation relates to the homogeneous wetting regime and
yields the Wenzel apparent contact angle, θW, in terms of
the Young contact angle, θY, and the roughness ratio, r:

The roughness ratio is defined as the ratio of the true area
of the solid surface to its nominal area. This equation
shows, as is well-known, that when the surface is
hydrophobic (θY > π/2), roughness increases the contact
angle.

The CB equation describes the heterogeneous wetting
regime and gives θCB, the CB apparent contact angle, as
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cos θW ) r cos θY (1)

cos θCB ) rf f cos θY + f - 1 (2)
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In this equation, f is the fraction of the projected area of
the solid surface that is wet by the liquid, and rf is the
roughness ratio of the wet area. When f ) 1, rf ) r, and
the CB equation turns into the Wenzel equation. As
recently realized,25,26 both equations are correct only if
the drop is sufficiently large compared with the typical
roughness scale. As will be shown below, these equations
are necessary but not sufficient conditions for describing
wetting equilibrium on rough surfaces.

Johnson and Dettre27 demonstrated for a sinusoidal
surface that, above a certain value of r, the CB contact
angle is the preferred equilibrium state (i.e. the Gibbs
energy is lower in the CB case). Above this r, a further
increase in the roughness ratio seems inefficient, since
the slope of the increase in θCB with r is much lower than
that of θW. As mentioned above, the role of this transition
between wetting regimes in ultrahydrophobicity is not
yet clear. However, it certainly is essential to understand
the conditions for this transition. Therefore, the goal of
this paper is to formulate the complete set of equilibrium
conditions of a drop on a hydrophobic rough surface,
emphasizing the relationship between the solid surface
topography and the transition between the homogeneous
and heterogeneous wetting regimes.

Theory
The problem of determining the equilibrium conditions

of a drop on a rough surface is, as is well-known, a problem
of minimization of the Gibbs energy of the system. It is
convenient (though not necessary28) to perform the
minimization under the constraint of a constant volume
of the liquid drop. In the minimization of the Gibbs energy
of a drop on an ideal (i.e. flat, rigid, homogeneous,
nonreactive, and insoluble) solid surface, the only inde-
pendent variable is the contact angle. In contrast, the
case of rough surfaces needs to be described by two
independent variables: the apparent contact angle, θ, and
f. The addition of f as a variable is necessary, since the
extent of penetration into the roughness grooves is initially
unknown. The extremum conditions of functions of two
independent variables are somewhat more intricate than

those for a function of one independent variable, and the
implications of the additional conditions are essential, as
will be shown below.

In general, the Gibbs energy of the system is given by

where σ is the interfacial tension, A is the interfacial area,
and the subscripts s, l, and f stand for the solid, liquid,
and fluid, respectively. For generality, the term fluid is
kept in the following, although in many cases of practical
interest the fluid is a vapor. In formulating the detailed
expression for the Gibbs energy of the system, it will be
assumed that the drop is sufficiently large compared with
the typical scale of roughness. This assumption has
important implications: (a) The equilibrium shape of the
drop, in the absence of gravity (as is assumed for
simplicity), is spherical, and all distortions due to the
roughness are limited to the contact line region.25,26 (b)
The radius of curvature of the liquid-fluid interface inside
the grooves must equal the radius of the drop itself (that
is, very large); therefore, it is assumed that this interface
is approximately planar. (c) The volume of liquid inside
the roughness grooves is negligible compared with the
drop volume. (d) The projected solid-liquid area is
approximately equal to the base area of the spherical drop;
that is, the area of the protrusions in the contact line is
negligible compared with the base area of the drop. In
addition, line tension effects are assumed to be negligible.29

On the basis of these assumptions, the interfacial areas
and drop radius are calculated as follows. The liquid-
fluid interfacial area consists of two parts, the outside
interface of the spherical cap and the liquid-fluid interface
within the grooves:

Here, R is the radius of the sphere, and θ is the apparent
contact angle at a given state of the drop (see Figure 1b),
not necessarily at equilibrium. The solid-liquid interfacial
area is given by

The solid-fluid interfacial area also consists of two parts,
the interface outside the drop and the solid-fluid interface
within the grooves:

Here, Atot is the total area of the solid surface, and r1-f is
the roughness ratio of the dry part. The roughness ratios
of the wet and dry areas are related by

and the drop radius is related to its volume by

Introducing eqs 4-8 into eq 3, one gets the expression for
the Gibbs energy, which can be written in the following
dimensionless form

Figure 1. (a) Homogeneous wetting on a hydrophobic, rough
surface. (b) Heterogeneous wetting on a hydrophobic, rough
surface.

G ) σlf Alf + σsl Asl + σsf Asf (3)

Alf ) 2πR2(1 - cos θ) + (1 - f)πR2 sin2 θ (4)

Asl ) πR2rf f sin2 θ (5)

Asf ) [Atot - πR2r sin2 θ] + πR2r1-f(1 - f) sin2 θ (6)

rf f + r1-f (1 - f) ) r (7)

R2 ) (3V
π )2/3

(2 - 3 cos θ + cos3 θ)-2/3 (8)

G* ≡ G
σlfπ

1/3(3V)2/3
)

F-2/3(θ)[2 - 2 cos θ - Φ(f) sin2 θ] (9)
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where

and

It should be noted that Atot is a constant that does not
affect the minimization; therefore, it is taken as zero, for
convenience. It is also important to note that the roughness
ratio of the wet area depends on f, rf ) rf(f), and that the
overall roughness ratio, r, does not explicitly appear in eq
9 (except for being the limiting value of rf). The complete
analysis of the extrema of a function needs to include
local as well as border extrema. It will be shown below
that the distinction between local and border minima plays
a very important part in wetting of rough hydrophobic
surfaces.

Local Extrema

Necessary conditions for local extrema consist of
vanishing of the first partial derivatives30 (assuming the
function is differentiable). Applying these conditions to
G*, one gets

The latter condition is fulfilled when

or when

Equation 12 is fulfilled when

or when

Equations 12 and 13 need to be simultaneously fulfilled;
therefore, in principle, there exist four combinations of
eqs 14 and 15 that need to be considered. Equation 14a
is the CB equation. When combined with eq 15a, the value
of f at equilibrium is determined by this equation, which
is equivalent to the statement28 that the actual contact
angle that the liquid makes with the solid inside the groove
must be the Young contact angle. Thus, eqs 14a and 15a
are consistent with previous knowledge. The combination
of eq 14a with eq 15b is valid only when θCB ) π, implying
that f ) 0, as concluded from eq 2. The combination of eq
14b with eq 15a is valid only if the latter is fulfilled by f
) 0. The combination of eq 14b with eq 15b simply implies
θ ) π and f ) 0. So, in fact, the four combinations are
reduced to two possibilities: (a) the CB equation with f
being determined by eq 15a, and (b) θ ) π and f ) 0.

However, in addition to eqs 12 and 13, the following
condition must be met30 for a local extremum to exist:

where (assuming that the first derivatives are dif-
ferentiable)

and

When AC - B2 ) 0, there may be but does not need to be
a local extremum, and the function needs to be further
checked in order to verify it.

At the f value that is necessary for the local minimum,
B ) 0, by eqs 15 and 18. Therefore, the existence of local
extrema is determined only by the value of AC. For θ
given by the CB equation, eq 14a

Since F is always positive and cos θY of interest is negative
(hydrophobic surfaces), the sign of AC is the same as the
sign of d2(rff)/df2. Thus, as long as π/2 < θ < π, only if

there exists a local extremum in G* for θ given by the CB
equation. The nature of this extremum is determined by
the sign of A:30 it is a minimum when A > 0. According
to eq 17, the sign of A is the same as the sign of d2(rf f)/df 2.
Thus, if this second derivative is positive, it is a minimum.
Since a local extremum may exist only when this sign is
positive (eq 21), it turns out this local extremum must be
a minimum. The value of this energy minimum explicitly
depends on θCB:

It should be noted that, mathematically, the Wenzel
equation can be derived as a specific case of the CB
equation, when f ) 1. However, when f ) 1, eq 15a cannot
be fulfilled for θY < π. This is so, since at the bottom of
a roughness valley the local actual contact angle should
be π, and this value does not match the Young contact
angle value. Thus, although, in principle, the Wenzel
equation could be a limiting case of a local minimum, in
practice, it is impossible, since Young contact angles that
are close to π do not exist in nature.

(30) Rektorys, K. Survey of Applicable Mathematics, 2nd ed.; Kluwer
Academic Publishers: Dordrecht/Boston/London, 1994.

F(θ) ≡ (2-3 cos θ + cos3 θ) (10)

Φ(f) ) rf f cos θY + f - 1 (11)

∂G*
∂f

) -F-2/3(θ) sin2 θ[cos θY

d(rf f)
df

+ 1] ) 0 (12)

∂G*
∂θ

) 2F-5/3 sin θ(Φ - cos θ)(1 - cos θ)2 ) 0 (13)

cos θ ) Φ (14a)

θ ) π (14b)

d(rf f)
df

) -(cos θY)-1 (15a)

θ ) π (15b)

AC - B2 > 0 (16)

A ≡ ∂
2G*
∂f 2

) -F-2/3 sin2 θ cos θY

d2(rf f)

df 2
(17)

B ≡ ∂
2G*

∂θ ∂f
) 2F-5/3 sin θ(1 - 2 cos θ +

2 cos2 θ - cos4 θ)[1 + cos θY

d(rf f)
df ] (18)

C ≡ ∂
2G*
∂θ2

) 2F-5/3{sin2 θ[2(Φ - cos θ)(1 - cos θ) +

(1 - cos θ)2] + (Φ - cos θ) cos θ(1 - cos θ)2} -
10F-8/3 sin4 θ(Φ - cos θ)(1 - cos θ)2 (19)

AC ) -2F-7/3 sin4 θ(1 - cos θ)2 cos θY

d2(rf f)

df 2
(20)

d2(rf f)/df 2 > 0 (21)

GminCB
/ ) F-2/3(θCB)[2 - 2 cos θCB -

cos θCB sin2 θCB] ) F1/3(θCB) (22)
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By eq 14b or 15b, a local extremum may possibly exist
also for θ ) π. In this case

Therefore, AC ) 0, a local extremum is, in principle,
possible, and the situation has to be checked independently
for each specific case. The dimensionless Gibbs energy for
θ ) π is given, independently of the value of f, by

Thus, the local minimum given by the CB equation when
θCB < π is lower in energy than the one given by θ ) π,
when the latter exists.

The above analysis leads to the conclusion that the
mainly relevant local minimum that the dimensionless
Gibbs energy may have is given by the CB equation.
However, there may be situations for which the conditions
for a local minimum cannot be fulfilled. This may be the
case when Φ < -1 (eq 14a becomes meaningless for
hydrophobic surfaces, θY > π/2) or when no value of d(rf f)/
df equals (-cos-1 θY) (eq 15a cannot be fulfilled) or when
d2(rf f)/df 2 < 0 (eq 21 is not fulfilled). In these cases one
needs to seek the minimum of the function at the borders.
It should be emphasized though that the border minimum
needs to be checked in all cases and compared with the
local minimum if it exists.

The Border Minimum
The borders of the range of independent variables are

θ ) 0, θ ) π and f ) 0, f ) 1. For θ ) 0, it can be shown
that, independently of f, G* f ∞; so, obviously this is not
a minimum. For θ ) π, independently of f, G* ) 41/3, as
shown above.

When the borders in f are considered, the problem turns
into a minimization in θ only, since the value of f is fixed.
The extremum in G* is then given by eq 14a, since this
condition was derived from the partial derivative with
respect to θ. If eq 14a can be fulfilled for hydrophobic
surfaces, θY > π/2 (namely, if Φ g -1), then from eq 19
it can be concluded that the second derivative at the
extremum point is always positive, so the extremum is a
minimum. For f ) 0, Φ ) -1, so the minimum is at θ )
π, and G* ) 41/3. For f ) 1, Φ ) r cos θY, and the minimum
is at cos θ ) r cos θY if Φ g -1 (for hydrophobic surfaces,
θY > π/2) or at θ ) π if Φ < -1. The former is, of course,
the Wenzel equation, and then θ ) θW. The value of the
dimensionless Gibbs energy at the minimum given by the
Wenzel equation is

This is an important result, since it shows that whenever
there is no local minimum in the Gibbs energy, the
homogeneous wetting regime is lower in energy than the
case of θ ) π. Of course, θW could equal π, or θ could equal
π when Φ < -1; in these cases, there is no practical
distinction between the homogeneous and heterogeneous
wetting regimes.

Results and Discussion
The above analysis answers the question posed in the

Introduction regarding the transition between the ho-

mogeneous and the heterogeneous regimes of wetting on
hydrophobic, rough surfaces. This is done in terms of
criteria based on the detailed solid surface topography,
which are completely general. These criteria apply to all
cases and, therefore, are both more fundamental and more
useful than empirical criteria that are sometimes used,
such as the aspect ratio of the asperities. It turns out that
the CB equation applies when a local minimum exists,
and the Wenzel equation or θ ) π applies when it does
not. Comparing eqs 22, 25, and 26, it turns out that (a)
the case of θ ) π always has the highest energy and (b)
the lower contact angle, θW or θCB, is associated with the
lower energy, since F(θ) is a monotonic function in θ.

To demonstrate the application of the criteria presented
in the Theory section, the following discussion is divided
according to the type of the solid surface topography, in
terms of d2(rf f)/df2. In real surfaces, the sign of d2(rf f)/df2

may vary along the surface. To emphasize the important
points in the present analysis, the following discussion
focuses on simple examples for which the sign of d2(rf f)/
df 2 is the same for the whole surface. For simplicity, the
examples below are of surfaces with two-dimensional
profiles; however, the drops on them are three-dimen-
sional. When the drops are sufficiently large, they should
be axisymmetric (based on numerical simulations with
two-dimensional patterns on heterogeneous, smooth sur-
faces, a ratio greater than 10 of the typical drop size to
the typical heterogeneity scale may be sufficient to render
axisymmetry).25,26

The Case of d2(rff)/df2 > 0. A simple example for this
case is the two-dimensional surface profile shown in Figure
2a, which consists of semicircular protrusions. For this
case

Figure 2. Examples of simple rough surfaces: (a) semicircular
protrusions; (b) circular protrusions, the cross section of which
is smaller than a semicircle; (c) saw-toothed surface; (d)
semicircular grooves.

A ≡ ∂
2G*
∂f 2

) 0 (23)

C ≡ ∂
2G*
∂θ2

) 2-1/3(Φ + 1) (24)

G*|θ)π ) 41/3 g F1/3(θCB) (25)

G* ) (2 - 3 cos θW + cos3 θW)1/3 < 41/3 (26)

f ) sin R (27)
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and

where R is the angle shown in Figure 2a. Equation 15a
turns into

The solution of this equation is R ) π - θY, which is feasible
for π/2 e θY e π, since R e π/2. The next stage is to check
the sign of d2(rf f)/df 2, which is given by (noting that R e
π/2)

Thus, a local minimum in G* may exist at R ) π - θY, if
eq 14a is fulfilled. The CB equation, eq 14a, in this case
is

This equation has a solution for the whole range of relevant
Young contact angles, so indeed a local minimum in G*
exists.

A variation on this case is the subcase, where the
protrusion vertical cross section is smaller than a semi-
circle (see Figure 2b) in such a way that eq 15a cannot be
fulfilled. In other words, Rmax < π - θY, where Rmax is the
maximum value of R. This situation calls for a border
minimum, which, as explained above, leads to the
homogeneous wetting regime. The apparent contact angle
in this case is

The Case of d2(rff)/df 2 ) 0. A simple example for this
case is the saw-toothed profile. This profile is characterized
by rf ) r ) cos-1 â, where â is the inclination angle (see
Figure 2c). Equation 15a for this case,

may be fulfilled only for a single value θY ) π - â within
the range π g θY g π/2.

Next,

On the basis of eqs 34 and 20, a local minimum in G*
may be possible, but the details need to be checked. The
value of Φ (eq 11) for θY and â related by eq 33 is -1,
independently of f. Therefore, a local minimum is possible,
according to eq 14a, at θ ) π.

If the inclination angle is different than π - θY, no
local equilibrium is possible. Then, the border minimum
leads to

Thus, if â < π - θY, the drop is in the homogeneous wetting
regime based on a border minimum. If â ) π - θY, the
drop is floating on the surface (θ ) π) as a consequence
of a local minimum. If â g π - θY, the drop is floating on
the surface (θ ) π) as a consequence of a border minimum.

The Case of d2(rff)/df 2 < 0. A simple example for this
case is the two-dimensional surface profile shown in Figure
2d, which consists of semicircular grooves. It is of special
interest to compare this case with that of the semicircular
protrusions, since both have the same roughness ratio, r
) π/2. However, the difference in the details of their
topography makes wetting on them extremely different.
For this case

and

where R* is the angle shown in Figure 2d. Equation 15a
turns into

This equation has a solution at R* ) θY - π/2. However,
the sign of d2(rf f)/df 2 is given by (noting that R* e π/2)

Thus, a local minimum in G* may not exist, although eq
15a may be fulfilled. This situation indicates a border
minimum, which, as explained above, leads to the
homogeneous wetting regime. No heterogeneous solution
is possible for this type of surface. The apparent contact
angle in this case is

Summary and Conclusions

The question of complete liquid penetration into rough-
ness grooves (homogeneous wetting regime) versus en-
trapment of air bubbles inside the grooves underneath
the liquid (heterogeneous wetting regime) is of utmost
importance for understanding wetting on hydrophobic,
roughsurfaces.Specifically, thedesignofultrahydrophobic
surfaces critically depends on understanding this “com-
petition.” The present discussion puts the Wenzel and
Cassie-Baxter equations into proper mathematical-
thermodynamic perspective and defines the conditions
for determining the transition between the homogeneous
and heterogeneous wetting regimes. The detailed results
of the present analysis are summarized in Figure 3, in the
form of a flow chart. The main results are summarized by
the following conclusions:

1. In addition to the previously known equilibrium
conditions, the sign of d2(rf f)/df 2 determines whether a

rf ) R
sin R

(28)

d(rf f)
df

) dR
d sin R

) (cos R)-1 ) -(cos θY)-1 (29)

d2(rf f)

df 2
) d cos-1 R

d sin R
) sin R

cos3 R
> 0 (30)

cos θCB ) (π - θY) cos θY + sin θY - 1 (31)

cos θ )

{cos θW ) r cos θY )
Rmax

sin Rmax
cos θY if r cos θY g -1

-1 otherwise
(32)

d(rf f)
df

) r ) (cos â)-1 ) -(cos θY)-1 (33)

d2(rf f)

df 2
) 0 (34)

cos θ ) {r cos θY )
cos θY

cos â
if â < π - θY

-1 otherwise
(35)

f ) 1 - cos R* (36)

rf ) R*
1 - cos R*

(37)

d(rf f)
df

) dR*
d(1 - cos R*)

) sin-1 R* ) -cos-1 θY (38)

d2(rf f)

df 2
) d sin-1 R*

d(1 - cos R*)
) - cos R

sin3 R
< 0 (39)

cos θ )

{cos θW ) r cos θY ) π
2

cos θY if θY e arccos(2π)
-1 otherwise

(40)
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local minimum in G* may exist. If d2(rf f)/df 2 < 0, a local
minimum does not exist even if the CB equation may be
satisfied.

2. The heterogeneous wetting regime exists when a local
minimum in G* is possible. It is expressed by the CB
equation.

3. The homogeneous wetting regime exists as a border
minimum in G* and is expressed by the Wenzel equation.
If the latter cannot besatisfied, theborder minimumoccurs

at θ ) π (in this case there is no distinction between the
homogeneous and heterogeneous wetting regimes).
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Figure 3. Flow chart for determining the equilibrium state of a drop on a hydrophobic, rough surface.

8348 Langmuir, Vol. 19, No. 20, 2003 Marmur

http://dontstartme.literatumonline.com/action/showImage?doi=10.1021/la0344682&iName=master.img-002.png&w=425&h=488

