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Course Outline

1. Introduction

Equilibrium, reversibility, ideal gas, van der Waals gas

(Smith§1; Levine§2, §2.1; A&S §1)

2. Energy

Work, heat, temperature, zeroth and first laws of thermodynamics, conservation of energy, en-
thalpy, heat capacity, state functions

(Smith§2; Levine§2; A&S §2)

3. Entropy I: Entropy in terms of heat

Reversibility and equilibrium (again), entropy, entropy interpreted in terms of heat flow

(Smith§3.1-3.9; Levine§3.1-3.5 ; A&S§3.1-3.5)

4. Entropy II: The molecular basis of entropy

Molecular basis of entropy, statistical basis for the second law, third law, heat engines, entropy
of a gas expanding

(Smith§3.10-3.13; Levine§3 ; A&S §3.6-3.14)

5. Equilibrium I: The concept of free energy

Free energy, Helmholtz free energy, Gibbs free energy, phase equilibria

(Smith§4.1-4.5; Levine§4; A & S §4.1-4.7)

6. Equilibrium II: Applications of free energy concepts

Clapeyron equation, Clausius-Clapeyron equation, chemical potential, equilibrium between re-
actants, basic results of chemical thermodynamics

(Smith§4.6-4.15; Levine§4)

7. Ideal systems

what is an ideal solution, properties, mixtures of liquids,change in freezing/boiling points,
osmotic pressure, solubility of solids

(Smith§6; Levine§7.3,§8, §9)

8. Non-ideal systems I: Chemical equilibrium

Chemical equilibria in solution, electrochemical cells

(Smith§7, A & S §5, parts of§7 and§8; Levine§8, §9)
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9. Non-ideal systems II: Phase transitions

what is a phase transition, first and second order phase transitions, phase transitions in chemistry
and biology

(lecture notes)

10. Molecular basis of thermodynamics(time permitting)

microstates, macrostates, Boltzmann factor, partition function, free energy, energy, entropy

(Smith§9)
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1 Introduction

1.1 What is thermodynamics?

1.1.1 Historical perspective

There was a time, not so long ago, when a new technology was in the process of changing the world:
the way business and human interactions were being fundamentally changed. Vast national networks
were being constructed at great expense to take advantage ofthis new technology. Fortunes were won
and lost and a new wealthy elite was formed due to the success of this new technology and scientists
and engineers at the worlds most prestigious institutions were scrambling to study this new technology
in order to harness, understand, and improve this new technology. The world would never the same.

What am I talking about? The internet perhaps? Well, no, I’m talking about the steam engine in
the late 1800’s. With steam engines came railroads, the ability to go from New York to San Francisco
without passing Antartica, and the onset of the industrial revolution. Clearly life was never the same.

Clearly steam engines were the heart of this revolution, andit took a principle place in this ad-
vance. Thus, understanding steam engines was the biotechnology or nanotechnology of its day. And
like these fields, there were numerous surprises in our studyof this new field. While steam engines
may seem to be common place, there were fundamental physicalinsights missing at that time. These
fundamental insights arose from understanding how heat moves and this field in general is thus called
thermodynamics.

However, if thermodynamics was only relevant for steam engines, none of us would be studying
it today. As we will see, thermodynamics is at the heart of many important areas of modern science,
including biotechnology and nanotechnology and the mysteries first seen with steam engines are as
important, relevant, and as counter intuitive now as they were then.

1.1.2 What can thermodynamics tell us?

Thermodynamics is a theory which gives us a set of relations betweenmacroscopic properties we can
measure (temperature, volume, pressure, length). What’s really remarkable about it is that it requires
no assumptions about the nature of the underlying molecules(or even that molecules exist!). Thus,
it is really very powerful, especially in cases where one does not know the molecular nature of the
system of interest or if this nature is very complicated.

Traditional (boring?) examples:

• air conditioners, refrigerators

• gases, liquids

• pressure cookers

Modern examples:

• drug design

• protein folding

• viral infection

Many of these questions revolve around understanding the nature of a reaction, i.e.

A + B ⇀↽ C

which could be
drug bound ⇀↽ drug free in solution
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or
protein unfolded ⇀↽ protein folded

etc.

What is the final result of the reaction (do we get products or reactants – and in what concen-
trations)? How can we drive the reaction in the direction we want? How do these reactions depend
on external conditions, such as temperature, pressure, pH,ionic concentrations, etc? How can we
quantitatively understand these systems and potentially improve upon them?

These are some of the questions that thermodynamics answers. However, thermodynamics does
not say anything about time. Thermodynamics will tell us what the eventual result will be, but cannot
say how long the reaction will take. However, for the question above, we care more about the final
state than how we get there. In this case, thermodyanmics canyield some very powerful tools to
answer these questions.

1.2 An analogy to mechanical systems

We make an analogy to mechanical systems because we have somephysical intuition for these sys-
tems, and there are many concepts which carry over. Moreover, in the cases where our intuition does
not carry over, that will be even more interesting and important.

1.2.1 Types of energy

For example, consider someone sledding on a hill. What he cares about is that there are some forces
which bring him down (and that there is a certain amount of work he has to do to climb up the hill to
go again). Thus, there are three important quantities/aspects:

1. Force: In this case gravity

2. Distance: In this case how high he has to climb up in order to go sleddingagain

3. Work : How much work he has to do to climb up again

So what’s going on here? Let’s consider the case of downhill and then going back up. When going
down hill, potential energy is turned into kinetic energy (i.e. sledding), which is then turned into
friction (heat created when the sled stops). When going up the hill, some chemical energy (breakfast)
is turned into potential energy (climbing the hill).

Let’s use this example to review the different types of energy. Potential energyenergy can be
turned into some other form; it is in a sense “stored” energy.For the case of the sleding example,
U = mgh, whereU is the potential energy,m is the mass,g is the gravitational acceleration, andh
is the height of the hill.Kinetic energy is energy associated with motion, for example ((1/2)mv2

per degree of freedom).Heat is a third type of energy. We’ll talk about this in much more detail.
Actually, in sense a course onthermodynamics is all about heat. In this example, we see that heat is
the final form of energy.

As in mechanics,equilibrium is an important concept in thermodynamics as well. There are
several, equivalent ways of understanding it.

1. point where the forces are balanced
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Figure 1.1: Different paths for lowering a block.
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Figure 1.2: Different paths in(V, T ) space. In
both cases, the energy is the same, i.e. indepen-
dent of path. Path independence is a hallmark
property of state functions.

—————————————————————————————————————————

2. state at which the system has minimized it’s potential energy

3. small changes require the maximum amount of work

4. state at which the system will remain if we wait for a long time

To illustrate this, consider a pendulum which has some friction at the pivot point. It will swing for a
while, but eventually it will stop swinging and simply rest at the bottom. This is the equilibrium state,
since it agrees with the definition above.

1.2.2 Reversibility

Reversibility is a very important another concept in thermodynamics whichhas analogies in mechan-
ical systems.

Most processes in life are irreversible, i.e. once changed,the system does not return back to the
initial condition. For example

• When a drop of dye is placed in a bucket of water, it spreads throughout the bucket: it rarely
spontaneously comes together to form the initial droplet

• If you start out with a deck of cards which is ordered (say by suite and card value) and then
shuffle the deck, it never (on time scales we live in) comes back to the original order

An example of a reversible system is a pendulum withno friction. In this case, the pendulum
will swing back and forth forever. At the top of its swing, thependulum has the maximum potential
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energy and no kinetic energy. At the bottom, it has the reverse: all of its potential energy has been
turned into kinetic energy. The reason why this process is reversible is that there is no wasted energy:
all the potential energy is turned into kinetic energy and that’s precisely the amount of energy needed
to bring it back to the top level.

A more mathematical way to think about it is the following. One can imagine an irreversible
process as follows. Let’s say we have two massesM1 andM2 on a pulley. If the masses are equal
M1 = M2, then the system is in equilibrium. If one mass is larger by some significant amount, eg
M1 = M2 + ∆M , then the system would quickly change (mass 1 would fall). Asthe mass falls a
distanceh, this work will be∆Mgh (note that while mass 1 is going down, mass 2 is being pulled
up!). However, we could make only a small change inM1, i.e. M1 = M2 +dM , wheredM/M1 ≪ 1,
then only an infinitesimal quantity of workdmgh would be required to restore the system. Also, at
every point during the reversible process,M1 = M2 + dM which is virtually indistinguishable from
the equilibriumM1 = M2 (sincedM is so small).

Thus, to summarize, reversible systems occur in situationswhen the system is essentially in equi-
librium during the transition and at each step, only an infinitesimal amount of work would be neces-
sary to truly restore equilibrium.

1.2.3 A mystery unfolds: watching energy isn’t enough!

Our analogy of a sled sliding down a hill is a good one in many ways, but does seem to break down
in certain situations. It is an example of anexothermic reaction, i.e. heat is given off. This occurs in
the sled case since the potential energy of the sled is turnedinto heat by friction. This heat raises the
temperature of the surroundings.

However, there areendothermic reactions too. In these cases, heat is absorbed (and the tem-
perature goes down) and the total energy goes up. In the sled example, this would be like the sled
spontaneously going up hill! Clearly there is something fishy here.

In mechanical systems, looking for the energy minimum is enough to tell the equilibrium state of
the system. That’s not the case in thermodynamic systems. There’s clearly something missing here –
some concept we need to add in order to explain thermodynamicsystems.

Thermodynamics has new ways to look at energies which clear up this seeming contradiction.
However, the intuition of mechanical systems will still be with us in many ways. In particular, our first
goal is to find some quantity analogous to the energy whose minimum, in thermodynamic systems,
will be the equilibrium state.
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2 Energy

2.1 Ideal gases: A simple system to play with

Ideal gases are a natural place to start learning about thermodynamics. We have some intuition about
how gases work and an “ideal” gas is a simple model of how gaseswork. In particular, an ideal
gas is a great model system to learn and test our understanding of thermodynamics since all of the
fundamental thermodynamic properties we will talk about can be found in them and they allow us to
study thermodynamics without getting lost in too much math.Later on, we will study more realistic
gases and see the nature of the differences.

2.1.1 Basic properties

Like many types of matter, we characterize an ideal gas by certain properties: volume (V ), pressure
(P ), temperature (T ), and how many moles of atoms are in the gas (n). There is a simple expression
relating these quantities:

PV = nRT

This equation is called theequation of statefor this system, since it relates thestate variables(P ,
n, V , andT ) in this case. Actually, many gases behave like ideal gases in certain conditions (yea, you
guessed it, in so-called “ideal” conditions).

There are two types of properties here:

1. Extensive propertiesare properties which are related to “how much stuff” there is. For exam-
ple,n andV are extensive properties. If the system is duplicated, these variables get doubled.

2. Intensive propertiesare independent of the size of the system. For example,P , T , are intensive
properties. So is the densityρ = N/V , whereN is the total number of atoms.

2.1.2 A brief glimpse of phase transitions

When gases cool, they condense to liquids. When liquids cool, they freeze into solids. These are two
examples of phase transitions. However, ideal gases cannothave phase transitions. This is what is
meant by “ideal.” Thus, far from the phase transition, they are good models, but do not work well
near the transition.

What makes a phase transition? Interaction. Gas particles start to stick together at lower tempera-
tures and form a liquid. How can we model this interaction? Wecan modify the ideal gas equation to
include interactions. We’ll do so in two steps:

1. What’s the probability that a gas particle will bump into another one? The densityρ = N/V is
a lot like a probability that we’ll find a given particle at a given spot. If the density is high, then
there is a high probability that the particle is there. The probability of finding two particles at
the same spot goes like theρ2. It’s like what’s the probability of flipping two coins and having
them both come up heads: it’s the probability of one coming upheads squared.

When two particles get close, they attract each other and lead to a force which brings them
together. We can include this force as a modified pressure. This makes the equation of state
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Figure 1.3. Isothermal transformations of a van
der Waals gas: volume dependence on the tem-
perature. Plotted here are curves at a fixed tem-
perature (curves on the right are at the highest
temperature). For transformations at low temper-
ature (curves on the left), we see that there is a
discontinuity in the transition: as the pressure is
increased, there is a jump in the volume (V ) from
high volume (gas) to low volume (liquid). An
ideal gas will not have this transition and will al-
ways be a gas. The dotted line marks the bound-
ary of the unstable region (where the jump oc-
curs).

become
(P + aρ2)V = nRT

which can be rewritten
(P + an2/V 2)V = nRT

The constanta has to do with how strong is the attraction between atoms.

2. Next, we have to also include the fact that two atoms can’t be in exactly the same place. What
this means is that if a gas ofn moles of particles are in a box of volumeV , each particle cannot
be anywhere in that volumeV , as part of the volume is filled with the gas. If we say that the
volume of an individual gas molecule isb, then the total volume of the gas particles themselves
is nb. Thus, the amount of space available is now onlyV − nb. This leads to another change in
the equation of state:

(P + an2/V 2)(V − nb) = nRT

The equation above is theVan der Waals’ equation and is the first step to describe a non-ideal
gas and actually goes a long way. What’s different about a vander Waals (VdW) gas vs an ideal
gas? VdW gases can change their phase and go from a gaseous to aliquid phase. This is called a
phase transition. If we look at pressure vs volume (or temperature vs volume),we see that there is
a discontinuity in the volume as it jumps from one size to another. This discontinuity reflects the fact
that liquids take up much less volume than gases.

2.2 Work

Work is the transfer of energy from onemechanical system to another. It is always completely
convertible to the lifting of a weight.

For example, when we put a book on a high shelf, we are doing work against the force of gravity.
We can write the work in terms of this force and displacement (how high we placed the book):

w =
∫ hf

hi

~F · d~h
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where~F is the force,d~h is the displacement vector (distance and direction of the displacement),hi is
the initial height the book andhf is the final height.

In chemistry, we usually don’t talk about force and distance, but instead a different pair: pressure
and volume. Pressure acts like the force and volume acts likethe distance. For example, consider a
gas inside a piston. The external air pressurePex is pushing against the piston. Since pressure is force
per unit area,Pex F/A or F PexA. We can put this into the equation above to get

w =
∫ hf

hi

(−PexA)dh

Note that we put in−PexA instead ofPexA. This minus sign says that the direction of the force is
opposite to the pressure and comes from the dot product in theoriginal equation. In other words,
when we compact the gas, we are doing work on it (imagine compressing a balloon). The change in
volume is written in terms of the change in heightdh and the area of the pistonA, i.e. Adh = dV .

Thus, we can write

w = −
∫ Vf

Vi

PexdV

If the external pressure is continually adjusted so that it is kept equal to the pressure of the gas inside
the cylinder (P ), then the system is always at equilibrium. Why? Well, thinkabout the case when
Pex > P . In this case, then there would be an imbalance (since there was more force pushing in,
than pushing out). This imbalance would be corrected (and would remain stable) only when there
was an equal force pushing in and out (and therefore an equal pressurePex = P ). Thus, under these
conditions

wrev = −
∫ V2

V1

PdV

We’ll cover this in more detail in§2.4, after we work through a few more concepts.

Keep in mind that we can talk about work be a positive or negative value. A positive value for
work means we need to do work to make the process occur. A negative value means that the process
can do work (rather than needing us to put work into the system). For example, compressing a gas
(eg compressing a balloon) requires work (and thus work value is positive). If we let the balloon
re-expand, this does not require any additional work, but rather has the ability to do some work (eg
push a weight) and thus has a negative work value. Mathematically, we see this since compression
hasdV < 0 ( and thusw > 0) and expansion hasdV > 0 (and thusw < 0).

There are lots of other types of work. Remember that work means creating potential energy. So,
for example, we could do this by

1. stretching a spring (dW = γdR), whereγ is the tension of the spring anddR is the amount
we’ve stretched it

2. compressing a gas (dW = −PdV )

3. putting an atom in an electric field (dW = −EdQ)

You probably notice a trend here. The change in work is often written asdW = IdN , whereI is some
intensive state variable (like tension, pressure, or electric field strength) andN is someextensive
quantity (such as the amount stretched, volume, or charge).These are calledconjugate pairs.
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2.3 Heat

2.3.1 Heat and disorder

Heat is often related to disorder. There is a link, but it is somewhat subtle and often over simplified.
We’ll get a more sophisticated understanding of heat as we gothrough the course, but for now consider
the following discussion. Without work, the universe tendsto disorder. If you need proof, come by
and see the desk in my office. Why? “Non-random” scenarios arerare compared to random-ones.
For example, consider a deck of cards. There are only a few possibilities of what we would call an
ordered sequence (eg sorted by suite, or value), but there are exponentially “random” ways to order
the deck. We see this since it is extremely rare that shufflingwill lead to an ordered arrangement.

Thus, in terms of concepts of equilibrium, the random orderings (“states”) are the equilibrium
states. If we continue shuffling, we will always end up with another random state. If we want to get
an ordered state, we have to do work.

So, if systems tend toward random configurations, then what is the relationship between random-
ness and heat and temperature? Heat is an example of random motion of molecules. This random
motion (i.e. heat) is a by product which often reflects not doing as much work as possible. For ex-
ample, if we could pull a weight up a hill without friction, then all of our energy would be converted
directly to work (against gravity to bring the weight up the hill). However, this is rarely the case and
often some of our energy is lost in friction (which leads to heat) and is therefore not converted to
work. We will see this explicitly in an example in the next section.

2.3.2 Heat and temperature

We’ve mentioned that heat and temperature are related. Certainly, it makes sense that as you add more
heat, the temperature should go up, but how are they more precisely related? They are related by the
heat capacityC:

C =
dq

dT
Or in other words, if we increase the temperature bydT , then we adddq = CdT more heat to the
system.

The heat capacity depends on several aspects of the materialwe are addressing. First, sinceT is
intensive, but the heatQ is extensive1, so the heat capacity must also be extensive. This means thatif
we double the size of our material (keeping the material’s properties constant), the heat capacity will
double.

What else does the heat capacity depend on? It also depends onparticular molecular aspects of
the material. For example, imagine having one mole of uni-atomic gas (eg O atoms). If we double the
amount of gas (keeping the pressure constant, and thereforedoubling the original volume), then the
heat capacity doubles. What do you expect to happen to the heat capacity if the O atoms combine to
create O2 molecules? We originally had 2 moles ofO atoms and now we only have one mole of O2

molecules. It turns out that the heat capacity will go down, but not to the original level. A mole of O2
molecules has a greater heat capacity than a mole of O atoms because the O2 molecules have more

1Why is heat extensive? Think about it this way, if we have a hotpiece of coal at 100 C and then add another one, the
temperature is the same but the amount of heat given off has doubled.
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degrees of freedom to move around. As you’ll see later in statistical mechanics, the heat capacity is
directly related to the number of degrees of freedom in the system.

2.3.3 Temperature and equilibrium: the zeroth law of thermodynamics

What happens when we put a warm body next to a cold one? The hot one cools down and the cold
one warms up. This continues until both bodies are at the sametemperature. Another way to say this
is, if there is a temperature gradient (differential in temperature), then heat will flow. The equilibrium
state is the state where the temperatures are equal. Thus, “thermal equilibrium” between two bodies
means that their temperatures are equal.

This has deep implications for the meaning (and usefulness)of the concept of temperature. Con-
sider the case where we havethree bodies: A, B, and C. If A and C are in thermal equilibrium and B
and C are in thermal equilibrium, then by the definition of thermal equilibrium above, then A and C
have the same temperatures (TA = TC) and B and C have the same temperatures (TB = TC). This fur-
ther means thatTA = TC = TB and thusTA = TB. Again, using the definition of thermal equilibrium
if TA = TB, then A and B are in thermal equilibrium.

This leads us to the statement that “if two bodies are each in thermal equilibrium with a third,
then they are in thermal equilibrium with each other.” This statement is called the “zeroth” law of
thermodynamics. If it weren’t true, then temperature wouldnot be a useful concept.

2.3.4 What does “constant temperature” really mean?

It is important to consider what we mean when we say “constanttemperature.” How does one keep a
system at constant temperature? To do so, one puts it in contact with a heat bath. What that means is
that heat will be transfered back and forth from the system (eg the ideal gas in the examples above) to
the heat bath in order to maintain the temperature constant.

How does this maintain a constant temperature? Since the heat bath is so much larger than the
system, any fluctuation in the system will be small for the bath and at thermal equilibrium, the tem-
perature of the bath will always dominate. For example, the system might have 1 mol of particles, but
the bath might have 100 moles. Even a large change in heat in the system is a minimal change for
the bath, and thus the temperature of the bath won’t change and thus the temperature of the system
(which is in thermal equilibrium with the bath) won’t changeeither.

2.4 First law of Thermodynamics: Conservation of energy

In an isolated system(i.e. not in contact or able to exchange matter or energy withanother body),
the total amount of energy is always constant, although it may be converted into another form of
energy. Conservation of energy means that the total energy of the whole system does not change. It is
important to consider what we mean by “whole system.” By thatwe mean the body we are interested
in and its surroundings. For example, when a skier slams intoa tree, the kinetic energy is converted
into heat, which is dissipated to the environment. If we consider just a skier, then energy was “lost”
to the environment, but the total energy of the whole system (environment + skier) is constant.
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Let’s generalize the idea of the skier hitting the tree. In general, we can imagine some thermody-
namic transformation from state A to state B. The change in energy can be written

∆U = UB − UA = q + w

Recall that there are two types of energy, work (w) and heat (q).

It is important to notice that∆U depends only on the initial and final states and not the path taken.
However, different paths may lead to different values ofq andw. We can illustrate this by considering
two ways we can lower a block on a ramp (see Smith Fig. 2.4 on page 15).

1. Connect the block to a body of equal mass and let the block downslowly. In this case, the
system is in equilibrium, since the masses of the two bodies are equal (and the gravitational and
tension forces are therefore balanced). If we give the blocka small push downward, the block
will slowly move down the ramp. Since the block moves down infinitesimally slowly, it will
generate no heat. Thus, The block will be able to raise the body (do work) without generating
any heat, and

∆U = −Mgh = w

So, by letting the block down in this way, we’ve converted allof the original potential energy
in the block into new potential energy of the second body. Allof the energy is in the form of
work.

This is also a good example of a reversible transformation. Reversible systems are (1) typically
done slowly, consisting of many small steps; (2) the system is at equilibrium during each step of
the transformation (we see this since the forces are balanced at each step); and (3) the maximal
amount of work is done, i.e. no heat is generated.

2. Just let it go. If we didn’t attach any additional mass and just let the original block go down
the ramp, all of the potential energy would be converted intoheat (via friction). Thus,

∆U = −Mgh = q

In both cases, we have lower the block (and thus used its potential energy), but for different uses. The
key point is that the change in energy is the same (it’s equal to the original potential energy in the
block). All paths you can imagine would lead to the same∆U , although they could have different
combinations of heat and work done.

Finally, we see that the generation of heat accompanies irreversible transitions, where as reversible
transitions do the maximal amount of work (∆U = w and thus generate no heatq = 0).

2.5 Reversible and irreversible isothermal transformations of a gas

2.5.1 Mathematical approach

In §2.1, we showed that for a reversible transformation,

wrev = −
∫ V2

V1

PdV
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In the light of the reversible transformation example from the previous section, let’s think about what
the above equation means. Recall that the integral

∫

f(V )dV can be thought as a sum

∫ Vf

Vi

f(V )dV = lim
δv→0

Vf
∑

v=Vi

f(v)δv

In other words, doing an integral is like doing a larger series of summations, each infinitesimally small.
What does each summation mean in this case? Each summation here is the workPδv of making a
small δv change in volume. Thus, the integral is the mathematical manifestation of a reversible
process. Just as reversible processes combine a large number of small steps, an integral is the sum of
an infinite number of infinitesimal steps.

What would the work be for an one step reaction? If we just let the system go, then we would
have just one step, and the work will be (for an isothermal, i.e. constant temperature, transition)

w1−step = −Pf∆V = Pf(Vf − Vi) =
nRT

Vf
(Vi − Vf) = nRT

(

Vi

Vf
− 1

)

We don’t integrate since we made one big, fast change.

How does this differ for an ideal gas? The reversible reaction would do

wrev = −
∫ Vf

Vi

PdV = −
∫ Vf

Vi

nRT

V
dV = − nRTV |Vf

Vi
= −nRT (ln Vf − ln Vi)

= −nRT ln
(

Vf

Vi

)

= nRT ln

(

Vi

Vf

)

If you stick in numbers for the ratioVi/Vf , you’ll see that the reversible work case always does
more work. In the one step case, where does the extra energy go? Heat!

Finally, in the limit when the ratio of the old and new volumesx ≡ Vi/Vf is close to 1 (i.e.
the change is small), then we expect that the two equations should be equal. Physically, this occurs
since a small change in volume should be reversible (as it’s only a minor change in the system from
equilibrium).

If x ≡ Vi/Vf is close to 1, then we can write the Taylor series approximation for ln x ≈ (x − 1)
to first order. Thus, for a small change, we get

wrev = nRT

(

Vi

Vf
− 1

)

= w1−step

Just as we suspected, for a small change in volume (which is a small perturbation and thus a reversible
transformation), the two equations are the same. However, for larger changes in volume, the reversible
transformation will always yield more work.

2.5.2 Mathematical vs graphical approach

This approach above is a very mathematical approach. There is another way to look at transforma-
tions. Instead, let’s consider a graphical approach. We cangraph the pressure vs the volume at a fixed
temperature (recall, we are doing anisothermal transformation of an ideal gas).
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In this type of plot, we can graphically view the work from each step of the transformation as a
rectangle. This is possible since the one step work value isw1−step = −Pf∆V : the graphical repre-
sentation of the magnitude of this work value is a rectangle with width ∆V and heightPf . Multistep
transformations can be considered as a series of steps and thus viewed as a series of rectangles.

2.5.3 Compression
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We can compress a gas using just one step or us-
ing multiple steps. In both paths, the initial and
final states (eg as determined by volume and pres-
sure) are identical. What’s different about these
paths? As we’ve seen in previous examples, the
amount of heat and work differ.

Let’s first tackle the amount of work done. In
a one-step process, the work done is given by

w1−step = −P∆V = −Pf(Vf − Vi)

= −1 × (1 − 2) = 1

Note that∆V here is negative (as we are com-
pressing). If we compress in a multi-step pro-
cess, then we can minimize the amount of work
it will take to compress the gas. We use less work
because we apply less pressure. In the two-step
case, we first apply a pressure of 0.667 and then
apply a pressure of 1.0. Thus, the work we do in
this case is less

w2−step = −Ps(Vs − Vi) − Pf (Vf − Vs)

= −0.667 × (1.5 − 2) − 1 × (1 − 1.5)

= 0.833

where· · ·s are denotes the middle step.

What is the least amount of work we will have
to do? In the limit of∞ steps, we say the step size
is very small:∆V → dV and our sum of steps
becomes an integral. The work in this case is

w∞−step = −
∫ Vf

Vi

P (V )dV = −nRT ln
(

Vf

Vi

)

For the specific case on the left, we know that
PfVf = nRT = 1, sow∞−step = ln 2 ≈ 0.693.
As we add steps, the work we need to do to com-
press the gas becomes less and less. This work is
minimized for the case of a reversible path.
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It is important to keep track of minus signs. For the reversible case, we say that0.693 units of
work are done on the gas, but that−0.693 units of work are done by the gas. Thus, in this sense, the
gas does the most amount of work in the reversible reaction since

(w∞−step = −0.693) > (w2−step = −0.833) > (w1−step = −1)

2.5.4 Expansion
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Now we will expand the gas. Again, we can do
so in one-step or with many steps. In the case of
a one-step expansion, the work done on the gas is

w1−step = −P∆V = −Pf(Vf − Vi)

= −0.5 × (2 − 1) = −0.5.

This work is negative, since the gas is expanding
and thus releasing potential energy. This means
that the gas can do 0.5 units of work on some
other system.

In a fashion similar to the previous section, we
calculate the reversible work

w∞−step = −
∫ Vf

Vi

P (V )dV = −nRT ln
(

Vf

Vi

)

which in this case isw∞−step = − ln 2 ≈ −0.693
in terms of work done on the gas or0.693 in terms
of work the gas can do.

Thus, we see that the reversible path can do
the most work. Moreover, we see that the re-
versible reaction releases the same amount of
work that we have put in. This is why we consider
it to be reversible: if we put 0.693 units of work
into the system to compress the gas, a reversible
expansion will give exactly the same 0.693 units
of work. Thus, a reversible reaction wastes no en-
ergy and can go on compressing and expanding
(reversibly!) forever.

Of course, real systems are never perfectly re-
versible. For the one-step case, we see that we
have to put in twice as much work as we get
out (1.0 vs 0.5 units). Thus, the work provided
in expansion will never be sufficient to fully re-
compress the gas.
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2.5.5 A careful accounting of heat and work

I have not mentioned heat yet to avoid complication and confusion. The tricky part about thinking
about heat in this case comes from (1) keeping track of minus signs (like we had to do in the case of
work) and (2) remembering that our gas is in thermal contact with a heat bath.

The energy of ideal gases are only related to their temperature. Thus, along an isotherm, the energy
is also constant and thus∆U = 0. Since∆U = 6 dq+ 6 dw, along an isotherm we get6 dw = − 6 dq.
Here’s where the signs become important, especially to understand whether heat is entering or leaving
(and entering or leaving what: the gas or the heat bath).

For example, consider the case of the one-step compression.In this case, we do work on the gas
6dw1−step = 1 and so6dq1−step = −1. This means that one unit of heat is transfered to the heat bath. In
the case of reversible compression, we require less work6 dwinfty−step = ln 2 ≈ 0.693 and so we put
less heat into the heat bath6dq∞−step = − ln 2 (0.693 units of heat are transfered to the heat bath).

Now let’s consider expansion. In one-step expansion, the gas does work on the system (aka
negative work is done on the gas) and we found that6 dw1−step = −0.5. Thus, 6 dq1−step = 0.5. This
means that 0.5 units of heat were absorbed by the system (i.e.taken from the heat bath). For the
reversible case, we found6dwinfty−step = − ln 2 and 6dqinfty−step = ln 2. This means thatln 2 ≈ 0.693
units of heat were absorbed. We see that the reversible expansion absorbed more heat or in other
words, the one-step (irreversible) reaction left more heatin the heat bath.

What pattern do we see here? Let’s make a table of the work and heat:

direction w1−step w∞−step q1−step q∞−step

compression 1.0 0.693 −1.0 −0.693
expansion −0.5 −0.693 0.5 0.693

We see that6dwrev < 6dwirrev and 6dqrev > 6dqirrev (note that this is thework done on the gas and the heat
absorbed by the gas respectively).

If we talk about how muchwork can be done by the gas (i.e. the negative of how much work is
doneon the gas) and the amount of heat transfered to the heat bath (the negative of the amount of heat
absorbed):

direction w1−step w∞−step q1−step q∞−step

compression −1.0 −0.693 1.0 0.693
expansion 0.5 0.693 −0.5 −0.693

We find that the reversible reaction can always do the maximalwork and transfers the least amount of
heat.Getting the minus signs straight here is extremely important!

2.6 State functions

2.6.1 Mathematical properties

In §2.3, we saw that the value for the internal energy∆U after a transformation was indepdent of
the path taken. A thermodynamic variable with this propertyis called a state function. During a
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transformation, state functions depend only on the initialand final states, and do not depend on the
path taken. Accordingly,q andw are not state functions, since they do depend on the path taken.

The path independent aspect of state functions is very powerful: you don’t need to know the path
taken to know how the state function has changed, only the beginning and end of the path. Other
examples of state functions are pressureP , volumeV , and temperatureT .

State functions have important mathematical properties which are related to their path independent
nature:

1. If we integrate a state function

∆U =
∫ B

A
dU ,

then∆U depends only on the beginning and end points,A andB. For this reason,dU is said
to be anexact differential. Sinceq andw are not state functions, their differentials are called
inexact differentials and are written with a bar in the d:6dw and 6dq.

2. We can write an exact differential in terms of some other coordinates. For example, let’s say
that the energy of some system depends on its volumeV and temperatureT . Then we can write,

dU =

(

∂U

∂T

)

V

dT +

(

∂U

∂V

)

T

dV

Here, we have usedpartial derivatives (∂U/∂dV ) instead oftotal derivatives (dU/dT ). (∂U/∂dV )T

is the rate of change of the energy with respect to changes in volume, holding temperature con-
stant.

The equation above may give you a better idea of what we mean bydifferent paths: since U is
a function ofT andV , you could go from the initial(Ui, Ti, Vi) to final (Uf , Tf , Vf) states by
different ways of varyingT andV along the way. However, no matter which path you take, we
know thatU , T , andV are state functions, and thus

∆U = Uf − Ui

∆T = Tf − Ti

∆V = Vf − Vi

Also, we can write the equation fordU above asdU = A(T, V )dT + B(T, V )dV . Another test
thatdU is an exact differential is that

(

∂A

∂V

)

T

=

(

∂B

∂T

)

V

This is called Euler’s criterion for exactness.

3. The order of differentiation of a state function does not matter, i.e.
[

∂

∂V

(

∂U

∂T

)

V

]

T

=

[

∂

∂T

(

∂U

∂V

)

T

]

V

How do we tell if a function is a state function? Any functionf(x, y) is a state function if it obeys
any of the properties above.
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2.6.2 Relevant statefunction to determine transformations

As we will see throughout the course, different state functions will be relevant for predicting which
transformations will occur spontaneously. For mechanicalsystems, we know that a mechanical pro-
cess will occur spontaneously if the energy is decreased (i.e. if ∆U < 0).

However,∆U < 0 does not universally describe when a process will happen spontaneously. For
example, consider an endothermic reaction. This may have∆U > 0, but still occurs spontaneously.
Thus, the first goal for us in thermodynamics is to discoverwhich state functions are relevant for
describing when a given process will be spontaneously. We will find that the relevant state function
will depend on the nature of the transformation.

2.6.3 At constant volume: look to the energy

For most chemical systems, the only relevant work is thePV work of a gas. Imagine a transformation
in which the volume is held fixed, i.e.dV = 0. In this case, the change in work is6dw = −PdV = 0.
Since the energy is given bydU = 6 dq+ 6 dw, then in the case of fixed volume,dU = 6 dq, or in other
words, all the energy change comes in terms of heat.

Remember thatq is still not a state function, butU is. The reason whydU = 6 dq is that we
are talking about a particular path, i.e. constant volume. If we choose a different path (eg constant
pressure instead of constant volume), thendU 6= 6dq and will instead have some other meaning.

In thermodynamics, we will build up several different statefunctions to correspond to different
scenarios. These different scenarios correspond to which state variables (eg,P , V , T , U , N , etc) are
held constant and which can vary. For systems in which the number of particlesN and volumeV is
fixed and there is no temperature coupling to the outside world (i.e. an isolated system), energy is a
very useful state function. It is useful because in this caseno work is done and the change in heat is
simply related to the change in energy.

2.6.4 Constant pressure? We need a new state function: enthalpy

At times it is useful to examine systems at constant pressureinstead of constant volume. In this case,

dU = 6dq+ 6dw = 6dq − PdV

and thus, the change in heat is not directly related to the energy in this case. Can we construct a new
state function which is related to the change in the heat for systems at constant pressure?

We start with what we know, i.e. the first law of thermodynamics∆U = q + w and add in the fact
that now there is work done (since volume is not constant,w = P∆V . Thus, we get

∆U = Uf − Ui = q − P (Vf − Vi)

We can solve for the heat to get

q = Uf − Ui + P (Vf − Vi) = (Uf + PVf) − (Ui + PVi)

From the above, we see that we can writeq in terms of a functionH = U + PV . Since

∆H = ∆U + P∆V = (Uf − Ui) + P (Vf − Vi) = q
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SinceU , P , andV are state functions, they only depend on the initial and finalstates. SinceH is
a sum of state functions, it too must only depend on initial and final states and thus must be a state
function itself. We call this function theenthalpy.

The increase of enthalpy of a system is equal to the heat absorbed at constant pressure (assuming
that the system only does PV work, as in the case of ideal gases). Enthalpy is the constant pressure
analogy of energy. They are both related to the heat absorbed, but under different conditions (energy
in constant volume conditions and enthalpy at constant pressure).

Since∆U and∆H differ only byP∆V , ∆U and∆H are similar for processes involving solids or
liquids (since the volume changes in these systems is typically small). However, in gases, the volume
change is often significant and there is a big difference between∆U and∆H.
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3 Entropy I: Entropy in terms of heat

3.1 Reversibility and equilibrium: a recapitulation

Let’s briefly recap some important concepts we’ve learned inthe previous chapter:

1. Conservation of energy: If the internal energyU changes, this change in energy will take the
form of workw and/or heatq (∆U = q + w)

2. Reversible reactions: we can perform a transformation reversibly if we make the transformation
in many small steps and let the system reach equilibrium at each step

3. 6dwrev < 6dwirr: work done by the system is a maximum, work done on the system is a minimum

4. 6dqrev > 6dqirr: heat absorbed is maximized, heat transfered to the heat bath is minimized

These observations will be important in our understanding of entropy and the second law of thermo-
dynamics.

3.2 The second law of thermodynamics

The second law relates to equilibrium and reversibility:

Spontaneous changes are those which can be made to do work. If carried out reversibly,
they yield a maximum amount of work. In natural processes, the maximum work is never
obtained (since complete reversibility is an idealization).

This essentially is just a summary of what we have been talking about: reversible systems can do a
maximum amount of work, but this is never truly realizable.

Another way to think about this is in terms of two bodies whichhave different temperatures. This
temperature imbalance is like a state with potential energy(although we will see thatU itself is not the
important concept here). The system will relax back to equilibrium when the heat goes from the hotter
body to the colder one. Heat will never spontaneously go the other direction. This reformulation of
the second law in terms of heat flow is the more common way in which it is stated, although it has the
same fundamental roots as the previous formulation.

In the end, the important concept to understand here is that this law of thermodynamics relates to
the fact that some events can occur without doing any (additional) work to cause them (the so-called
“spontaneous events”), i.e. we can just let them go and they will occur. Some examples are gas
fleeing a balloon or a drop of dye spreading in a bucket. There are some events which we would call
“non-spontaneous” since they do not happen without doing work. Once spread out, the dye never
spontaneously comes to its initial drop.

It’s also intriguing to ask where in physics does it say that this shouldn’t happen? Certainly
Newton’s equations doesn’t talk about this. In fact, Newton’s equations work perfectly well, either
forward or backward in time. There must be something else that we’re missing.
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3.3 Entropy

3.3.1 Motivation for a new state function

In simple mechanical systems, the capacity to do work is simply the potential energy and the equilib-
rium is defined by the minimum of this potential energy. In many thermodynamic systems, looking
how the total energy changes is often not very useful. In particular, in the ideal gas examples we did
in the previous lectures, the total energy did not change2, but yet work was done. Is there some state
function analogous to the total energy in mechanical systems which we can use to define equilibrium
states and the capacity to do work in thermodynamic systems,such as ideal gases? As you probably
guessed, the answer is YES – the missing idea is the concept ofentropy.

3.3.2 Building a new state function

Let’s build this new state function. When we wrote the function for enthalpy, we started with the
heat3. In this case, we will also look to the change in heat, but in a different way.

For the moment, let’s only think about the case in which our system remains at equilibrium. In
this case, all of the transformations we will talk about willbe reversible. From the first law, we can
write

dU = 6dqrev − PdV

if the system only doesPV work. Next, we can writedU in terms of temperature and volume by the
exact differential

dU =

(

∂U

∂T

)

V

dT +

(

∂U

∂V

)

T

dV

For simplicity and to make this discussion more concrete, let’s consider the case of an ideal gas. For
an ideal gas, this simplifies to

dU =

(

∂U

∂T

)

V

dT

since at constant temperature the internal energy of an ideal gas does not depend on volume (and thus
[∂U/∂V ]T = 0). We can use the definition of the heat capacity to further simplify this to

dU = CV dT

Now, we substitute fordU from the first law above to get

CV dT = 6dqrev − PdV

We can rearrange these terms and make the substitutionP = nRT/V to get

6dqrev = CV dT +
nRT

V
dV

Finally, we divide everything byT and define our new state functionS to be

dS =
6dqrev

T
= CV

dT

T
+ nR

dV

V
Thus, we define our new state functionS to bedS ≡ 6dqrev/T .

2We looked at isothermal processes and the energy of an ideal gas is independent of temperature.
3Indeed, the change in enthalpy is equal to the change in heat at constant pressure.
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3.3.3 Properties of this new state function

How do we know thatS is a state function? We can integrate the right hand side to get

Sf − Si = CV ln
Tf

Ti

+ nR ln
Vf

Vi

Thus,S is a state function since it only depends on the initial and final states and not on the path.
Thus, even for irreversible paths,∆S will be the same.4

However, this doesnot mean thatdS = 6dq/T for all paths. In particular, while entropy is always
equal todS = 6 dqrev/T , irreversible paths have6 dq 6= 6 dqrev. In this case, we getdS 6= 6 dqrev. For
spontaneous changes (i.e. irreversible)6dq < 6dqrev. Thus,

dS >
6dq

T

Since all observable processes are never completely reversible, the above inequality holds for most
processes we could do in an experiment and in every day life. The equality

dS =
6dq

T

holds only for transformations that are reversible.

In an isolated system (i.e. one which cannot exchange energywith its surroundings), the system
can neither do work nor absorb heat. Thus,6dq = 0 and thusdS = 0, or (integrating this differential)
S = constant. However, for any spontaneous changedS > 0 sincedS > 6 dq/T . Thus, spontaneous
changes will continue to increase entropy until it reaches the maximal value possible. At this point,
the system will be in equilibrium and entropy will remain constant at its maximal value. As we will
see below, for non-isolated systems (eg. systems in contactwith a heat bath), we will have to consider
the entropy change in both the system and its surroundings (eg heat bath). This will be demonstrated
below.

3.4 Examples of transformations and their entropy changes

3.4.1 Entropy of the expansion of an ideal gas

Let’s go back to the case of the expansion of an ideal gas.5 How do we calculate the change in en-
tropy? We know that from the first law∆U = q +w and that∆U = 0 for isothermal transformations.
Thus,q = −w, i.e. the heat gained by the surroundings (heat bath) is equal to work done by the sys-
tem. If we continuously adjust the pressure during this transformations, we can imagine a reversible
transformation. As we’ve discussed, this does the maximum work, and we get

qrev = −wrev =
∫ Vf

Vi

PdV

4This demonstrates thatS is a state function for ideal gases. It can be shown that it is astate function in general, but
we will not cover this derivation.

5While it might seem that I have some pathological love for this example, it’s good to return to it since it will help us
build greater and greater intuition about thermodynamics (by using a now very familiar example).
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For an ideal gas, we haveP = nRT/V and thus

qrev = −wrev = nRT
∫ Vf

Vi

dV

V
= nRT ln

Vf

Vi

Since∆S = qrev/T , we get

∆S =
qrev

T
= nR ln

Vf

Vi

This ∆S is the change in entropy of the gas. We see that expanding a gas(Vf/Vi > 1) increases
its entropy and compressing a gas (Vf/Vi < 1) decreases its entropy. This explains why a gas will
always flow from a smaller container into a larger one. From the above discussion, we showed that
spontaneous transformations will occur if the entropy increases. If a gas moves into a larger volume,
then its entropy will increase. This also explains why the gas doesn’t spontaneously compress itself
into a smaller volume: that would decrease the entropy and sothat cannot occur spontaneously. We
can make it happen, but we have to do work to decrease this entropy.

The idea of doing work to decrease entropy is common throughout all of thermodynamics. In fact,
if we were happy with what a state of maximum entropy gives us,then we wouldn’t have to do any
work and would let thermodynamics just do its thing. However, we like order in our life and thus we
do work to fight the disorder that entropy typically leads to.We’ll talk more about the relationship
between entropy and disorder in the coming sections.

If we talk about entropy being related to disorder and work that cannot be used, then why is the
entropy change the same for irreversible and reversible reactions (recall thatS is a state function)?
Well, we have to look at not just the entropy for the gas but theentropy of everything. Let’s take these
two cases one by one:

1. For the reversible case, if we expand a gas, then it’s entropy increases:

∆Sgas = nR ln
Vf

Vi

However, when we expand a gas reversibly, we are doing some work. In fact, the amount of
work we do on the system is equal to the amount of heat that we transfer to the heat bath (since
∆U = 0). In this case, since there is a change in reversible heat of the heat bath, the heat bath’s
entropy changes. How much? We know that the work done on the heat bath is the negative of
the work done by the gas, so we getqbath = −wbath = wgas = −qgas. This leads to

∆Sgas = −∆Sbath

and thus the total entropy is unchanged

∆Stotal = ∆Sgas + ∆Sbath = 0

This balances out because during compression (expansion),work done on (by) the gas is exactly
balanced by the work done by (on) the system. As∆U = 0 for ideal gases,q = −w, and thus
there is a balance of heat as well. Thus balance of heat, leadsto a balance of entropy, thus
leading to the total change in entropy to be zero.

Thus, in reversible transformations, entropy is exactly exchanged between the system and its
heat bath.

c©Vijay S. Pande 30 April 15, 2008



2. In general, consider the fact that the gas is connected to the bath. Thus, qgas = −qbath. This
connect is not necessarily reversible. From our previous discussion, we have

∆Sgas ≥
qgas

T

Similarly, for the bath, we have
∆Sbath ≥ qbath

T
The temperatureT is the same in both cases, since the bath acts to maintain temperature.

Sinceqgas = −qbath, we can say
∆Sgas ≥ −qbath

T
Flipping the previous relationship for∆Sbath andqbath and multiplying by−1, we get

−qbath

T
≥ −∆Sbath

Putting this all together, we get

∆Sgas ≥ −qbath

T
≥ −∆Sbath

If we add∆Sbath to all sides, we get

∆Stotal = ∆Sgas + ∆Sbath ≥ ∆Sbath −
qbath

T
≥ 0

Thus, we see that∆Stotal will either be zero (for the reversible case) or positive (for the irre-
versible case). This is a very general result.

To conclude, we see that if we want to test spontaneity of events by∆S > 0, the∆S we’re talking
about must includeeverything: in order to keep track of entropy changes, we must consider both the
system and its surroundings (heat bath). This will make lifetricky, but it makes sense: the entropy of a
substance can decrease (we know that gases can be compressed), but this reduction in entropy must be
compensated by an increase in entropy somewhere else (eg in the heat bath). In fact, if we compress
the gas irreversibly, then the added entropy of the bath willbe greater than the entropy lost in the gas.
Finally, it is impossible for the total entropy to decrease.In a way, entropy is like thermodynamic
pollution/garbage: we can’t get rid of it but only move it around (and in moving it around, we create
more of it!).

Clearly, there must be a better way, since considering the surroundings can get quite cumbersome.
Indeed, there is, as we will see later.

3.4.2 Entropy changes accompanying heat flow

We have talked about heat will flow spontaneously from a hotter to a colder body. We are now at the
point where we can be more mathematical about what we mean here. Also, we know have a better
idea of what we mean by “spontaneously.”
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Consider a process with areversible transfer of heat at each temperature. If we reversibly transfer
heatfrom body A to body B, the overall entropy change is given by

dS = dSA + dSB =
6dqA

rev

TA

+
6dqB

rev

TB

whereTA andTB are the temperatures of bodiesA andB respectively andqA andqB are the heat
absorbed byA andB. Since all the heat absorbed by B came from A, we haveqB

rev = −qA
rev. This

leads to

dS = dSA + dSB = −6dqB
rev

TA
+

6dqB
rev

TB

Note the− sign in front of the termA body entropy term: heat (and therefore entropy) are leavingA
to go toB.

Doing some algebra, we get

dS = 6dqB
rev

(

TA − TB

TATB

)

We see that whenA is hotter thanB (i.e. TA > TB), thendS > 0. As dS > 0 in all observable
transformations, we see that heat will from from the hot bodyto the cold body. This flow will continue
until TA = TB. At this point,dS = 0 and we have reached equilibrium and heat will no longer flow.

3.5 Some comments regarding entropy

3.5.1 Energy, entropy, and equilibrium

We’ve now seen two ways in which systems reach equilibrium.

1. In our mechanical examples, the system reached equilibrium when the internal energy was a
minimum (and thus the forces were balanced) ordU = 0. These mechanical systems operated
at constant entropy and thus all that mattered was lowering the energy.

2. In our thermodynamic examples, we often considered the case where the energy was constant
(eg for ideal gases, isothermal transformations mean isoenergetic transformations). In these
cases, equilibrium is reached when entropy no longer changes and is a maximum (dS = 0).

But what do we do if a system which can change both its energy and entropy? In this case, we will
need a new state function to describe equilibrium. We will see this in the upcoming weeks.

3.5.2 A cosmological aside

As we’ve seen, when we consider entropy, we must consider both the system we’re interested in and
its surroundings. In many cases, the system will be something in the lab, and the surroundings will be
the lab itself. However, we can think about larger systems, such as the thermodynamics of the earth.
In this case, the earth’s surroundings are the solar system (heat is exchanged between the earth and
the solar system constantly!). Of course, we could continueto go further out and consider the system
to be our solar system vs other solar systems, or perhaps our galaxy.
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In the end, if we consider the entropy of the whole universe, we know that∆Stotal universe is
increasing. It will continue to increase until it reaches its maximal value and then it will be at equi-
librium. This equilibrium will not be very interesting as itwill be a state devoid of any order (we
certainly won’t be around to see it). While it’s a bleak fate,it’s probably 10-100 billion years away,
so we have some time to make our peace with it.

3.5.3 The second law of thermodynamics: a new perspective

With our new knowledge of entropy and spontaneous properties, we can look back at our two defini-
tions of the second law:

1. Spontaneous changes are those which can be made to do work.If carried outreversibly, they
yield a maximum amount of work.

2. Heat will always flow from a hotter body to a colder one.

These ideas can be unified into a single equation, which is perhaps the best formulation of the second
law:

dS ≥ 6dq

T
and in particular

dS > 6dq/T for spontaneous and irreversible processes

dS = 6dq/T for reversible processes

dS < 6dq/T is impossible
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4 Entropy II: The molecular basis of entropy

4.1 The molecular basis of entropy

We have discussed some mathematical aspects of entropy, butwithout a microscopic interpretation,
entropy is often a vague and abstract concept. We will now give a microscopic understanding of
entropy. This will also (hopefully) help to shed light on thenature of heat as well.

Let’s start by defining a new quantityσ. We defineσ as theln of how many different arrangement
a system could have. For example, consider flipping a coin. When it lands, it can be either heads or
tails. Thus, there are 2 different arrangements and

σ1−coin = ln 2

What if we had 2 coins? How many arrangements would be possible then? Each coin would have
2 possibilities, so there would be22 ways (both heads; 1st head, 2nd tails; 1st tails, 2nd heads; both
tails). In general, if we haveN coins, then there are2N different rearrangements. This means that

σN−coins = ln
(

2N
)

= N ln 2

On thing we immediately notice is that

σN−coins = Nσ1−coin

Thus,σ is extensive!

Next, let’s consider something closer to the thermodynamicsystems we have been discussing.
How many ways are there to rearrange theN particles of an ideal gas in a volumeV ? Let’s say that
each particle has a volumeb. For simplicity, let’s imagine that the box is cubical and that are gas
particles are little cubes as well. Then, we ask, how many ways can we arrange a cube of volumeb
in a cubical box of volumeV ? One way to answer this question is to fill the large box with particles.
The box of volumeV can holdV/b particles. What this means is that there areV/b different places
we can put a single particle. Thus, theσ for a single gas particle is

σ1−particle = ln
(

V

b

)

Now, what if we hadN ideal gas particles? Each particle could be in any of theV/b locations (note
that since these particles are ideal, they can be in the same place possibly). Thus, there are(V/B)N

different ways to arrange these particles. This leads to

σN−particles = ln
(

V

b

)N

= N ln
(

V

b

)

= Nσ1−particle

Again, we see thatσ is extensive.

Finally, how doesσ change when we expand a gas of volumeVi to a volumeVf? Sinceσ(V ) =
N ln(V/b), we get

∆σ = σ(Vf ) − σ(Vi) =
[

N ln
(

Vf

b

)]

−
[

N ln
(

Vi

b

)]

= N (ln Vf − ln b − ln Vi + ln b)

= N ln
(

Vf

Vi

)
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Now, this looks familiar! The entropy of expanding a gas is given by

∆S = Nk ln
(

Vf

Vi

)

where we have usedNk = nR, i.e. the Boltzmann constantk and the number of atomsN instead of
the gas constantR and the number of molesn. Thus, for an ideal gas, we can write

∆S = k∆σ

Or in other words
entropy = k ln (# of configurations)

and
change in entropy = k (change in ln # of configurations)

While I won’t prove this,these relationships betweenS and σ hold not just for an ideal gas, but
for all systems.

4.2 The statistical basis of the Second Law

With a microscopic interpretation of entropy, we can betterunderstand the second law. Why do we
expect entropy to always increase? It has to simply do with probability. Let’s say 100 people flipped
a coin. What do we expect? We certainly don’t expect that all will come up heads. That’s unlikely.
It’s much less unlikely that 50 people will have heads and 50 people will have tails. The reason why
is that there are many ways in which one can have a 50/50 split,but only one way in which everyone
has heads. Thus, simply probabilistically, it’s more likely to have the 50/50 split, which is a more
“random” arrangement.

Similarly, imagine that we had a sealed jar of gas in a box. If we open the jar, we expect that the
gas will spread out throughout the box. Why? We have given reasons due to maximizing entropy and
the second law, but let’s think about what this means. First,how many ways are there of arranging the
particles in the jar? For a jar of volumeVj , we haveW arrangements

Wj = exp(σ(Vj)) =
(

Vj

b

)N

Similarly, for the whole box (which has volumeVb), we have

Wb = exp(σ(Vb)) =
(

Vb

b

)N

What are the odds that randomly the gas will be in one of the arrangements in which all of the particles
are in the jar? This is the number of jar arrangements dividedby the number of box arrangements, or

odds =
Wj

Wb

=
(

Vj

Vb

)N
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To make this more concrete, let’s say that the box is 10L and the jar is 1L and there is a mole of gas.
Then, we get

odds =
Wj

Wb

=
(

1

10

)N

≈ 10−1023

or a 1 out of101023

chance of occuring! Thus, while it isin principle possible, it will essentially never
happen. Why is this probability so low? Well, there is only a 1in 10 chance that a single particle will
be in the jar (since the box volume is 10 times as big). However, a mole of particles is a lot of particles
and that’s what makes an unlikely scenario for one particle into an impossibility for the whole gas all
at once. It’s like flipping a mole of coins and expecting all land heads up!

Finally, what are typical entropies for various substances? We expect solids to have the least
entropy and gases to have the most. In the table below, we see this to be the case.

Molar entropies of substances at 298K and 1 atm pressure

Substance S (J/K mol)
Diamond (solid) 2.4
Silver (solid) 42.7
Water (liquid) 69.9
Argon (gas) 154.7
Carbon dioxide (gas) 213.6

4.3 The third law of thermodynamics

You might be wondering what happens when a liquid becomes a gas. Why isn’t that as unlikely to
happen? All of the configurations we have been speaking aboutare assumed to be equally likely. The
reason why we can say that is that all the configurations we have been talking about have the same
energyU . This is true for an ideal gas, but not for a real gas. A real gascan have attraction between
particles. Is is this attraction which counteracts the hugeloss in entropy. We will talk about how this
is possible in later lectures.

For the moment, we can simply consider the fact that we know that as we cool a gas down, it turns
into a liquid. The liquid takes up much less volume and accordingly has much less entropy (there are
fewer ways to arrange the liquid molecules). As we continue to cool the liquid, it turns into a solid.
Solids typically have crystalline arrangements of its atoms. While the atoms in a liquid can move
around, atoms in a solid are fixed in place. This leads to another drastic reduction in entropy. The
only entropy left in a solid is the vibrations of atoms – smalldeviations from their crystal locations.

What happens to the magnitude of these vibrations as we lowertemperature? The vibrations
diminish and the crystal has less and less entropy (as the atoms become more and more locked into
a specific place). At zero temperature, it is believed that the entropy of most substances completely
vanishes, i.e. there is only one arrangement of the atoms andno kinetic energy available to lead
to even small vibrations. The statement that theentropy vanishes asT → 0 is the third law of
thermodynamics.
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4.4 What really is heat and how should we think about it?

I have tried to give some insight into heat, but the descriptions have been somewhat vague. The
reasons for this is that while heat has to do with molecular motions, there is no simple equation to use
to truly describe it and it is a somewhat abstract quantity. In many ways, it is perhaps simpler to think
of it mathematically, but to get some better feeling about it, let’s summarized what we have learned.

We can write this summary in terms of the important equationswe have written relating to heat:

1. Heat is a form of energy. It is the “unused” energy, reflecting the difference betweenthe
change in internal energy∆U and the work done on the systemw

6dq = dU− 6dw

For certain situations, we can more directly relate heat to other state functions. In particular:

(a) Constant volume: we relate the heat directly to the energy

6dq|V = dU

(b) Constant pressure: we relate the heat directly to the enthalpy

6dq|P = dH

2. Heat is related to temperature. Certainly hot things have high temperature. To make some-
thing hot, you need to transfer heat. How much? Well, that depends on the substance, via the
heat capacity

6dq = CV dT

(at constant volume, we would useCP for processes at constant pressure).

3. Heat is related to entropy. Indeed, we saw that transformations which changed entropy in-
volved the transfer of heat. In particular,

6dqrev = TdS

4.5 Examples

4.5.1 Quickies

It is important to understand and to be familiar with these different aspects of heat. In particular, one
can use these different aspects to answer thermodynamic questions. For example:

1. What is the change in entropy when we raise the temperaturea substance reversibly at constant
pressure? (Assume that the heat capacity is independent ofT ).

We know that the entropy is related to the heat by6 dqrev = TdS and the heat is related to
temperature by6dq = CP dT . Thus, we get

dS =
6dqrev

T
= CP

dT

T
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and we integrate to get

∆S =
∫

dS =
∫ Tf

Ti

CP
dT

T
= CP ln

(

Tf

Ti

)

2. What is the entropy change from a liquid to a gas (under constant pressure)?

It takes some energy to turn a liquid into a gas. We know this since it takes heat to boil water,
for example. This energy needed is called the enthalpy of vaporization∆Hvap (enthalpy since
we’re talking about constant pressure).

We can relate the enthalpy to the entropy by∆Hvap = qrev under constant pressure, and thus

∆Svap =
qrev

T
=

∆Hvap

T

where the temperature is the temperature at which the liquidbecomes a gas. For example, for
benzene,∆Hvap = 30.7 kJ/mol and the normal boiling point is 353.3K. Thus,∆Svap = 87.0
J/K mol. This value is common for non-polar solvents.

3. Imagine two gases at the sameT andP are partitioned off in a box of volumeV : one in a
volume ofV1 and the other inV2 (noteV = V1 + V2). Next, we remove the partition and thus
left the gases mix. How does the entropy change?

Let’s take the entropy change for each gas separately. For gas 1, we say

∆S1 = n1R ln
(

Vf

Vi

)

= −n1R ln
(

V1

V

)

= −n1R ln
(

n1

n

)

wheren = n1 + n2. Similarly, we can write an analogous equation for gas 2:

∆S2 = n2R ln
(

Vf

Vi

)

= −n2R ln
(

V2

V

)

= −n2R ln
(

n2

n

)

We find the total change in entropy to be

∆S = n [−y1R ln y1 − y2R ln y2]

whereyi = ni/n is the molar fraction of gasi.

We see that the gases will mix completely. This mixing has themost entropy. Another way to
think about it is that if we try to de-mix (eg separate out) thegases, we will have to do work
against entropy.

4.5.2 Heat engines

It is possible to turn heat into work. Any device, such as a steam engine or a car, which burns fuel to
do work is an example. A simple model of an internal combustion engine is a machine which takes
heat (qh) from a high-temperature reservoir (eg by burning fuel to create heat), uses some of that heat
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to do work (w), such as by the expansion of a gas against a piston, and then puts the unused heat (qc)
to a colder reservoir (eg radiator).

What is the maximum amount of work that we can obtain from thisprocess? If all of these
processes were reversible, then the total entropy of the system would remain constant, ie.

∆Stotal = ∆Sh + ∆Sc = 0

Since∆Sh = −qh/Th (minus sign comes since we are taking heat from the hot bath) and ∆Sc =
qc/Tc, for reversible transformations we get

0 = ∆Stotal = − qh

Th

+
qc

Tc

⇒ qh

qc

=
Th

Tc

We can relate work to heat via the conservation of energy. Since the internal energy of our engine
does not change with time, we can simply relate work to heat:

w = qh − qc

w

qh
=

qh − qc

qh
= 1 − qc

qh
= 1 − Tc

Th

=
Th − Tc

Th

This ratio of work we get out of the machine over the heat we putin w/qh is called the thermodynamic
efficiency of the engine. For example, for a steam engine using steam at 400K and using a radiator at
room temperature of 300K, the thermodynamic efficiency would be

400K − 300K

400K
= 25%

i.e. only one-quarter of the heat is converted into work. If the radiator over-heats (Tc = Th), then
we get no work. How do we get maximum efficiency? If we have a really, really cold radiator (i.e.
Tc = 0), then we would get 100% efficiency. Why do we get 100% efficiency whenTc = 0? In
this case, we have extracted all of the possible heat we can (it’s not possible to get to any lower
temperature) and moreover there is no more heat energy left (since atT = 0 there are no molecular
motions), thus all of the heat energy must be transformed into work.

4.5.3 Protein folding

To end this section on entropy and as a lead-in for our next section on free energy, I’ll lay out what is
the so-called “Protein Folding problem” and how it relates to entropy.

Proteins are polymers of amino acids: long chain molecules.They are “manufactured” by the
cell and come off the assembly line in a completely disordered form. Why do we expect them to be
disordered? Let’s think about the entropy of a polymer chain. Let’s simplify this by imagining walking
on a chess board. At each step, you can go forward, backward, left, or right (4 directions). If you
takeN steps, there are4N possible ways to choose a path. For polymers in three dimensional space
(the chess board is a two dimensional example), one could approximate the number of possible walks
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as6N . Even for relatively short chains, this is a lot of possible configurations. The corresponding
entropy

S = k ln 6N = kN ln 6

is pretty large.

What’s exciting about proteins is that they willfold from one of the6N conformations into a single,
particular conformation. In other words, the conformational entropy essentially vanishes, i.e.

S = k ln 1 = 0

Why do proteins actually fold into a single conformation? Probabilistically, one would say that there
are so many unfolded conformations, why does the protein stay in a single fold? The reason why
proteins fold (and why gases become liquids and then solids,etc) is that one can fight the entropy
by making certain configurations have low energy. The foldedstate of proteins are believed to have
lower energy and that’s why they stay in these states.

When both energy and entropy change, how can we tell which onewins and which one is relevant?
This important question has a pretty simple answer, which wewill see in the next section, when we
define (yet another) state function, to answer this particular question.
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5 Equilibrium I: The concept of free energy

5.1 Helmholtz free energy

5.1.1 Derivation

In the previous section, I alluded to a new state function which will help us sort out when entropy is
important and when energy dominates. This new state function is called the free energy.

When we created the enthalpy state function, we said that we wanted something to reflect the
change in heat at constant pressure. In this case, we have a very different goal. In the previous
section, we saw that using just entropy alone required us to consider the entropy changes of both the
system and its surroundings. This is often difficult to do andbest to avoid if possible. But how can
we avoid doing this?

One way around this is to saw that we want to build a state function which reflects the nature of
equilibrium. To find such a state function, we return to the idea of maximum work. In the last unit,
we defined equilibrium as the case when a system can do maximumwork. For example, a reversible
reaction can do the maximum amount of work. We will now introduce thermodynamic functions
which are indicate whether one can do the maximum amount of work and thus tell us whether we are
at equilibrium. Also, we will in this section always consider systems at constant temperature.6

For a reversible reaction, we have

dU = 6dwrev+ 6dqrev

Since we can relate the change in reversible heat to entropy by

dS =
6dqrev

T

We can write
dU = 6dwrev + TdS

rearranging, we get
6dwrev = dU − TdS

Thus, it is natural to define a new state function, called theHelmholtz free energyF 7

F = U − TS

since (at constant temperature)
dF = dU − TdS = 6dwrev

One way to think of the free energy is thatit is a measure of the maximum work the system can do
on its surroundings. Just as mechanical systems work to decreaseU , molecular systems (at constant
T andV ) try to reduceF to reach equilibrium. What does this mean? In mechanical systems, we
expect spontaneous processes to occur only ifdU < 0. Apples spontaneously fall from trees, but they
never spontaneously leap from the ground into the sky. Similarly, spontaneous processes in molecular

6For systems at constant energy, it is more natural to just look at how the entropy changes.
7The Helmholtz free energyF is often called just the free energy and written asA.

c©Vijay S. Pande 41 April 15, 2008



systems occur only ifdF < 0. If there is a state with lower free energy, then the system will eventually
get there.8

What happens at equilibrium? At equilibrium, we expect thatthe system will do no work and thus
dF = 0. This naturally parallelsdU = 0 in mechanical systems.

5.2 Another way to look at free energy and equilibria

In section 3, we talked about

dS ≥ 6dq

T

and said thatdS > 6dq/T for spontaneous processes anddS = 6dq/T for reversible processes.

Now, we’ll see what the interpretations of this are for otherstatefunctions. Let’s takedU for
example. From the first law, we havedU = 6 dq+ 6 dw and thus6 dq = dU− 6 dw. For a gas, we
have 6 dw = −PdV and thus6 dq = dU + PdV . Putting this into the inequalityabove, we get
TdS ≥ dU + PdV . Rearranging terms, we get

dU ≤ TdS − PdV

Thus, we see at constantS andV we havedS = 0 anddV = 0, thus leading to the inequality

dU ≤ 0

Thus, under constantS andV , spontaneous processes must havedU < 0.

We can do the same thing with other statefunctions. For example, for the Helmholtz free energy
F = U − TS, we calculate the total derivativedF = dU − TdS − SdT . Solving fordU , we get
dU = dF + TdS + SdT . Inserting intodU ≤ TdS − PdV , we get

dF + TdS + SdT ≤ TdS − PdV

Simplifying, we get
dF ≤ −SdT − PdV

Thus, we see at constantT (dT = 0) andV (dV = 0), we get

dF ≤ 0

and more specifically that spontaneous events must havedF < 0 under constantT andV .

This is a general scheme in order for us to see how statefunctions describe equilibrium and spon-
taneity.

8I say “eventually” here since thermodynamics can only describe properties at equilibrium (i.e. what they will be like
if we wait a long time). Thermodynamics does not talk about how long it may take to reach equilibrium (you’ll have to
wait for kinetics in Chem 175 to learn about this).
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Figure: Free energy of an ideal gas vs vol-
ume. We see that the free energy deceases
as we increase volume. If we add in the
interactions of the box, then there will be
some free energy minima at the volume cor-
responding to the volume of the box. Without
a box, the free energy would push the gas to
expand forever!

5.2.1 Free energy of an ideal gas: a derivation ofPV = nRT

Let’s write the free energy for an ideal gas. First, we need toknow the energy at constant temperature.
The energy of an ideal gas does not depend on volume and only depends on temperature.9 Thus, at
constant temperature, we can writeU as a constant. Moreover, we are free to set the zero of energy
wherever we like, so we can just say thatU = 0. This makes sense for an ideal gas since there are no
interactions between particles (and this is what typicallywe would put inU anyway).

As for the entropy at constant temperature, we can relate it to the number of possible particle
rearrangements. We said that for an ideal particle, each particle can be inV/b places and thus alln
moles of particles can be in(V/b)n places, and thus

S = nR ln
V

b

whereb is the volume of a gas particle. Thus, we get

F = U − TS = −TnR ln
V

b

SincedF = 6dwrev = −PdV , we can write

P = −dF

dV
= −T

[

− dS

dV

]

=
nRT

V

and thus we get
PV = nRT

Thus, we see we naturally get the equation of state from the free energy. Moreover, let’s consider the
case of a gas given room to expand: in that case, the expanded version of the gas has a much lower
free energy and thus we expect the system to expand such that it lowers its free energy.

9This is true for an ideal gas since the only energy is kinetic energy (the particles do not interact by definition). If the
particles interacted, then we would add a term to incorporate this interaction and this term would depend on the density
of particles.
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Figure: Free energy of a vdW fluid with a =
10, b = 1, n = 1. Each different curve clock-
wise from the bottom plots a raise in temper-
ature (RT = 0.5, RT = 1.7, and RT = 10).

5.2.2 Free energy of a van der Waals fluid

What do we need to do to calculate the free energy of a vdW fluid?We need to add some sort
of interactions between particles and decrease the entropyto account for the fact that two particles
cannot be at the same place at the same time.

For the interaction between particles, we would say that

U = −anρ = −a
n2

V

This is along the lines of the argument I made in the first lecture: the interaction energy per unit
volume goes like the density (ρ) squared since the density is like the probability of findinga single
particle. Thus, the total energy is this energy per unit volume times the volume. Herea is the strength
of the interaction: for attraction between particles,a > 0.

Next, we need to modify the entropy. Before, we said that eachparticle can be inV/b places.
Now, we will say that each particle can only be in(V − nb)/b places. Thus, the entropy is

S = nR ln

(

V − nb

b

)

and thus the free energy is

F = −a
n2

V
− TnR ln

(

V − nb

b

)
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We can again use this to calculate the pressure:

P = −dF

dV
= −a

n2

V 2
+

nRT

V − nb

and thus we get
(

P + an2/V 2
)

(V − nb) = nRT

i.e. the equation of state for a van der Waals fluid, as we expected.

Let’s look at the free energy in a bit more detail to understand how this works. How do we expect
the free energy to behave vs temperature? At lowT , the energy is more important than the energy
and at highT , entropy is more important. In the figure, we have plotted thevdW free energy vs
temperature. There are three important temperature regimes:

1. At low temperatures, the free energy is dominated by the energy as we expected and we get a
liquid due to the attractive interaction between particles. We know that it is a liquid since the
minima in free energy is at the volumebn which is the volume of the particles themselves (there
is no space between particles as in a gas).

2. At high temperatures, we find just the reverse. The free energy constantly decreases as we
increaseV , reflecting the fact that a gas wants to fill up as large a volumeas possible.

3. At an intermediate temperature, we see that there are two minima of sorts: one at the volume of
a liquid and one at the volumes of a gas. The existence of two free energy minima reflects the
co-existenceof both a liquid and gas states.10

It is important to considerhow to interpret free energy minima. Mathematically, free energy
minima are locations wheredF/dX = 0 andd2F/dX2 > 0, whereX is some state function of
interest, such as volume. This mathematical definition is important, but is not very insightful. How
does one interpret energy minima in mechanical systems? Energy minima are equilibrium locations.
In particular, since the forcef = −dU/dx, thendU/dx = 0 means thatf = 0 and at such locations,
all the forces are balanced. In the case of a vdW fluid,P = −dF/dV and thus free energy minima
correspond to locations whereP = 0. This can result from the fact that the substance is a liquid,or
that the pressure from the box matches the pressure of the fluid.

The van der Waals fluid is a nice system to look at the relevanceof the free energy. Calculating the
free energy and looking for minima is pretty common practicefor understanding the phase behavior
of substances.

10There is a lot of interesting science to talk about here, especially relating to the coexistence and the nature of how
this system goes from being a liquid to a gas. For now, I will only state that since there are two free energy minima (at
the liquid and gas volumes), the volume of the system “jumps”as we raise temperature fromV ≈ 1 to the volume of
the container. This jump is a signal of aphase transition. Free energy calculations are a natural way to examine phase
transitions in all sorts of systems, from physical examples, such as gases and liquids to biophysical examples such as
proteins and lipid membranes.
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5.3 Gibbs free energy

5.3.1 Derivation

Many experiments are performed at constant pressure ratherthan constant volume. Indeed, that was
the motivation of deriving (and using) the enthalpy rather than the energy. Is there some constant
pressure version of the free energyF? As you probably suspected, there is.

Under constant pressure conditions, we can write

6dwrev = −PdV + 6dwadditional

where6dwadditional is the work other thanPV work done on the system. From here, we continue the
derivation as we did forF , i.e. we say

6dwrev = dU− 6dqrev

and
6dqrev = TdS

thus
6dwadditional − pdV = dU − TdS

and it is natural to define a new state functionG called theGibbs Free Energysuch that

G = U + PV − TS = H − TS

At constantP andT , we find

dG = dU + pdV − TdS = 6dwadditional

Thus,G acts likeF but under constant pressure situations. It is related to themaximum (non-PV)
work done by the system, and likeF , minimizingG is the constantP andT analog of minimizing
U for mechanical systems. Also, of note is that we see that to turn F into G, one tradesU for H.
Thus, all of the intuition we have built can be naturally applied to the constant pressure case by simply
exchanging energy for enthalpy.

5.3.2 Example: Dimerization

Consider the reaction
N2O4 ⇀↽ 2NO2

When dimerized, the enthalpy is lowerHN2O4
< H2NO2

since there are extra bonds formed. However,
the dimerized state has lower entropySN2O4

< S2NO2
since there are fewer degrees of freedom and

thus fewer ways to arrange the particles. Thus, we see that athigh temperatures, the dimer will
disassociate and at low temperatures it will associate.
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5.4 Phase Equilibria

In the previous section, we showed how a vdW fluid can be eithera gas or a liquid. We also saw
that there were cases where both gas and liquid phases had similar free energies and thus both phases
coexisted. In this section, we will follow up on these concepts and flesh out the details.

Before we get started, we’ll have to go over some basics of howthe Gibbs free energy depends on
pressure and temperature. In particular, we will write the differentialdG in a new way. Starting from
the definition of the Gibbs free energy

G = U + PV − TS

we can write the complete differential (i.e. nothing held constant):

dG = dU + PdV + V dP − SdT − TdS

We can also writedU in terms of heat and work:

dU = 6dqrev+ 6dwrev

We can write the entropy in terms of the reversible heat6 dqrev = TdS and for a system which only
does PV work, then6dwrev = −PdV . Thus,

dU = TdS − PdV

We can stick this into the formula fordG above to get

dG = (TdS − PdV ) + PdV + V dP − SdT − TdS

= V dP − SdT

This form ofdG will be useful in studying the variation ofG with pressure and temperature.

5.4.1 Warm-up I: Pressure-dependence of the free energy

At a constant temperature,dT = 0. Thus,

dG = V dP, or

(

∂G

∂P

)

T

= V

For an ideal gas,V = nRT/P and thus

dG = V dP = nRT
dP

P

For a change in pressure fromPi to Pf , we get

∆G = Gf − Gi = nRT
∫ Pf

Pi

dP

P
= nRT ln

Pf

Pi
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We can use this to study the pressure dependence of the enthalpy of an ideal gas.11

In chemistry, it is common to relate the free energy of a gas tothestandard free energyG0. G0

is defined as the free energy of one mole of the gas at 1 atm, i.e.

G = G0 + RT ln
P

P 0

whereP 0 = 1 atm. It is also written as

G = G0 + RT ln(P/atm)

or simply
G = G0 + RT ln P

This is notation and convention and certainly nothing deep,although it can be confusing if you haven’t
seen this before.

5.4.2 Warm-up II: Temperature variation of the free energy

Again, we usedG = V dP − SdT , but now we say that pressure is constant, ordP = 0. This leads to

dG = −SdT, or

(

∂G

∂T

)

P

= −S

We can use this to rewriteG. Starting from

G = H − TS

we insert the above formula forS to get

G = H + T

(

∂G

∂T

)

P

11Since we can also write
G = H − TS

then at constant temperature, we get
dG = dH − TdS

and
dG

dP
=

dH

dP
− T

dS

dP

Since the entropy isS = −nR ln(Pf/Pi) and thus

dS = −nR
dP

P
⇒ dS

dP
=

−nR

P
= −V

T

also, from above we havedG/dP = V . Thus leads to

dH

dP
=

dG

dP
+ T

dS

dP
= V − V = 0

Thus, H does not depend on P (sincedH/dP = 0).
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and divide everything byT 2 to get

− G

T 2
+

1

T

(

∂G

∂T

)

P

= −H

T 2

Now notice the following mathematical simplification:
[

∂ (G/T )

∂T

]

P

= − G

T 2
+

1

T

(

∂G

∂T

)

P

This allows us to write
[

∂ (G/T )

∂T

]

P

= − H

T 2

in differential form, or
[

∂ (∆G/T )

∂T

]

P

= −∆H

T 2

in terms of the change inG andH in a reaction. These are theGibbs-Helmholtz equations. They
are important since they relate the temperature dependenceof the free energy (and hence the position
of equilibrium) to the enthalpy change. We’ll use this in thenext section.

5.4.3 Phase diagrams

We can useG = H−TS to understand why there are different phases of matter stable under different
conditions. The phase with the lowest free energy is the moststable. For example:

phase enthalpy (H) entropy (S)
very negativeH small entropy

solids (|H| is large andH < 0) (S ≈ 0)
strong attraction between atoms few re-arrangements of atoms

intermediateH intermediate entropy
liquids (Hsolid < Hliq < Hgas) (Ssolid < Sliq < Sgas)

some attraction between atoms some re-arrangements of atoms
smallH huge entropy

gases (H ≈ 0) (S is large)
little attraction between atoms many re-arrangements of atoms

How can we see this in terms of the Gibbs free energy? If we plotG(T ), then the slope of this
curve is related to the entropy (since(∂G/∂T )P = −S). The gas phase has the largest negative slope
since it has the most entropy. When the curves forG(T ) of different phase intersect, we know that
their free energies are equal, or if we transform from one phase to another under these conditions,
∆G = 0. Recall that we’ve talked aboutdG = 0 as an indicator of equilibrium. Now, we are talking
about two phases being in equilibrium: both phases are present and one can spontaneously reversible
transform from one to the other.
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What is the temperature at which this occurs? For example, ifwe are given the enthalpy and
entropy of fusion, then we know that the fusion temperature is given by

∆G = ∆H − T∆S = 0 ⇒ T =
∆H

∆S
One can draw diagrams which describe the phase boundaries inthe P , T plane. These diagrams
are called phase diagrams. They give us insight into which properties lead to the existence of which
phases.

5.5 A review of our state functionsS, U , H, F , G

5.5.1 When is a processes spontaneous and when is it reversible?

We have now seen all of the major state functions in thermodynamics and are (finally) at the point
where we can actually do some interesting things. Before moving on, let’s just summarized what
we’ve learned.

First and foremost, these state functions are useful for determining equilibrium and whether a
process will spontaneously occur. These functions differ in how these processes occur. In particular,
what aspects are held fixed (V , P , T?) and which can vary. We summarize the state functions below.

variable(s) Irreversible processes Reversible processes
held constant (spontaneous) (equilibrium)

q dS > 0 dS = 0
V,S dU < 0 dU = 0
P,S dH < 0 dH = 0
V,T dF < 0 dF = 0
P,T dG < 0 dG = 0

There’s a clear pattern here: equilibrium meansdX = 0, whereX is the appropriate state function
and for spontaneous processesdX < 0 (except for entropy for which−dS < 0). Understanding the
thermodynamics of what happens spontaneously and what doesequilibrium look like is now just a
matter of deciding which conditions are relevant for the system desired (i.e. is the experiment done
at constant pressure or constant volume?) and then calculating or measuring the appropriate state
function.

5.5.2 Natural variables

There are important relationships between these state functions. We can begin to see these relation-
ships by writing the state functions in terms ofT andP for closed systems (i..e in which matter cannot
be transfered) involving onlyPV work:

dU = TdS − PdV

dH = TdS + V dP

dF = −SdT − PdV

dG = −SdT + V dP
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We have already derived some of the equations above. The derivations of the others are similar and
will be on a future problem set. Another important trend to notice is that the differentials on the right
hand side match which state variables are held constant for the respective state function (egP and
T are constant in Gibbs free energy calculations anddG = −SdT + V dP , i.e. dT anddP appear
in dG. Similarly, dS anddP appear indH). The variables that are held constant for a particular
state function (which are differentials in the equations above) are calledthe natural variables of the
system; they play an important role (see below).

The equations above are useful because they allow us to come up with some nifty relationships
between state variables. For example:

• FromdF = −SdT − PdV we get
(

∂F

∂T

)

V

= −S and

(

∂F

∂V

)

T

= −P

• FromdG = −SdT + V dP we get
(

∂G

∂T

)

P

= −S and

(

∂G

∂P

)

T

= V

There are similar relationships obtained from the equations fordU anddH above.

Finally, knowing the natural variables of a system is very important. If a thermodynamic
potential is known in terms of its natural variables, then all thermodynamic potentials can be
calculated! For example, let’s say that we know the functionG(T, P ). T andP are the natural
variables forG. FromG(T, P ) we can calculate:

S = −
(

∂G

∂T

)

P

and V =

(

∂G

∂P

)

T

and then plug in these values to calculate the other state functions starting fromG = U + PV − TS:

U = G − PV + TS = G − P

(

∂G

∂P

)

T

− T

(

∂G

∂T

)

P

H = G + TS = G − T

(

∂G

∂T

)

P

F = G − PV = G − P

(

∂G

∂P

)

T

This would not be possible ifG is known as a function ofV andT or P andV .

It is important to remember thatU , H, F , andG are state functions. They have the same∆ value,
irrespective of the path taken in the transformation. For example, whileH is typically defined in
terms of constant pressure, we can calculateH for constant volume situations. It doesn’t have the
same significance under constant volume (dH = 6dqP , ie for constant pressure only), but we can still
calculate it.
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5.5.3 Maxwell relations

Finally, we can use the relationships above to go one step further and relate the state changes in the
state variables to each other. SincedU , dH, dF , anddG are exact differentials in the equations in
§5.4.2, the mixed second derivatives of the coefficients of the two terms on the right hand sides are
equal (as we discussed in§2.7):

[

∂

∂V

(

∂U

∂T

)

V

]

T

=

[

∂

∂T

(

∂U

∂V

)

T

]

V

Now that we know that these derivatives are related toP , V , T , etc, this allows us to calculate even
more relationships. For example, fromdG = −SdT + V dP we get

(

∂G

∂T

)

P

= −S and

(

∂G

∂P

)

T

= V

If we take one more mixed derivative, we get

−
(

∂S

∂P

)

T

=

[

∂

∂P

(

∂G

∂T

)

P

]

T

=

[

∂

∂T

(

∂G

∂P

)

T

]

P

=

(

∂V

∂T

)

P

Using the other thermodynamics potentials, one gets other relations:
(

∂T

∂V

)

S

= −
(

∂P

∂S

)

V
(

∂T

∂P

)

S

=

(

∂V

∂S

)

P
(

∂S

∂V

)

T

=

(

∂P

∂T

)

V

There relations are calledMaxwell relations, named for James Maxwell, who first derived them. The
Maxwell relations are important because they are of considerable help in reaching our objective of
expressing any thermodynamic property of a system in terms of easily measured physical quantities.

5.6 Chemical potential

So far, we have talked only about systems which contain only one type of chemical component. We
have also only talked about systems in which the number of molecules is constant. In order to treat
systems with different chemical constituents or where the number of molecules must vary, we need to
add another important concept: that of a chemical potential.

For a pure substance or a system of constant chemical composition, we can write

dG = V dP − SdT

If the number so moles of various components of the system,n1, n2, . . . ,ni, vary, we may add further
terms to this equation:

dG = V dP − SdT +

(

∂G

∂n1

)

T,P,nj

dn1 + · · · +

(

∂G

∂ni

)

T,P,nj

dnj
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where the subscriptnj denotes that the quantities of all components, except the onin the derivative,
are held constant. We define thechemical potentialµi of theith component

µi ≡
(

∂G

∂ni

)

T,P,nj

and thus we can write the Gibbs free energy as

dG = V dP − SdT +
∑

i

µidni

This equation is sometimes called the fundamental equationof chemical thermodynamics.

What’s a good way to think aboutµ? From its definition,µ is the change in free energy when
we change the number of components, so it is the extra free energy gained (or lost) when extra
components are added. “Components” often refers to particles, so then in that caseµ would be the
change in free energy when we change the number of particles.In the previous cases, we have heldn
fixed, although this is not universally the case and often thenumber of particles can change.

µ is also useful for thinking about the balance of particles achieved at equilibrium. At constantT
andP , if we transferdni moles ofi from A to B, we get

dG = [µi(B) − µi(A)]dni

At chemical equilibriumdG = 0 and thus this is achieved when

µi(B) = µi(A)

This is a useful definition of the position of chemical equilibrium.

Since the free energy is extensive, for a pure substance we get

µ ≡
(

∂G

∂n

)

T,P,nj

=
G

n

Thus, since
G = G0 + nRT ln(P/atm)

we get
µ = µ0 + RT ln(P/atm)

Thus,µ has a similar pressure dependence asG. Moreover, we can use this to talk about the case in
which there is more than one component. For example, ideal gases in a container do not interact and
act as if they were alone in the container. Thus, we get for each componenti

µi = µ0
i + RT ln(Pi/atm)
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6 Equilibrium II: Applications of free energy concepts

6.1 Equilibrium between gaseous reactants

6.1.1 Simple example

Consider the equilibrium
A(g) ⇀↽ B(G)

This is the simplest type of chemical equilibrium. One example of this is the transformation between
two isomers, such as n-butane and isobutane. IfdnA moles of A are converted intodnB moles of B at
constantT andP , we havedG = µAdnA + µBdnB wherednA < 0 anddnB > 0. We can define an
extent of reactionξ which is 0 when the reaction position is entirely to the left (all at A) and 1 when
everything is at B. More explicitly, we can write

ξ =
nB

ntot

=
ntot − nA

ntot

wherentot = nA + nB is a constant (there are isomerations going on, but no particles are leaving or
coming); for simplicity, we setntot = 1.

This allows us to write
dξ = dnB = −dnA

and
dG = (µB − µA)dξ

at constantT andP . The reaction will proceed until equilibrium, i.e. when
(

∂G

∂ξ

)

T,P

= 0

Since
(

∂G

∂ξ

)

T,P

= µB − µA

this occurs at the balance of the chemical potentialsµA = µB as we discussed previously. Since

µi = µ0
i + RT ln(Pi/atm)

we can write
(

∂G

∂ξ

)

T,P

= µB − µA = µ0
B − µ0

A + RT ln
PB

PA

We can further simplify this since we know thatµ0
B − µ0

A = ∆G0, i.e. the free energy difference at
one mole is the free energy difference between the two chemical potentials. Thus

(

∂G

∂ξ

)

T,P

= ∆G0 + RT ln
PB

PA
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Thus, at equilibrium we get
(

∂G

∂ξ

)

T,P

= 0 ⇒ ∆G0 = −RT ln
PB

PA

We call the value ofKP ≡ PB/PA at equilibrium theequilibrium constant of the reaction, ie..

∆G0 = −RT ln KP

or equivalently

KP = exp

(

−∆G0

RT

)

Finally, for an ideal gas it is easy to rewrite the definition of the equilibrium constant in terms of con-
centrationsci = ni/Vi instead of pressuresPi. Since at constantT we can writePi = RT (ni/Vi) =
RTci, we get

KP =
PB

PA
=

cBRT

cART
=

cB

cA
= KC = exp

(

−∆G0

RT

)

From this we see that the direction of the reaction will depend on the free energy. If∆G < 0, then
more products will be formed andcB > cA.

Note that in order to derive the result KP = exp(−∆G0/RT ), we used an ideal gas approx-
imation and then to getKP = KC , we used the ideal gas approximation again. One should be
careful in that in general KP = exp(−∆G0/RT ) does not hold for non-ideal gases. However,
the relationship with KC does hold:

KC = exp

(

−∆G0

RT

)

holds in general, independent of whether we are talking about ideal gases or not. This result is
usually most easily derived from statistical mechanics andI will not derive it here.

6.1.2 Generalization to all reactions

We can generalize these results to more complicated reactions. For the reaction

a1A1 + a2A2 + · · ·+ aiAi ⇀↽ b1B1 + b2B2 + · · · + bjBj

we would have
dG =

∑

i

µAi
dnAi

+
∑

j

µBi
dnBi

≡
∑

i

µidni

We can still defineξ, although it is a bit more complicated. It is easier to write its derivative

dξ = −dnA1

a1
= −dnAi

ai
=

dnB1

b1
=

dnBj

bj
≡ dni

νi

whereνi represents the stoichiometric coefficientsai, bi, etc. The get the signs straight, theνi for the
products are defined as positive and for the reactants are defined as negative. Thus

dG =
∑

i

µidni =
∑

i

µiνidξ and thus

(

∂G

∂ξ

)

T,P

=
∑

i

µiνi
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Sinceµi = µ0
i + RT ln(Pi/atm), we obtain

(

∂G

∂ξ

)

T,P

= ∆G0 + RT ln





∏

i(P
ai

Ai
/atm)

∏

j(P
bj

Bj
/atm)



 = ∆G0 + RT ln

[

∏

i

(P νi

i /atm)

]

= ∆G0 +
∑

i

νiRT ln(Pi/atm)) = ∆G0 + RT ln KP

With this, we can write the equilibrium constants

KP =
∏

i

(P νi

i /atm)νi

and thus at equilibrium
∆G0 = −RT ln KP

Again, we can writeKP in terms of concentrations to calculateKC : If we define

Kc =
∏

i

(

ci

c0

)νi

then we can try to expressKc in terms ofKP . To do so, we first writeKP and use the ideal gas
equation of state to substitutePi = RTni/Vi = RTci:

KP =
∏

i

(

P νi

i

P 0

)νi

=
∏

i

(

RTci

P 0

)νi

=

(

c0RT

P 0

)

∑

i
νi

Kc

6.2 Clapeyron equation

We’ve talked about phase equilibria now in a couple of different ways (i.e. in terms of free energy
and in terms of chemical potentials). The Clapeyron equation connects upP , V , T , andH in a new
way, which is often useful for thinking about phase transitions.

Consider two phases, a liquid and its vapor in equilibrium attemperatureT and pressureP . If we
slightly changeT andP , we get the new valuesT + dT andP + dP . Since

dG = V dP − SdT

we can write the change in free energies for both the liquid and gas phases:

dGl = VldP − SldT

dGg = VgdP − SgdT

Under the new conditions (i.e. temperatureT +dT and pressureP +dP ), we can calculate equilibrium
by dGl = dGg. Equating these two we get

VldP − SldT = VgdP − SgdT
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and by rearranging, we can put this in the form

dP

dT
=

Sg − Sl

Vg − Vl

=
∆Svap

∆Vvap

Since atdGl = dGg the two phases are in equilibrium, we can write

∆Gvap = ∆Hvap − Ttrans∆Svap = 0 ⇒ ∆Svap =
∆Hvap

Ttrans

Taking this and putting it into our previous formula, we get

dP

dT
=

∆Svap

∆Vvap

=
∆Hvap

Ttrans∆Vvap

It is important thatTtrans is the transition temperature (boiling point in this case).More generally, we
can write

(

dP

dT

)

eq

=
∆H

Teq∆V

We write this equation in this form to stress that this doesn’t just have to refer to a liquid boiling and
becoming a gas, but rather the equilibrium between two phases in general.

It is important to stress that this equation, called theClapeyron equation, is very general and its
derivation has not used any approximations, but simply applied the concepts of equilibrium and the
Gibbs free energy.

6.3 The vaporization of liquids

6.3.1 From the point of the Clausius-Clapeyron equation

We can now take the Clapeyron equation and extend it to describe the vapor pressure of gases. To do
so, we will make three approximations. We start with the Clapeyron equation:

dP

dT
=

∆Hvap

T∆Vvap

Recall that∆Vvap = Vg − Vl. The volume of gases are much larger than that of liquids. Forexample,
at 300K and 1 atm pressure,Vg ≈ 24, 000cm3 while Vl ≈ 100cm3 for one mole. Thus, sinceVg ≫ Vl,
we make our first approximation and say that

∆Vvap = Vg − Vl ≈ Vg

Also, if we assume that the gas is ideal, then

Vg =
nRT

P

Thus, putting these together, we get

dP

dT
=

∆Hvap

T∆Vvap
=

∆Hvap

T (nRT/P )
=

∆Hvap

nRT 2
P
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we can rearrange this to get
∆Hvap

nRT 2
=

dP

PdT
=

d lnP

dT
Finally, if we make the approximation that∆H is independent of temperature, then we get

ln P = −∆Hvap

nRT
+ const

The equation above is called theClausius-Clapeyron equation. As you see, it relates the vapor
pressure of a liquid to is enthalpy change per mole on vaporization. It is important to stress that unlike
the Clapeyron equation, we did use three approximations here which might limit its applicability.

6.3.2 From the point of view of free energy and vapor pressure

Let’s think about vaporization from the point of view of the free energy gain upon vaporization. The
free energy of one mole of an ideal gas is given by

Gg = G0
g + RT ln(P/atm)

whereP is the vapor pressure of the liquid.G0
g is the free energy of one mole of vapor at 1 atm

pressure (i.e. standard conditions). We will assume that the free energy of the liquidGl is independent
of pressure . Thus, the free energy change of vaporization is

∆G = Gg − Gl = G0
g − G0

l + RT ln(P/atm)

where we have assumed thatGl ≈ G0
l (which is a good approximation since the liquid free energy

is not strongly dependent on temperature). Since the liquidand vapor are in equilibrium, we have
∆G = Gg − Gl = 0, i.e. Gg = Gl and thus

∆G0
vap = G0

g − G0
l = −RT ln(P/atm)

This equation tells us that the vapor pressure of a liquid is determined by the free energy change when
one mole of liquid is vaporized to produce one mole of vaporat 1 atm pressure. At the normal
boiling point where the liquid is in equilibrium with its vapor at 1 atm pressure,P = 1 and thus in
that case∆G0

vap = 0.

To explore the temperature dependence of the vapor pressure, we first take the derivative of both
sides of the above equation with respect toT :

ln(P/atm) = −∆G0
vap

RT
d lnP

dT
= − 1

R

∂(∆G0
vap/T )

∂T

where we have used the fact thatd ln(P/P 0)/dT = d lnP/dT − d lnP 0/dT = d lnP/dT − 0.
Notice the form of the right hand side above. It is very similar to the Gibbs-Helmholtz equations
derived earlier:

[

∂ (∆G/T )

∂T

]

P

= −∆H

T 2
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Using this, we get
d ln P

dT
=

∆H0
vap

RT 2

which is the Clausius-Clapeyron equation we derived in another way in the previous section.

The usefulness of this relation is the ability to relate quantities such as enthalpy to others which
can be easily measured, likeP vsT .

6.3.3 Example: Change of vapor pressure with temperature

A liquid boils when its partial pressure equals the atomospheric pressure. One way to think of this is
that since∆G = −RT ln(P/atm), whenP = 1 atm, then∆G = 0 and the free energy of liquid and
gas are the same, hence the liquid will boil.

Hence, the boiling point is the temperature at which the liquid’s vapor pressure equals the applied
pressureP on the liquid. We can use the Clausius-Claperon equation to find the pressure at which a
liquid will boil at a different pressure.

For example, ethanol boils at 78◦Cunder normal atmospheric pressure (1 atm = 760 torr). To what
value mustP be reduced if we want to boil ethanol at 25◦Cin vacuum distillation? To answer this,
consider the variation of the vapor pressure given by the Clausius-Claperon equation :

d lnP

dT
=

∆H

RT 2

If we assume that the enthalpy of the reaction is not temperature dependent, we can integrate the
above to get

ln
P2

P1
= −∆H

R

(

1

T2
− 1

T1

)

So, in this example, we’ll set state 2 to the normal boiling point (ie., T2 = (78 + 273) = 351K and
P2 = 760torr = 1atm) and we’ll set state 1 to the new temperature (T1 = 25+273 = 298K). Solving
for P1, we findP1 = 70 torr, which is relatively close to the experimental value of60 torr. Error
results from the assumptions of ideal gas and temperature independence of the enthalpy of reaction.

6.4 Le Chatelier’s Principle

Le Chatelier’s principle is a good mnemonic to remind us how the system will change to restore
equilibrium:

Perturbations of a system at equilibrium will cause the equilibrium position to change in
such a way as to tend to remove the perturbation.

For example, if heat is released in a reaction(∆H < 0), lowering the temperature will lead to
more products (and thus more heat). With the results of this section, we can put this statement on a
more mathematical foundation. In particular, to derive this result, we want to relate the equilibrium
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constantKP (which tells us which direction the reaction will go:KP > 1 means more product,
KP < 1 means more reactants) and the temperature. Using the Gibbs-Helmholtz equation

[

∂ (∆G/T )

∂T

]

P

= −∆H

T 2

and the definition ofKP

ln KP = −∆G0

RT
we get

∂ ln KP

∂T
= − 1

R

∂(∆G0/T )

∂T
=

∆H0

RT 2

How should we think about the above equation? If∆H0 < 0, then loweringT means increasingKP ,
which means that there will be more products.

We can put other forms of Le Chatelier’s principle into more quantitative form. However, it is
easier to do this on a case by case basis, rather than in some general formulæ. Thus, it is best to use
this principle as a check of one’s results and as a general guide for physical intuition.

6.5 Basic Results of Thermodynamics

There are a few key relationships which arise from the results of the recent sections. They have the
following forms:

1. Relationship between the equilibrium position and the free energy:

∆G⊖ = −RT ln K

Here we write∆G⊖ to denote that it is a standard free energy change for one moleof reaction
for the equation which describes equilibrium (note that∆G0 is more specific – it enforces that
P = 1 atm, whereas∆G⊖ does not).

K is some quantity which characterizes the equilibrium position in terms of the amounts of
materials present. Thus,K could be an equilibrium constant or a vapor pressure, for example.

2. Relationship between the equilibrium position and the enthalpy:
(

∂ ln K

∂T

)

P

=
∆H⊖

RT 2

AgainK denotes the position of the reaction and∆H⊖ is the standard enthalpy change for one
mole (not necessarily at 1 atm).

3. Relationship between the equilibrium position and the volume:
(

∂ ln K

∂P

)

T

= −∆V ⊖

RT

∆V ⊖ is the standard volume change for one mole (not necessarily at 1 atm).
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4. Relationship between the concentration and the free energy:
(

∂G

∂ξ

)

T,P

= ∆G⊖ + RT ln
∏

i

(

ci

c⊖

)νi

Whereci/c
⊖ is the concentration increase over the standard concentration c⊖. These equations

depend on the fact that

µi = µ⊖
i + RT ln

(

ci

c⊖

)
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7 Ideal solutions

In this section, we will talk about mixtures of components interms of solutions. In solutions, we
have some solute mixed into the solvent. There is a lot that thermodynamics can say about such
systems. Here, we will lay the ground work for thinking aboutsolutions. In the next section on
chemical equilibrium, we will start to apply these ideas to interesting chemical (eg electrochemistry)
and biochemical (eg ATP hydrolysis) reactions.

For now, let’s consider anideal solution. Just as “ideal” gases were a useful concept since the
math was simple but yet the results were important (and relevant for many gases), ideal solutions are
a starting point for thinking about all solutions, whether they are ideal or not.

What is all of this good for? Common applications are the so-calledcolligative properties. For
example, why does adding salt to water lower its freezing point (thus melting ice near 30F) or raise its
boiling point? Of course there are more sophisticated applications, but we will not go into them here.

7.1 Ideal and “truly ideal” solutions

7.1.1 Warmup: a mixture of ideal gases

Before talking about ideal solutions, let’s first tackle something much easier and more familiar: a
mixture of ideal gases. Consider that we havem different types of gases in a box. What’s the total
pressure on the box? Since the gases are ideal, they do not interact with each other and only induce
pressure on the box. Thus, the total pressure will be the sum of the partial pressuresPi of them gases:

P =
m
∑

i=1

Pi

Similarly, the change in free energy (at constant pressure and temperature) can be obtained by saying
that

dG =
m
∑

i=1

µidni

We can integrate this to get

G =
m
∑

i=1

µini

i.e. the total free energy is the sum of the chemical potentials weighted by the respective numbers of
moles of each gasni. Since each gas is ideal, we can write the pressure dependence of eachµi as

µi = µ0
i + RT ln(Pi/atm)

whereµ0
i is the standard state (1 atm) chemical potential andPi is the partial pressure of the gas. So,

what we’ve written is the chemical potential (and thereforethe free energy) in terms of a standard state
chemical potential and the partial pressure of the gas. In the next section, we will derive something
very similar for ideal solutions.
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7.1.2 Definition and basic relationships of an ideal solution

To think about ideal solutions, consider a solution with twocomponents: 1 and 2. A typical place to
begin is with the simple fact that the total pressure will be the sum of the pressures

P = P1 + P2

We can make this more interesting and useful by making an approximation. In this approximation, we
say that the pressuresPi are related to the respective vapor pressures of a mole of thepure substances
P ∗

i by
Pi = xiP

∗
i

wherex1 is the mole fraction of component 1in solution (x1 ≡ n1/n) andP ∗
1 is the vapor pressure

of pure component 1. From the above equations, we get

P = x1P
∗
1 + x2P

∗
2

This isRaoult’s Law and it applies to all ideal solutions.

Why do we call these ideal solutions? Partly because they aresimple and we can write the pressure
in terms of a simple sum of the pressures of the individual components. This means in a sense that
there is no interaction (terms likeP1 ×P2 might signify some sort of interaction). Also, we can make
a connection to ideal gases. To do so, we make the following argument. If the vapor follows the ideal
gas law, the chemical potential of componenti in this phase may be expressed as

µi(g) = µ0
i (g) + RT ln(Pi/atm)

This is just the pressure dependence of the chemical potential of an ideal gas that we talked about
earlier. At equilibrium between the liquid and gas, we must haveµi(g) = µi(soln). Thus, we can
write the chemical potential of componenti in the solution phase

µi(soln) = µ0
i (g) + RT ln(Pi/atm)

but sincePi = xiP
∗
i , we get

µi(soln) = µ0
i (g) + RT ln[(xiP

∗
i )/atm]

= [µ0
i (g) + RT ln(P ∗

i /atm)] + RT ln xi

Since for the pure case, we haveµ∗
i (l) = µi(g) in equilibrium, and thatµi(g) = µ0

i (g)+RT ln(P ∗
i /atm),

we get
µ0

i (g) + RT ln(P ∗
i /atm) = µ∗

i (l)

is simply the chemical potential of the pure liquid (at its natural vapor pressureP ∗), we give it the
designationµ∗

i (l). This let’s us write the chemical potential of componenti in the solution phase in a
simple manner

µi(soln) = µ∗
i (l) + RT ln xi

This equation holds for all components of an ideal solution and provides a more useful definition of
ideal behavior than Raoult’s Law. We should also compare theequation above to that derived in the
previous section for a mixture of ideal gases. The forms are very similar. It is for this reason also that
one can consider a solution of this form to be “ideal.”
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7.1.3 “Truly ideal” solutions

How much more ideal can solutions get? In many cases, it wouldbe much easier to writeµi(soln)
above (i.e. in terms ofµ0

i (g)) rather than in the ideal solution definition (which usesµ∗
i (l)). Solutions

for which the above holds at all pressures are calledtruly ideal solutions. In this case, the equation
above simplifies to

µi(soln) = µ0
i (l) + RT ln xi

at 1 atm pressure.

How good is this approximation? Well, the heart of this approximation is the assumption that
µi(l) does not strongly depend on pressure. Let’s see how true thisis. We can include the pressure
dependence and write

µi(l) = µ0
i (l) +

(

∂µi

∂P

)

T

∆P

Since
(

∂µi

∂P

)

T

=

[

∂

∂P

(

∂G

∂ni

)]

T

=

[

∂

∂ni

(

∂G

∂P

)]

T

=

[

∂

∂ni

V

]

T

=
V

ni

= Vi

whereVi is the molar volume ofi, we get

µi(l) = µ0
i (l) + Vi(l)∆P

and thus
µi(soln) = µ0

i (l) + Vi(l)∆P + RT ln xi

Note that∆P is theexcess pressure on the system (i.e. the total pressure minus the standard pressure
(1 atm)). In many cases (eg when pressure is not that far from 1atm, say 1-10 atm),V ∆P is small
and this term can be ignored. This leaves

µi(soln) = µ0
i (l) + RT ln xi

which can be considered as the definition of a truly ideal solution.

Finally, how should one think about ideal solutions in termsof some molecular foundation? We
said that an ideal gas gas no interactions between particles. An ideal solution requires that all inter-
actions (between like and unlike molecules) should be the same. Both ideal gases and solutions and
simple models and idealizations of real systems. However, there are limiting cases of real systems
which do obey these relationships. Finally, these equations are a natural starting point to write a
theory for non-ideal systems.

7.1.4 Example: ideal solutions of solids in liquids

Consider a solid dissolving in a liquid to form an ideal solution. In the solid state, the solute has lower
energy, but in the solution state, the solute has greater entropy (since it can be dispersed over a greater
volume). Thus, equilibrium will be a balance between these forces mediated by the temperature. At
equilibrium, we must haveµ2(s) = µ2(soln), where the subscript 2 denotes the solute and a subscript
of 1 denotes the solvent. For a truly ideal solution, we can write the standard state chemical potential
of the solute as

µ2(s) = µ2(soln) = µ0
2(l) + RT ln x2
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Since the pressure dependence of the solid chemical potential is not significant, we can writeµ2(s) =
µ0

2(s), and thus we get
RT ln x2 = µ0

2(s) − µ0
2(l) = −∆G0

2fus

where∆G0
2fus is the free energy change in melting (fusion). From the Gibbs-Helmholtz equation

[

∂ (∆G/T )

∂T

]

P

= −∆H

T 2

we get
(

∂ ln x2

∂T

)

P

=
∆H0

fus

RT 2

where∆H0
fus is the heat of fusion of the solid (for simplicity, we will drop the 2 subscript). At the

melting point of the solid (Tfus) the solubilityx2 will be 100% since all of the solid would be a liquid
and the two liquids would form an ideal solution. We can integrate the equation above to get

ln x2 − ln(1) =
∫ T

Tfus

∆H0
fus

RT 2
dT = −

[

∆H0
fus

RT

]T

Tfus

=
∆H0

fus

R

(

1

Tfus
− 1

T

)

If we look at experimental data (eg see Smith, p. 89), we find excellent (quantitative) agreement
between the prediction above and experiment for the solubility of naphthalene in benzene. This means
that naphthalene in benzene is an ideal solution. However, there are some solvents (eg cyclohexane)
for which this equations does not work. We will explore such non ideal solutions in more detail in the
next section.

7.2 Another way to view ideal solutions

In this section, I’ll present another way to derive the results we just examined. In a sense, we’ll go
“backwards,” starting from the mixing entropy.

7.2.1 Thermodynamic properties

What is the Gibbs Free Energy, enthalpy, and entropy for an ideal gas? Let’s start with the Gibbs free
energy, from which we can calculate everything else.

We define∆G = G(soln) − G∗(l). Inserting chemical potentials, we get

∆G = n
∑

i

xiµi(soln) − n
∑

i

xiµ
∗
i (l)

Using our formulae for ideal solutions, we get

∆G = n
∑

i

xi [µ
∗
i (l) + RT ln xi] − n

∑

i

xiµ
∗
i (l)

We see that the
∑

i xiµ
∗
i (l) terms cancel, leaving

∆G = nRT
∑

i

xi ln xi
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This is a remarkably simple equation. The entropy can be found by

∆S = −
(

∂∆G

∂T

)

P

= −nR
∑

i

xi lnxi

This should look familiar – it’s the mixing entropy.12 The enthalpy can also be found easily:

∆H =

(

∂∆G/T

∂T

)

P

= 0

Thus, we see that the only entropy is mixing entropy and the enthaply is zero: there is no en-
thalpy difference upon mixing (Hsoln = Hl) and all the free energy difference comes from the mixing
entropy. This makes ideal solutions a lot like ideal gases.

7.2.2 Mixing entropy

What is the mixing entropy and where does it come from? Consider a mixture of two components: 1
and 2. We haveN1 andN2 molecules of 1 and 2 respectively andN = N1 + N2 total molecules.

How many ways are there of rearranging these molecules? To make this more concrete, consider
a lattice where we’ll place these molecules (just as we did with the ideal gas entropy derivation). In
this case, assume that there areN sites on the lattice, so all sites are occupied. However, howmany
ways of occupying the sites are there?

One way to think of this is that there areN sites total and we need to chooseN1 sites to place
component 1. How many ways are there of choosingN1 sites out ofN total? This is a common
combinatorial problem, and the answer is

Wmix =
(

N
N1

)

=
N !

N1!(N − N1)!
=

N !

N1!N2!

To get the entropy, we take the log:S = k ln W . To simplfy the expression, it’s natural to use Stirling’s
approximation, which says thatln N ! = N lnN . With this approximation (which is remarkably
accurate for N¿10 and since we considering quantities on themolar scale), we get

Smix/k = N ln N − N1 ln N1 − N2 ln N2

We can simplify this to get

Smix/k = (N1 + N2) ln N − N1 ln N1 − N2 ln N2 = −N1 ln
(

N1

N

)

− N2 ln
(

N2

N

)

Finally, since the molar ratios are the same as the molecularratios (i.e.N1/N = n1/n), we get

Smix = −nR
[(

n1

n

)

ln
(

n1

n

)

+
(

n2

n

)

ln
(

n2

n

)]

= −nR [x1 ln x1 + x2 ln x2]

12For the derivations of∆S and ∆H , it is important to consider the possibility thatdxi/dT 6= 0. In general,
d(lnxi)/dT = ∆H/RT 2 and sinced(lnxi) = dxi/xi, thusdxi/dT = xi∆H/RT 2. Thus, in the cases where there is
not a phase transition (i.e.∆H = 0), dxi/dT = 0. Cases with a phase transition are like the melting example above.
Cases without one would be where we want to examine the entropy difference between solution and liquid phases. In this
case, the entropy is just the mixing entropy. This can be seenmore directly in the next section.
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wherexi are the mole fractions. Finally, this result can be generalized to get the more familiar result

Smix = −nR
∑

i

xi ln xi

This is a very general result and comes just from the combinatorics of mixing.

7.2.3 From the mixing entropy to Raoult’s law

Another way to think about ideal solutions is to build the chemical potentials from a simple model.
Here’s our model:

1. The entropy of mixing is just∆Smix = −nR
∑

i xi ln xi

2. The solution components have no change in enthaply upon mixing: ∆H = 0. This approxima-
tion for the enthaply probably the weaker approximation andsomething we will address with
Henry’s law.

In general, we have

∆Gmix = G(soln) − G∗(l) = ∆Hmix − T∆Smix

With the two assumptions above, we get

G(soln) − G∗(l) = nRT
∑

i

xi ln xi

We can put in the consitutents with

G(soln) − G∗(l) =
∑

i

niµi(soln) −
∑

i

niµ
∗
i (l) = RT

∑

i

ni ln xi

Taking the derivative with respect toni, we get

µi(soln) = µ∗
i (l) + RT ln xi

Here, we can use the result from the chemical equilibrium of the pure liquid with the pure gas:

µ∗
i (l) = µ∗

i (g) = µ0
i (g) + RT ln P ∗

i /P 0

and solve for solution state chemical potential ofi:

µi(soln) = µ0
i (g) + RT ln P ∗

i /P 0 + RT ln xi

Finally, we can combine the log terms to get

µi(soln) = µ0
i (g) + RT ln xiP

∗
i /P 0 = µ0

i (g) + RT ln Pi/P0

if we setPi = xiP
∗
i , which is what Raoult’s law says.
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7.3 Henry’s Law: the simplest form of break down from ideality

Consider a dilute solution, i.e. not much solute in the solvent. In this case, the solvent molecules will
be surrounded typically by other solvent molecules and thusthe solvent behaves very much like it
would in its pure form. This allows us to write the partial pressure

Psolvent = xsolventP
∗
solvent

This is inline with what would be suggested by Raoult’s law for ideal solutions.

However, now consider the solute in this case. Since the solution is dilute, it is not like the solute
in its pure form. The solute molecules will be typically surrounded by solvent molecules instead of
by other solute molecules as one would have in the pure form. Thus, the relationship we wrote above
for the solvent often does not hold for the solute:

Psolute 6= xsoluteP
∗
solute

However, often one can write a similar equation to describe the solute:

Psolute = xsoluteP
⊖
solute

The ability to writePsolute in this form is calledHenry’s law. It helps to keep life simple (since there
still is a simple relationship betweenPsolute andxsolute, but this relationship is different from the ideal
case sinceP⊖

solute 6= P ∗
solute. What’s a good way to think aboutP⊖

solute? Perhaps the simplest way is to
just consider that Henry’s law dictates thatPsolute/xsolute = constant and that constant isP⊖

solute. In a
sense, Raoult’s law can be considered as a special case of Henry’s law (i.e. special since Raoult’s law
says thatP⊖

solute = P ∗
solute which is not always true.

From here, we can write, as we did before, the pressure dependence of the chemical potential

µi = µ0
i + RT ln P

Inserting Henry’s law, we get

µi = µ0
i + RT ln(xsoluteP

⊖
i ) = [µ0

i + RT ln P⊖
i ] + RT ln xi

We can defineµ⊖
i ≡ µ0

i + RT ln P⊖
i to get

µi = µ⊖
i + RT ln xi

Which is the same form as we had before, except that the pure state chemical potentialµ∗
i is substituted

for a new valueµ⊖
i . Physically,µ⊖

i is the chemical potential of a hypothetical liquid whose vapor
pressure isP⊖

i . However, its sometimes simplest to ignore any physical interpretation forµ⊖
i and just

consider it to be a constant that is fitted to experimental data.

The relationship above can be used to derive a useful result.Consider a solute distributed between
two immiscible (i.e. not capable of being mixed) liquid phasesα andβ. Following the above, we can
write

µ(α) = µ⊖(α) + RT ln x(α)

µ(β) = µ⊖(β) + RT ln x(β)
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At equilibrium between the two phasesα andβ, we haveµ(α) = µ(β). This yields

µ⊖(α) + RT ln x(α) = µ⊖(β) + RT ln x(β)

which can be simplified to
x(α)

x(β)
= exp

(

−µ(α)⊖ − µ(β)⊖

RT

)

Sinceµ(α)⊖ andµ(β)⊖ can be considered to be constants (and are constant at any temperature), we
get

x(α)

x(β)
= constant

Thus, if the solute follows Henry’s law in both phases, the ratio of its concentrations will be constant.
This result is often called theNernst Distribution Law .
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8 Non-ideal solutions

8.1 The concept of activity

8.1.1 Basic definitions and relations

In the previous section, we showed how in dilute solutions, one can model the solvent using Raoult’s
law

µi = µ0
i + RT ln xi

but we needed to modify our equation for the solute by using Henry’s law

µi = µ⊖
i + RT ln xi

However, in many real-life situations (such as in electrochemistry as well will see in the next section),
even the Henry’s law modifications break down and we need to dosomething more realistic. This is
where the concept ofactivity comes in. In particular, we now write

µi = µ0
i + RT ln ai

whereai is defined to be the activity of componenti. The activity can be thought as theeffective mole
fraction of componenti relative to its standard state. This effective mole fraction may differ greatly
from the real mole fraction. This is due to the interactions between molecules which ideal solutions
ignore. We can define anactivity coefficient to describe these deviations:

γi =
ai

xi
=

effective mole fraction

real mole fraction

To get a better idea of whatai is, let’s consider a liquid mixture. We will say that in the solution,
we can write for componenti

µi(soln) = µ∗
i (l) + RT ln ai

and in the gas phase we can write

µi(g) = µ0
i (g) + RT ln(Pi/atm)

We have shown that for the liquid case, we can write

µ∗
i (l) = µ0

i (g) + RT ln(P ∗
i /atm)

Since the liquid phase is a pure substance. At equilibrium, we haveµi(g) = µi(soln). Putting these
together, we get

µ0
i (g) + RT ln(P ∗

i /atm) + RT ln ai = µ0
i (g) + RT ln(Pi/atm)

which reduces to
ai =

Pi

P ∗
i

This also makes sense in the light of the interpretation of the activity as an effective mole fraction. We
can go one step further and say that if the gas phase behaves like an ideal gas, we can writePi = yiP ,
whereyi is the mole fraction of the gas. With this, we find

γi =
ai

xi
=

(Pi/P
∗
i )

xi
=

yiP

xiP ∗
i
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8.1.2 Activity of solids in liquids

When we looked at the solubility of naphthalene in various solvents, we found that in benzene, the so-
lution was close to ideal, but was not ideal for a hexane solvent. How do we model these differences?
Using the concept of activity. At equilibrium, we have

µ(s) = µ(soln) = µ0(l) + RT ln γx

We would say that for benzeneγ = 1 and for hexaneγ 6= 1. The precise value ofγ would be fit from
experimental data.

We could have also thought of this in terms of Henry’s law. In this case, we would have defined
the acidity of the solute in terms of Henry’s law standard stateµ⊖. This would give us

µ(soln) = µ⊖ + RT ln γx

Here we also have the defineγ values for the solvents. However, theγ values used in this prescription
(i.e. with Henry’s Law standard statesµ⊖ will not have the same numerical values as when we used
regular standard statesµ0). Why bother doing this? Well, it turns out that while naphthalene in hexane
is not an ideal solution (and thus does not follow Raoult’s law), it does follow Henry’s law and thus
in this caseγ = 1 (for µ defined in terms ofµ⊖).

8.1.3 Activity in aqueous solutions

Many chemical experiments are carried out in aqueous solutions and it is important to define activities
in these cases, since these solutions are often not ideal.

If the solute follows Henry’s Law, then

µi = µ⊖
i + RT ln ai = µ⊖

i + RT ln γixi

This is often the case when the solution is very dilute.

For an electrolyte solution, we need to make a small modification. We need to write properties in
terms of the molality (moles per kg). In this case, we can write for an ideal solution

µi = µ⊖
i + RT ln

(

mi

mol kg−1

)

and for a non-ideal solution

µi = µ⊖
i + RT ln ai = µ⊖

i + RT ln

(

γimi

mol kg−1

)

In this case,µ⊖
i is the chemical potential of an ion in a solution of unit molality. For notational

simplicity, we will now drop the unitsmol kg−1 and havem values implicitly include them.

Let’s consider a simple electrolyte reaction:

NaCl ⇀↽ Na+ + Cl−
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Sodium chloride is essentially fully dissociatedNaCl → Na++Cl− in aqueous solution. We can only
deal with the overall activityaNaCl as we have no way of determiningaNa+ andaCl− independently.
We can calculateaNaCl as follows. As each of the ions would be expected to follow Henry’s Law
independently, the total chemical potential can be written

µtot = µNa+ + µCl− =
(

µ⊖

Na+ + RT ln aNa+

)

+
(

µ⊖

Cl−
+ RT ln aCl−

)

=
(

µ⊖

Na+ + µ⊖

Cl−

)

+ (RT ln aNa+ + RT ln aCl−)

= µ⊖
tot + RT ln aNaCl

Thus, we see that
aNaCl = aNa+ × aCl−

and sinceai = γimi, we get
aNaCl = γNa+mNa+ × γCl−mCl−

Since we have equal mole components of both ions, we getmNa+ = mCl− ≡ m is the molality of the
solution. We can define a new activity coefficientγ± by the geometrical mean of theγ values of the
ions

γ± = (γNa+γCl−)1/2

This is natural as we are taking the means of logs:

ln γ± =
1

2
(ln γNa+ + ln γCl−)

so we are in the end taking the mean of the contributions to thefree energy. Withγ±, we can write

aNaCl = (γ±m)2

When the electrolyte solution is more complex, i.e.

MpAq ⇀↽ pM+ + qA−

we get
aMpAq

= (aM+)p(aA−)q

and
γp+q
± = (γM+)p(γA−)q

8.2 Chemical equilibria in solution

In the previous sections, we have mostly talked about the equilibria of gas phases. Indeed, when we
derived the equation

µi(g) = µi(g)0 + RT ln(Pi/atm)

we explicitly used the ideal gas equation. In solution, lifeis a bit different. It is for this reason that we
introduced the activity and wrote instead

µi = µ⊖
i + RT ln(ai)
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Now we will consider the simplified equilibrium

A ⇀↽ B

We can write the following equations to describe this system:

µA = µ⊖
A + RT ln aA = µ⊖

A + RT ln γAmA

µB = µ⊖
B + RT ln aB = µ⊖

B + RT ln γBmB

At equilibrium,µA = µB and

∆G⊖ = µ⊖
B − µ⊖

A = −RT ln aB/aA = −RT ln Ka

where∆G⊖ is the change in free energy when a mole of A at unit molality istransformed into a mole
of B at the same concentration (with both solutions behavingas if they are extremely dilute).

8.3 Electrochemistry

8.3.1 Equilibrium and free energy I: Legendre transforms

There is another way to introduce new state functions such asH andG which is more mathematical
and perhaps a little less intuitive than the methods we used earlier. However, it can help clear up some
aspects of how we definedF , G, etc and is in general useful – especially when we want to include
new effects, such as electrostatic potentials in electrochemistry into our thermodynamic potentials.

Here’s a mathematical run down of a Legendre transform. Consider a functionf(x). Now suppose
that we want to writef(x) in terms of its slopep, instead ofx. To make this concrete, consider
the Helmholtz free energyf(V, T ). Imagine that we want to writeF (V, T ) in terms of its slope
dF/dV = −P , i.e. we want to writeF in terms of pressure and thus get the Gibbs free energy.

How do we do this? At each value ofx, we can writef(x) in terms of its slopep by the definition
of the slope (slope equals the rise over the run, so):

p =
y − g(p)

x − 0

whereg(p) is the intercept of the tangent line. We can rearrange the above to get

g(p) = f(x) − px

We callg(p) the Legendre transform off(x). In the case of transforming the Helmholtz free energy
into Gibbs, we have the simple connection thatx = V , f(x) = F (V, T ), p = dF/dV = −P , and
g(p) = G(P, T ) and thus we get

G(P, T ) = F (V, T ) + PV

Note that the sign is flipped sincep = −P .
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We could do the same for all the other thermodynamic potentials. Starting from the entropy
(which we have a microscopic understanding of), we can Legendre transform to create the other
thermodynamic potentials.

As another example, we can use Legendre transformations to write the Gibbs free energy for fixed
chemical potentialµi instead of fixed number of particlesni. In this case, we make the connection
thatx = ni (since the original Gibbs free energy is for fixedni) andp = ∂G/∂ni. Then we get

G(µi, T, P ) = G(ni, T, P ) −
(

∂G

∂ni

)

ni

In principle, there are still many things which are typically held constant for which we can perform
further transformations to create new free energies. We will create another one in the following
sections.

8.3.2 Equilibrium and free energy II: Electrochemical work

What is electrochemical work? We can start with Coulomb’s law, which dictates the strength of
interactions between charges:

~f =
1

4πǫ0

Q1Q2

r2
~r

We can calculate the work as we did before

welec =
∫

~f · d~r = − 1

4πǫ0

Q1Q2

r
= −φQ

where
φ =

1

4πǫ0

Q1

r

is the electrostatic potential andQ = Q2 is our test charge. In chemistry, we often assume that the
potentialφ is defined by the surroundings and what we are changing is the amount of charge (eg by
the flow of ions). In this case, we can take the derivative ofwelec to get

dwelec = −φdQ

(Note that the above is sometimes, eg. in Smith, written in terms of the electromotive forceE as
welec = −EQ).

8.3.3 Equilibrium and free energy III: A new free energy (sort of)

Now, we will use a Legendre transform to introduce a modifiedG (called thetransformed Gibbs en-
ergy G′) to include electrochemical work. With this new work, we candefine the Legendre transform

G′ = G −
∑

i

φiQi

often we write the charge in terms of the charge on the ionzi times the number of ionsni: Qi = zifni,
wheref = NAe = (6.02 × 1023) × (1.6 × 10−19C) = 96 × 103Cmol−1 is Faraday’s constant:

G′ = G −
∑

i

φizifni
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We can similarly do this with a new (transformed) chemical potential

µ′
i = µi − φiQi = µi − φizif

These new transformed quantities now act just like the old ones. In a sense, they are new potentials in
the the way thatF is different fromG, except they now include ionic degrees of freedom.

For a multiphase system involving electric potential differences between the phase, neither the
potentials of the phasesφi nor the amounts of each componentni are necessarily fixed. Thus, we
must allow each to possible vary and write

dG′ = dG −
∑

i

φidQi −
∑

i

dφiQi

= dG −
∑

i

φizifdni −
∑

i

dφizifni

Finally, it is interesting to compare the form ofdG anddG′ when written in their respective natural
variables. We can writedG′ in its natural variables by noting that

dG = −SdT + V dP +
∑

i

µidni

and substituting this into our expression fordG′:

dG′ = −SdT + V dP +
∑

i

µidni −
∑

i

φizifdni −
∑

i

dφizifni

Noting thatµi = µ′
i +

∑

i φiQi, we get

dG′ = −SdT + V dP +
∑

i

µ′
idni −

∑

i

dφizifni

From the above, we see that the transformed chemical potential is defined as
(

∂G′

∂ni

)

T,P,nj,φi

= µ′
i

wherenj denotes all species withj 6= i. Note that the transformed chemical will depend on the
electric potentialφi of the component phase.

When do we useµ vs µ′? When we are talking about the equilibrium between two phases α and
β (even if these two phases have different potentials) we still write

µi(α) = µi(β)

8.3.4 Equilibrium and free energy IV: Physical reasoning

Recall that when we originally defined the Gibbs free energy,we said thatdG = dwadditional. Thus, at
constantT andP , we normally defined equilibrium by

dG = 0 (T and P constant)
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In electrochemistry, we finally get to a case where we have additional work, sincedwadditional =
dwelec.

However, if we don’t define a transformed chemical potential, then we must modify our concept
of equilibrium. We defined a transformed chemical potentialsince in the electrochemical case, either
dφi or dni may be non-zero. Equilibrium in this case is given bydG′ = 0 notdG = 0. If we say that
dG′ = 0, what does that tell us aboutdG? We have

dG′ = dG − dwelec

So the condition ofdG′ = 0 at electrochemical equilibrium means that equilibrium in this case written
in terms ofdG is

dG = dwelec

This result is stated in Smith without much reason why. I introduced the idea of Legendre transforms
to help clear this up and explain it (in at least a mathematical form). Physically,dG = 0 is not the
equilibrium criteria since thedG = 0 condition for equilibrium requires thatQ is constant.

The relationship between the regular and transformed Gibbsfree energies parallels that of the
Helmholtz and Gibbs free energies. Similarly, we could havechosen not to introduce the Gibbs free
energy to describe constantP equilibrium. Using an argument similar to that above, we canwrite

dG = dF − dwPV

and thus constantP equilibrium means thatdG = 0 or thatdF = dwPV. We could us this equilibrium
condition to study all constant pressure transformations,but it is cumbersome and not as elegant —
it’s certainly simpler to say that equilibrium is defined asdX = 0, whereX is the appropriate state
function. Of course, this means that we have to get the correct state function for the job!

8.4 Electrochemical cells (aka batteries)

8.4.1 Fundamental equation for an electrochemical cell

Consider a simple chemical cell, illustrated in Fig. 8.1. Insuch a cell, when the external circuit is open,
the electrodes will have different electric potentials (which arise from the tendency of the electrode
material to give up electrons and pass them into solution). When the circuit is closed, chemical
reactions will take place which lead to electrons being removed from one electrode and transferred to
the other. This reduces the free energy and this available free energy can be harnessed to do work. This
is how batteries power devices: when they are new, they have alot of potential chemical free energy
stored. As they are used, this free energy is decreased, until they reach the equilibrium conditions of
no current passing (a dead battery). Batteries spontaneously drain but never spontaneously charge!

Let’s think about the specifics of how this happens. In the cell in Fig. 8.1, one electrode is made
of zinc surrounded by a zinc salt solution while the other is made of copper in a copper salt solution.
These two solutions are linked (by the “inert electrolyte” in the diagram) in such a way that ions can
flow from one compartment to the other, but this “salt bridge”is set up such that this mixing happens
slowly (i.e. nearly reversibly).
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inert electrolyteZn
+-

Cu

Zn++

Zn -> Zn++ + 2 e Cu++ + 2 e  -> Cu  

e-

Cu++

Figure 8.1: A simple electrochemical cell.

There are two different tendencies for these two electrodes. The zinc wants to form ions and give
up electrons

Zn → Zn++ + 2e

and the copper wants to pick up electrons and have copper saltdeposited on the electrode as metallic
copper

Cu++ + 2e → Cu

The overall reaction is thus
Zn + Cu++ → Zn++ + Cu

In the external circuit, electrons flow from the zinc electrode to the copper.

Let’s now write the change in the transformed Gibbs free energy for this reaction. Although sev-
eral phases are involved, the equilibrium condition is given by

∑

i νiµi whereνi are the stoichiometric
coefficients as before. Thus, we get

µ(Zn, s) + µ(Cu++, aq) = µ(Zn++, aq) + µ(Cu, s)

If we write theµ in terms of transformed chemical potentials, we getµi = µ′
i +zinifφi. However,

for the neutral specieszi = 0 and thus in those casesµi = µ′
i. With this, we get

µ′(Zn, s) + µ′(Cu++, aq) + 2nfφR = µ′(Zn++, aq) + 2nfφL + µ′(Cu, s)

whereφR andφL are the potentials of the right and left electrode respectively. Since the change in
free energy can be written in terms of the difference in chemical potentials

∆rG =
[

µ′(Zn, s) + µ′(Cu++, aq)
]

−
[

µ′(Zn++, aq) + µ′(Cu, s)
]
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we find that the reaction free energy13 is given by

∆rG = −2nf(φR − φL) = −2nfE

whereE ≡ φR − φL = ∆φ is the electromotive force (i.e. the voltage difference between the
electrodes). In general, one finds that

∆rG = −|νe|nfE

whereνe is the stoichiometric number of the electrons in the electrochemical reaction ( in the case
aboveνe = 2).

To get a better sense of how these reactions work in general, consider the equation

A ⇀↽ B

We can write the reaction free energy as

∆rG = ∆G⊖ + RT ln
(

aB

aA

)

Since∆rG = −nfE, we get

−nfE = −nfE⊖ + RT ln
(

aB

aA

)

and thus
E = E⊖ −

(

RT

nF

)

ln
(

aB

aA

)

= E⊖ −
(

RT

nF

)

ln Ka

whereKa is the equilibrium constant of the cell reaction. For a more general reaction, eg.

aA + bB ⇀↽ lL + mM

we would get

E = E⊖ −
(

RT

nF

)

ln

(

al
Lam

M

aa
Aab

B

)

= E⊖ −
(

RT

nF

)

lnKa

This equation (called theNernst equation) relates the emfE of a cell toE⊖ (which is the emf of the
cell when all reactants and products are in their standard states).E⊖ is thus called thestandard emf
of the cell.

What happens at equilibrium? In that case∆rG = 0 and we get

E = −∆rG

nf
= 0 and E⊖ =

RT

nF
ln Ka

This is the mathematical description of what happens when batteries are drained dead: they reach
equilibrium and then voltage (emf) no longer flows.

13By reaction free energy, we mean the free energy we have written before as

∆rG =
∂G

∂ξ
=
∑

i

νiµi
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We can use the relationship∆rG = −nfE to calculate the other thermodynamic quantities. For
example

∆rS = −
[

∂∆rG

T

]

P

=

(

∂E

∂T

)

P

nf

and

∆rH = ∆rG + T∆rS = −nfE +

(

∂E

∂T

)

P

nfT

8.4.2 Standard potentials and battery emfs

Know that we have derived the basic equations for electrochemical cells, let’s now apply them. Ex-
perimentalists have measured the standard emfsE⊖ for several different metals and ions (cf Smith p.
118). Different choices of metals lead to different properties. For example, in the cell in our previous
case, we had zinc and copper. The standard emfs are

E⊖(Zn++, Zn) = −0.76 volts and E⊖(Cu++, Cu) = +0.34 volts

Since the total emf is given by the difference of emfs, we get for the cell in Fig. 8.1:

E⊖ = E⊖
R − E⊖

L = 0.34 − (−0.76) = +1.10 volts

The standard electrode potential is a measure of its tendency to gain electrons. IfE⊖ is positive, then
the electrode will gain electrons (as copper did in our example). The alkali metals have the most
negativeE⊖ while the halogen electrodes are very positive. These standard potentials could be called
standard reduction potentials since they measure the tendency of the electrode to be reduced by the
gain of electrons (high positive most likely to be reduced, most negative most likely to be oxidized).

Finally, we can use our formulæhere to describe the thermodynamics of oxidation/reduction. For
example, consider the reaction

Fe3+ + e− ⇀↽ Fe2+

The Nernst equation may be applied to this electrode alone (relative to a standard hydrogen electrode).
Thus, we get

E = E⊖ −
(

RT

nf

)

ln

(

aFe2+

aFe3+

)

At equilibrium, there will be no emf (E = 0) and one finds that

E⊖ =

(

RT

nf

)

ln

(

aFe2+

aFe3+

)
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8.5 Coupled biochemical reactions

I’ve mentioned that biology tries hard to fight against equilibrium, since the equilibrium state for these
systems is death (and we don’t like death). One way in which biology keeps itself from reaching
equilibrium is to have a continuous series of spontaneous reactions. But how do you make reactions
which are typically not spontaneous (since they either increase enthalpy or reduce entropy or both)
proceed spontaneously? By coupling of reactions: If the desired reaction increases the free energy
(and thus would not be spontaneous), one can couple that witha reaction which lowers the free energy
a huge amount and thus the total reaction will lower the free energy and thus will be spontaneous.

For example, cells use ATP as an energy form. ATP is created byadding a phosphate to ADP

ADP + Pi → ATP + H2O

This reaction requires∆rG
′ = 39.7 kJ/mol of free energy. While this is a lot of free energy, keepin

mind that ATP is biology’s way of storing energy and this energy will be able to be used elsewhere.

The reaction would like to go in the reverse direction. However, one can create ATP from ADP
by using another coupled reaction

creatine phosphate + H2O → creatine + Pi

which has a∆rG
′ = −43.5 kJ/mol free energy difference.

Coupling the equations gives us the overall reaction

creatine phosphate + ADP → creatine + ATP

We can calculate the reaction free energy simply as the sum ofthe reaction free energies of the two
constituent equations:∆rG

′ = 39.7 + −43.5 = −3.8 kJ/mol. Thus, since the overall reaction free
energy is negative, the system will “spontaneously” createATP.
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9 Modern applications of thermodynamics

9.1 Introduction

In this chapter, we will apply the formalism and methodologydeveloped in previous chapters on
modern applications on Thermodynamics.

At its heart, these applications follow three themes for building models:

1. First start with an “ideal” model, where entropy dictatesall.

2. Then add interaction in a methodical way for more complex models.

3. These models are useful in situations where the smallest details do not play a significant role –
in cases where the models are “universal”

9.2 Real gases

We have talked about ideal gases and a simple extension to a van der Waals gas. Even a van der Waals
gas is an approximation, which we seemed to have made somewhat arbitrarily. Is there some way to
systematically make our approximations in order to handle more sophisticated models?

9.2.1 Taylor expansions

Before getting into a virial expansion and the virial equation, let’s make a brief mathematical detour
and talk about Taylor expansions. Consider a functionf(x) which might be fairly complicated. Let’s
say that we only need to approximate it in some region around the pointx0. A Taylor expansion tells
us that we can write

f(x) = f(x0) +
df

dx

∣

∣

∣

∣

∣

x→x0

(x − x0) + · · ·

and in general to all orders

f(x) =
∞
∑

i=0

dif

dxi

∣

∣

∣

∣

∣

x→x0

(x − x0)
i

i!

Figure: Plot of sin(x) vs x abd the first 4 non-
zero terms in the Taylor expansion. We see
that as we add more terms to the Taylor se-
ries, the approximation gets better and bet-
ter. This is an example of a “controlled” ap-
proximation, in which there is some mathe-
matical means to decide how we add terms.

0 0.5 1 1.5 2 2.5 3
x

0

0.5

1

1.5

f
H
x
L

c©Vijay S. Pande 81 April 15, 2008



Let’s take a familiar example, the functionsin(x). We can approximate this function around the
pointx = 0 to be

sin(x) = sin(0) + cos(0)x − sin(0)
x2

2
− cos(0)

x3

6
+ sin(0)

x4

24
+ cos(0)

x5

120
+ · · ·

= x − x3

6
+

x5

120
+ · · ·

sinced sin(x)/dx = cos(x), d cos(x)/dx = − sin(x), sin(0) = 0 andcos(0) = 1. The main idea here
is that as we add terms to this series, the resulting approximation gets closer to the correct result.

The relevance of Taylor expansions to problems in physical chemistry in general is the concept
that often we are interested in perturbations around some particular physical region of interest. We
can then use Taylor expansions to test how things change as wego a little away from the original
value.

9.2.2 Virial equation

We are now in a good position to understand how to systematically improve the “ideal” laws we
studied. In particular, these laws were ideal in the sense that they neglected (or radically simplified)
the interactions between molecules. When we introduced interactions into the ideal gas equation of
state, for example, we found qualitatively different behavior. In fact, what we found was a phase
transition from the gas to the liquid phase. This transitionwas driven by molecular interactions.

Typically, more sophisticated treatments will not have anyfurther grand qualitative changes to
the theory, but will typically make the theory more quantitative. Nevertheless, it is important to
understand how this occurs and we are now in a good position tostudy this, considering what we have
learned so far.

A natural approach would be to write the free energy for an ideal gas using a Taylor expansion as
we talked about in the previous section. One way to think about this is that ideal gases are exact in
the very dilute regime, where the density is essentially zero (ρ = 0). If we increase the density, then
there is a greater chance of interaction and the gas will deviate from ideal gas properties. Typically
in thermodynamics texts, one writes additional terms to correct from ideal gas behavior. At its heart,
there are similarities in this approach. Here, we will take the thermodynamicist approach.

For an ideal gas, we know that

PV = nRT and thus
PV

nRT
= 1

In 1901, Kamerlingh-Onnes proposed an equation to describedeviations from this ideal nature. In
particular, he wrote (where the density isρ = n/V )

PV

nRT
= 1 + Bρ + Cρ2 + · · ·

As we make the gas less dilute (more dense), we start to see deviations from Ideal behavior. The
character of these deviations have to do with the nature of the coefficients in our expansion. In this
case, this expansion is given another name, avirial expansion, but the idea is the same: the first term
Bρ describes two body interactions, the next describes three body, etc.
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Note that we can rearrange this equation into two interesting forms. First, we can solve for the
pressure to get

P = RT
n

V

[

1 + Bρ + Cρ2 + · · ·
]

= RT
[

ρ + Bρ2 + Cρ3 + · · ·
]

Thus, we are performing a Taylor expansion of the functionP (ρ) in small densityρ = n/V . We
do this since we know that all gases are Ideal in the case of very low density (ideal gases assume no
interactions and there are essentially no interactions if the gas is so dilute such that particles never
bump into each other).

Another way to think about this is to relate the pressureP to a free energy. We can relate the
pressure to the Helmholz free energyF by P = −∂F/∂V . This allows us to write

−∂F

∂V
= RT

[

ρ + Bρ2 + Cρ3 + · · ·
]

If we integrate both sides with respect to the volume, we get

F = nRT
[

Bρ +
1

2
Cρ2 + · · ·

]

− nRT ln V

= Finteraction − TStranslation

whereFinteraction = nRT [Bρ + 1
2
Cρ2 + · · ·] andStranslation = nR ln V . We can identify the terms on

the left above as the interaction free energy terms (Finteraction), since forB = 0, C = 0, etc we have a
non interacting system. I say interaction free energy sincein principle the coefficientsB andC, etc
could be temperature dependent. In that case, we could calculate an interaction entropy by

Sinteraction = −∂Finteraction

∂T
=

∂

∂T
nRT [Bρ +

1

2
Cρ2 + · · ·]

andSinteraction is not necessarily zero.

The second term in the free energy aboveStranslation = nR ln V is exactly the translational entropy
(i.e. the entropy of choosing the positions of the moleculesin the box) that we found for the ideal gas.
This term does not go to zero when we turn off the interactionsof course.

What do the coefficients typically look like for real gases? In most gases, the two body term
becomes attractive at low enough temperatures, although the three body term is typically considered
to be repulsive (liquid molecules attract each other, but only to a point – they never occupy the same
space!). For example, theB coefficient is typically temperature dependent:

B = b0
T − TB

T

Here, I write the characteristic temperature asTB since this temperature has a special name – it is
called theBoyle temperature. At this temperatureTB, theB coefficient (called thesecond virial
coefficient [C is the third, and so on]) equals zero. This means that the deviation from Ideality is
small and thus near its Boyle temperature, a gas behaves muchlike an ideal gas (although whenT is
far fromTB, it does not look ideal).
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9.2.3 vdW fluids revisited

Finally, let’s revisit our arguments for improving ideal gases. We can use the densityρ as our order
parameter (gas has low density, liquid has relatively high). First, we said that we needed to improve
the energy term by including interaction and wrote

U

V
= −naρ

V
= −aρ2

Herea is the strength of the attraction between two particles. Thus, whena is positive, this energy
decreases as the density increases (since the particles attract each other).

Next, we improved the entropy term by saying that particles cannot be at the same place and wrote

S = nR ln(V − nb)

We can rewrite the entropy in terms of densityρ = n/V andn and then Taylor expand for small
density

S

nR
= ln(n/ρ − nb) = ln(n/ρ) + ln(1 − bρ) ≈ ln(n/ρ) + bρ − b2ρ2

2
+ · · ·

where we used the Taylor expansionln(1− x) = x− x2/2 for smallx. Thus, we get a free energy of
the form

F (ρ)

V
= RT

[

(b − a/RT )ρ2 +
1

2
b2ρ3 + ρ ln ρ

]

+ const

where we have ignored terms ofln n as they are unimportant in the thermodynamic limit. There are
three important terms here. We could rewrite the above as

F (ρ)

V RT
= Bρ2 + Cρ3 − Smix/RV + const

where
B = (b − a/RT ) and C =

1

2
b2 and Smix/RV = −ρ ln ρ

Note that there will be constants of ordern that have been dropped. They are constant in the sense
that they do not depend onV or ρ, justn. When we take derivatives with respect toV or ρ in order to
find equilibrium behavior, these constants will disappear.

1. We interpret the first term as the second virial coefficient. We have been seeing the same
behavior in many of the system we have looked at. The transition temperature is again the case
whereB = 0, i.e.

B = 0 = b − a/RTB ⇒ TB =
a

Rb
Indeed, we could write

B = b
T − TB

T
whereTB = a/Rb. We write this transition temperature asTB since this point is often called
the Boyle point.

We see thatB < 0 for T < TB since this is where the attraction is strong enough to beat out
the free energy contribution from the entropy. This competition between energy and entropy is
fairly common. This is also at the heart of equations like

TB =
∆H

∆S
which we derived in previous sections for phase equilibria.
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2. We interpret the second termC as the third virial coefficient. Notice that it doesn’t qualitatively
change with temperature: it is always repulsive. Many forces between molecules (eg Coulomb
charge-charge interaction or van der Waals interactions) arepairwise, i.e. they involve only the
interaction between two particles. Thus, often we only include two body attractive terms into
the energy. There are some forces which involve many body effects (eg hydrophobicity) and
thus to model these, one must typically include many body attraction as well.

The bottom line is that this term typically balances out the attraction of the lower order term
and keeps the system from collapsing to a point (infinite density).

3. Finally, theSmix/V = −Rρ ln ρ is a “mixing” entropy (per unit volume). Here what we are
mixing is particles with empty space (and thus there are no other terms). These terms are fairly
common as well and often play an important role in the thermodynamics.

However, don’t let this formulation confuse you – this is really just something familiar. Taking

Smix = −RV ρ ln ρ = −RV
N

V
ln

N

V

we can simplify this to be

Smix = −RN ln
N

V
= NR lnV − NR ln N

We have been ignoring terms which just depend onN andN ln N was one of them. The other
term is familiar to us: it’s the translational entropy.

9.2.4 Understanding isotherms

Consider the Gibbs free energyG = F + PV of a vdw fluid:

G = F + PV = −a
N2

V
− NkT ln(V − Nb) + PV

At equilibrium, the system will want to go to the absolute free energy minimum. To calculate this,
we consider∂G/∂V = 0 and thus we find

∂G

∂V
= a

N2

V 2
− NkT

V − Nb
+ P = 0

solving forP , we get

P = −a
N2

V 2
+

NkT

V − Nb
which we can rearrange to the more familiar equation of state

(

P + a
N2

V 2

)

(V − Nb) = NkT

Let’s expand this to see all the terms. We get

PV − PNb +
aN2

V
− abN3

V 2
= NkT
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If we multiply by V 2 and arrange the terms, we get a cubic equation

PV 3 − (PNb + NkT )V 2 + aN2V − abN3 = 0

which has three solutions. What could these solutions be?

Recall that∂G/∂V = 0 will hold for the absolute minimum, but also metastable minima as well
as maxima – anywhere that the slope is zero. Thus, we have to becareful in how we intepret this
equation. It will yield solutions which are not the true freeenergy minima, but the maxima and meta
stable minima as well.

For example, for a system with two phases, we expect that∂G/∂V = 0 will hold for three points:
two free energy minima and one maxima. Finally, there is an interesting point where these roots of
∂G/∂V = 0 coincide, i.e. that there is just a single free energy minima. This point is called the
critical point . For temperatures below the critical point temperature (T < Tc), there will be two
phases. ForT > Tc, there will be no real difference between the two phases. At the critical point
(T = Tc) there is some pretty unusual behavior, but such aspects arebeyond the scope of this course.

9.2.5 Calculation of Liquid-vapor equilibria

If one looks at an isotherm, one will see that the isotherm goes through an inflection in the co-existence
region. How does one know where to delineate this region? Ones does this with theMaxwell con-
struction. Simply put, we know that the coexistence region is delineated by the point where the free
energy of each phase is equal. At constant temperature, we havedF = −PdV . Thus, we can find the
point where the free energies are equal by integrating alongthe equation of state

∆F = −
∫

PdV

whereP is the pressure from the equation of state and the integral isdone over the appropriate pressure
range for each of the two phases.

While performing this integral mathematically can be difficult for complex equations of state, one
can do so graphically by looking at the area under the curve inthe equation of state and recognizing
that this area is in fact the integral above.

9.2.6 Law of corresponding states

Let’s explore the van der Waals equation of state. If we look at pressure vs volume (or temperature vs
volume), we see that there is a discontinuity in the volume asit jumps from one size to another. This
discontinuity reflects the fact that liquids take up much less volume than gases. However, as we raise
the temperature, we find that the transition becomes less andless discontinuous, and at a particular
point (called the critical point), the transition is no longer discontinuous. Finally, above the critical
point, there is no transition at all: there is no simple distinction between liquid and gas.

To see this more clearly, we can do some algebra. We can find outwhere the critical point is in
terms of the molecular parametersa, b, andn by the following means. ForT < Tc, there are three
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roots to the vdW equation. AtT = Tc, these three roots must fuse together. Thus, in the neighborhood
of the critical point, the equation of state must take the form

(V − Vc)
3 = 0

We can expand the cubic to get

V 3 − 3VcV
2 + 3V 2

c V − V 3
c = 0

and compare this to the vdW equation at the critical point (T = Tc, P = Pc), i.e.

(Pc + an2/V 2)(V − nb) = nRTc

which we can multiply through to get

PcV − Pcnb + an2/V − an3b/V 2 = nRTc

If we multiply by V 2/Pc, we get

V 3 − nbV 2 + (an2/Pc)V − an3b/Pc = (nRTc/Pc)V
2

which we can rewrite as

V 3 −
(

nb +
nRTc

Pc

)

V 2 +
an2

Pc
V − an3b

Pc
= 0

Comparing terms, we getV 3
c = an3b/Pc and3V 2

c = an2/Pc. Thus,Vc/3 = V 3
c /(3V 2

c ) = nb. From
here, we get

RTc =
8a

27nb
Pc =

a

27n2b2
Vc = 3nb

Thus, we see that we can rewrite the vdW equation in terms of the values ofP , V , andT at the
critical point (P = P/Pc, P = V/Vc, andT = T/Tc) instead of the molecular parametersa, b, andn.
We find a very simple relationship:

(

P +
3

V
2

)

(

V − 1

3

)

=
8

3
T (1)

What does this mean? It means that the molecular parameters (a, b, n) are important in determin-
ing the critical point (i.e.Tc, Pc, andVc) but otherwise are not important. In other words, we would
expect that different gases would all follow the same equation (above), if we correct for differences
in the values ofTc, Pc, andVc. The idea that the vdW equation above (or any equation of state) can
universally describe many different types of gases is called thelaw of corresponding statesand is a
powerful property common to many systems in statistical mechanics.

9.3 Polymers

Polymers have become an important material in chemistry, physics, chemical engineering, and biol-
ogy, due to their broad applicability in materials, industrial applications, as well as many important
biological biopolymers (DNA, RNA, and proteins). While there are vast differences between differ-
ent polymers on a chemical level, there are many properties which are independent of these chemical
details, and thus are “universal” in the sense previously described. Here, we examine some of these
properties.
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9.3.1 Universal aspects of polymers: persistence length

One of the more important universal properties of polymers is the persistence length. Different poly-
mer chemistries vary in their stiffness: for example, DNA isvery stiff whereas proteins are fairly
flexible. To quantify this, one can define apersistence lengthas the typical length scale at which the
polymer can bend.

To quantify this, let’s consider more directly the correlation function〈~ui · ~uj〉. If the chain is very
flexible, then this correlation function vanishes. However, for a stiff chain, this correlation function
will not vanish and instead will decay with a characteristiclengthℓ:

〈~ui · ~uj〉 = exp(−|i − j|/ℓ) (2)

This chacteristic length is called thepersistence length, since it describes over what length scale the
bond vectors~ui decorrelate.

One can imagine taking any polymer, whose normal monomer-monomer distance isa and recast-
ing it as a polymer made of effective “quasi-monomers” separated by a distanceℓ. This new polymer
will be completely flexible. In general, when we talk about the statistical mechanics of polymers, we
will assume that this “quasimonomer renormalization” has been preformed and that we are working
with an effective model in which the chain is flexible. Chemical differences between polymers only
changes the value ofℓ (for example for proteinsℓ ≈ 1 nm and for DNAℓ ≈ 1µm), but afterwards is
not important.

9.3.2 The central limit theorem

A favorite question of mine is “why does taking more data points help”? The reason is that adding
up random noise converges. For example, let’s say that we flipped a series of coins and added up the
result to bex (heads = +1, tails = -1). If we added the sum ofN flips, the average would be 0, i.e.
we’d expect an equal number of heads and tails. However, if wereproduced this test several times,
what would the distribution ofx look like? It turns out that it’s a Gaussian distribution:

P (x) =
1√
2πN

exp(−x2/2N)

with a mean of〈x〉 = 0 and a standard deviation of
√

N . The standard deviation tells us the breadth
of the distribution. We know that the widest this distribution could be isN (the maximal value ofx is
N – i.e. when all coins turned up heads – and the minimal is−N when all were tails).

This result has uncountable applications and is a very important concept to remember. It’s espe-
cially interesting to look at the fractional standard deviation, i.e.

standard dev

N
=

√
N

N
=

1√
N

We see that the fraction of the width gets smaller and smalleras we do more flips – it gets more and
more likely to get the mean. This is why it’s useful to take more data points in lab. The random
deviations that one produces get averaged out, and moreoveras one takes more points, one converges
at the right answer with greater certainty.
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9.3.3 Random walk

The simplest model of a polymer is a random walk. We assume that the polymer does not interact with
anything, and can be modeled as the path a diffusing polymer takes. First, it is natural to calculate
the probability distribution for the end to end distance of this polymer. To do this, we can assume
that each link of the polymer is oriented in a random manner. To simply our thinking, let’s consider a
polymer constrained to a cubic lattice. Then, each link can be oriented±a in each dimension, where
a is the length of a link.

In each dimension, we can add up these random variables to getthe total end to end vector. We
know from the central limit theorem that the probability distribution for a sum of random variables is
Gaussian

P (Rx) =
(

2πNxa
2
)−1/2

exp(−R2
x/2Nxa

2)

with zero mean and a varianceNxa
2, whereNx are the number of steps taken in thex direction. Since

there are three dimensions,Nx = N/3, i.e. a third of the steps will be in thex dimension. Since we
have random sums in each dimension, the end to end distance distribution takes the form (whered is
the number of dimensions)

P (~R) = P (Rx)P (Ry)P (Rz)

=
(

2πNa2/3
)−3/2

exp(−3R2
x/2Na2) exp(−3R2

y/2Na2) exp(−3R2
z/2Na2)

=
(

2πNa2
/

3)−d/2 exp(−3~R2/2Na2) (3)

where~R2 = R2
x + R2

y + R2
z = |~R|2.

However, we’re concerned with the magnitude of this vector only, i.e. the end to end distance
R = |~R|. Its distribution takes the form

P (R) =
(

2πNa2/3
)−3/2

4πR2 exp(−3R2/2Na2) (4)

We got this value from the fact that there are4πR2 vectors~R of lengthR. Another way to think of
it is thatP (~R) is the probability of finding a particular vector~R, whereasP (R) is the probability of
finding any vector of lengthR. Thus, the two are related byP (R) = 4πR2P (~R).

We can calculate properties of the polymer from this distribution. For example, we can calculate
the mean squared end to end distance

〈

~R2
〉

= Na2. We can also calculate an entropy by saying that
the number of statesΩ(R) with end to end distanceR is Ω(R) = P (R)Ω, whereΩtot is the total
number of states (and thus is a constant):

S(R)/k = ln ΩtotP (R) = −3

2

R2

Na2
+ ln

R2

(2πNa2/3)3/2
+ ln Ωtot + c (5)

wherec is a constant.

9.3.4 Flory’s theory for a self-avoiding walk

In the previous sections, we have been talking about a randomwalk, which does not interact with
anything. For example, it can bump into itself. Of course, this is not physical and real polymers are
self-avoiding walks, i.e. their segments have some excluded volume.
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A simple, elegant, and remarkably quantitative theory for self-avoiding walks was posed byFlory .
Flory’s idea for self avoiding walks is much like van der Waals approach to fluids: start with the ideal
case (for polymers, a random walk), and then add in interactions. To write the free energy of a
self-avoiding walk, we combined the entropy from the randomwalk

S(R) = −d

2

R2

Na2
(6)

(where we have ignored theln R term as it is most relevant at smallR) with a term for the energy
taken from the second virial term

E(R) = NBρ = NB
N

V
= B

N2

Rd
(7)

where we have absorbed constants (such askT ) into the definition ofB. Also note that we have set
the volume to scale likeV ∼ Rd; this allows us to solve the problem for arbitrary dimensionality.
Since the excluded volume makes the chain repel itself, thenwe know thatB has to be positive.

From this, Flory calculated the free energy

F (R) = B
N2

Rd
+ T

d

2

R2

Na2
(8)

and found the equilibrium state by finding the free energy minimum

∂F

∂R
= −Bd

N2

Rd+1
+ 2T

d

2

R

Na2
= 0 (9)

which leads to
T Rd+2 = Ba2 N3 ⇒ R ∼ Nν (10)

whereν= 3/(d + 2) is an example of acritial exponent for the self-avoiding polymer walk. It
describes how the typical size of the polymer scales with thenumber of monomersN . To see the
accuracy ofFlory theory , let’s compare the Flory result forν to the exact results. The agreement
is striking — the Flory result is correct ind = 1, 2, 4 and within 3% of the result ford = 3. While
these results are striking, this was in some sense a bit of luck, since one can show that this accuracy
is caused by a convienent cancellation of errors. Nevertheless, Flory theories of this form (i.e. start
with the random walk entropy and add in interactions via the energy term) are a very common way to
describe polymers and can be very accurate.

spatiald νFlory νexact

1 3/3=1 1
2 3/4 3/4
3 3/5 ≈ 0.586
4 3/6=1/2 1/2

Before going on, let’s think about what we would expectν to be like. Consider ad dimensional
box. The number of things which can fit in that box scales like its volume, i.e.N ∼ Rd and thusR ∼
N1/d and thusν = 1/d in this case. Thus, it is natural to interpret1/ν as thefractal dimensionality
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of the system. For example, random walks scale likeR ∼ N1/2 and thus haveν = 1/2 = 1/df and
thus have a fractal dimensionality ofdf = 2.

What does this mean? For random walks ind = 2, we expect that it will completely fill the
2D plane. However, random walks in 3D will not. Finally, thismeans that since the trajectories of
random walks have essentially a two dimensional nature, then in d ≥ 4, we expect that they will
never intersect (or very rarely, much fewer than orderN times and thus in the thermodynamic limit,
their interaction is irrelevant). Thus, ind = 4, we would expect that even self-avoiding walks would
behave like random walks. To test this, let’s look at the Flory result. We find thatν = 1/2 for d = 4
and thus even in four dimensions, self-avoiding walks scalelike random walks.

However, for other dimensions, we see a strong deviation from the random walk behavior. Cer-
tainly in d = 1, we expect that a self-avoiding chain would have to be completely stretched out, i.e
R ∼ N and thusν = 1, which is what Flory theory derives in this case. Ind = 2 and 3, the result is
not so glaring, but we still find that the repulsion due to excluded volume makes the chain swell, and
thus have a higherν than that of a random walk.

9.3.5 Coil to globule transition

When the chain is a random walk, it is much like an ideal gas, asit doesn’t interact with itself and
simply tries to maximize entropy. When we put in excluded volume, the chain swells. However, if the
chain attracts itself, then one would expect that the chain would condense into something equivalent
of a liquid, called a polymerglobule, where the chain is compact and the size scales like the volume
R ∼ N1/d.

To predict the coil to globule transition, one can simply write a free energy in the form of a virial
expansion

F = NBρ + NCρ2 (11)

whereB andC are the second and third virial coefficients, respectively.Under the solvent conditions
where the polymer is self-avoiding (called agood solvent), we expectB > 0, and thus the free
energy minima occurs atρ = 0, i.e. the coil state. When the polymer attracts itself (in a so-called
poor solvent), thenB < 0. In this case, we have a free energy minima at

dF

dρ
= NB + 2NCρ = 0 ⇒ ρ = − B

2C
(12)

As the density gets greater, the approximation to keep termsonly up to the third virial coefficient
becomes worse and worse. However, from this simple expression, one can see that there is a gradual
transition from coil to globule, i.e. asB goes negative, the density gradually decreases. This is differ-
ent from the gas-liquid transition of the van der Waals equation, which predicts a jump in the density.
These two styles of phase transitions (gradual vs a jump) arecalledfirst order phase transitionsand
second order phase transitions, respectively. We’ll talk in more detail about what these terms mean
later in the course.

9.3.6 Another approach: Starting from the number of states

Consider a one-dimensional random walk, moving up or down. We start by examining the number of
states withN↑ steps up andN↓ = N − N↑ steps down. This is simply the way of choosingN↑ out of
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N and is given by the binomial coefficient

Ω(N↑, N) =
(

N
N↑

)

=
N !

N↑!(N − N↑)!

The corresponding entropy

S(N↑, N) = k ln Ω(N↑, N) = k ln

[

N !

N↑!(N − N↑)!

]

can be simplified using Stirling’s formula in the largeN andN↑ limit, i.e. lnN ! = N ln N , to get

S(N↑, N) = k ln Ω(E, N) = k [N ln N − N↑ ln N↑ − (N − N↑) ln(N − N↑)]

= Nk [ln N − (N↑/N) ln N(N↑/N) − (1 − N↑/N) ln N(1 − N↑/N)]

= −Nk
[

N↑

N
ln

N↑

N
+

N − N↑

N
ln

N − N↑

N

]

Now, consider that the number of steps up and down will likelybe close toN/2 when taken
at random:N↑ = N/2 + δ↑ andN↓ = N/2 + δ↓ = N/2 − δ↑. Then, we can rewriteN↑/N =
(1/2)(1 + 2δ↑/N) andN↓/N = (1/2)(1 + 2δ↓/N) and the above as

S(δ↑, N) = −Nk

{

(

1

2

)

(

1 + 2
δ↑
N

)

ln

[

(

1

2

)

(

1 + 2
δ↑
N

)]

+
(

1

2

)

(

1 − 2
δ↑
N

)

ln

[

(

1

2

)

(

1 − 2
δ↑
N

)]}

Using the Taylor expansionsln(1 + x) ≈ x − x2/2 andln(1 − x) ≈ −x − x2/2 and keeping all of
the terms up to orderδ2

↑, we get

S(δ↑, N) = Nk ln 2 − Nk
(

1

2

)

[(

1 +
2δ↑
N

)(

2δ↑
N

−
2δ2

↑

N2

)

+

(

1 − 2δ↑
N

)(

−2δ↑
N

−
2δ2

↑

N2

)]

= Nk ln 2 − 2k
δ2
↑

N

Note thatNk ln 2 is the total entropy (number of walks). Since the end to end distance in one dimen-
sion is given byR/a = N↑ − N↓ = 2δ↑, we get

S(R, N) = Nk ln 2 − 2k
R2

4Na2
= Nk ln 2 − k

R2

2Na2
(13)

and thus
Ω(R, N) = 2N exp(−R2/2Na2)

This is the result in one dimension. Next, we address the multidimensional case.

9.4 Ising model

The Ising model was originally formulated as a model for magnetism. However, due to its simplicity,
it has been applied to many different systems, including thehelix-coil transition in DNA, neural
networks, etc — just about any system which is based on elements which can take on 1 of 2 states.
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9.4.1 The Non-interacting Ising model: a simple but useful model

In this section, we will examine such a simple model. It was originally intended as a simple model
for ferromagnetism, but as we will see, it can be used for manysystems including gases, liquids, and
DNA helices.

In the model, there areN sites. Each site has a spin which can be either up or down. Thus, the
total entropy is

Stot = k ln 2N = Nk ln 2

However, what is of more interest is the entropy as a functionof N↑. We start by examining the
number of states withN↑ spins up andN↓ = N −N↑ spins down. This is simply the way of choosing
N↑ out ofN and is given by the binomial coefficient

Ω(N↑, N) =
(

N
N↑

)

=
N !

N↑!(N − N↑)!

The corresponding entropy

S(N↑, N) = k ln Ω(N↑, N) = k ln

[

N !

N↑!(N − N↑)!

]

can be simplified using Stirling’s formula in the largeN andN↑ limit, i.e. lnN ! = N ln N , to get

S(N↑, N) = k ln Ω(E, N) = k [N ln N − N↑ ln N↑ − (N − N↑) ln(N − N↑)]

= Nk [ln N − (N↑/N) ln N(N↑/N) − (1 − N↑/N) ln N(1 − N↑/N)]

= kN lnN − Nk
[

N↑

N
ln

N↑

N
+

N − N↑

N
ln

N − N↑

N

]

In the non-interacting Ising model, the spins only interactwith the external magnetic field (not
with each other). We define the energy of this interaction to beU = −mB(N↑ − N↓), i.e. the energy
is the net number of spins point up times the field strengthB and the magnetic moment per spinm.
The minus sign is there since it is energetically favorable to point in the direction of the field (up).
The energy simplifies toU = −mB[N↑ − (N − N↑)] = −mB[2N↑ − N ].

Now, we have all the terms we need for the free energy:

F (N↑) = U(N↑)− TS(N↑) = −mB[2N↑ −N ]− kT [N ln N − N↑ ln N↑ − (N − N↑) ln(N − N↑)]

To find the equilibrium behavior, we finddF/dN↑ = 0. After taking the derivative, we get

dF

dN↑

= −2mB + kT [1 + ln N↑ − 1 − ln(N − N↑)] = 0

We can rearrange terms to get

2mB

kT
= ln

[

N↑

N − N↑

]

= − ln

[

N − N↑

N↑

]

= − ln [N/N↑ − 1]

which simplifies to

N↑ = N
1

exp(−2mB/kT ) + 1
= N

exp(mB/kT )

exp(−mB/kT ) + exp(mB/kT )
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Figure: Plot of sech2(1/T )/T 2 vs T , corre-
sponding to the heat capacity CV of an Ising
system. We see that the heat capacity is def-
initely not constant as a function of T . More-
over, there is a peak in the heat capacity at
RT = mB.

SinceN↓ = N − N↑, we also get

N↓ = N
exp(−mB/kT )

exp(−mB/kT ) + exp(mB/kT )

From the equilibrium values forN↑ andN↓, we can calculate the other thermodynamic quantities by
inserting the values forN↑ andN↓ above into formulae. For example, forU = −mB(N↑ − N↓), we
get

U = −mB

[

N exp(mB/kT )

exp(−mB/kT ) + exp(mB/kT )
− N exp(−mB/kT )

exp(−mB/kT ) + exp(mB/kT )

]

= −NmB tanh(mB/kT )

SinceU = −mB(N↑ − N↓) = −mBM , we see that the magnetizationM can be written as

M = N tanh(mB/kT )

You might not be familiar with hyperbolic functions. Here are some definitions and useful deriva-
tives:

sinh(x) =
1

2
[exp(x) − exp(−x)] and cosh(x) =

1

2
[exp(x) + exp(−x)]

d

dx
sinh(x) =

1

2
[exp(x) + exp(−x)] = cosh(x) and

d

dx
cosh(x) =

1

2
[exp(x) − exp(−x)] = sinh(x)

tanh(x) =
sinh(x)

cosh(x)
and sech(x) =

1

cosh(x)2

Finally, we can calculate a heat capacity:

CV =
∂U

∂T
= − ∂

∂T
NmB tanh(mB/kT ) = Nkm2B2sech2(mB/kT )

We see a very interesting behavior: there is a peak in the heatcapacity aroundT = mB/k. This
signals that something is happening at this temperature. Indeed, this is the point where the system
crosses over from the low to high temperature behavior.
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9.4.2 Basic forms of interaction in the Ising model

Basic ideas.Finally, the title of this chapter was “The Non-interactingIsing model.” These spins do
not interact. Interaction would mean that one spin would affect its neighbor: if a spin is pointing up, it
might have an influence on the direction of its neighbor. In ferromagnets, this interaction leads spins
to all point in the same direction.

We can make a simple model for this interaction by considering that the magnetizationM itself is
like a magnetic field. In this case, we say the spins create an effective magnetic fieldBeff = JM/N ,
whereJ is some coupling constant for interaction between spins.

Using thisBeff , we start from the result we had for the non-interacting system:

M = N tanh(mB/kT )

If we say that the external magnetic field is zero, but the spins do react to the magnetic field generated
by the magnetization. Thus, we say thatB = Beff = JM/N and we get

M = N tanh(mJM/NkT )

This equation can be solved iteratively on a computer, but isperhaps most easily done graphically. To
do so, I’d suggest rewriting the equation withx = mJM/NkT and thusM/N = xkT/mJ . We can
think of x the way we doM since they’re related by constants. Thus, we get

xkT/mJ = tanh(x)

Now, plottanh(x) vs different linesxkT/mJ depending on the slope of these lines (i.e. depending on
kT/mJ), we’ll see several different solutions to the equation (i.e. points where the two curves inter-
sect). At high temperature, there will be one solution atx = 0 (corresponding toM = xkT/mJ = 0).
This is the paramagnetic phase, where entropy dominates andthere is no ordering. As we lower tem-
perature (decrease the slope ofxkT/mJ), we see that there are three solutions, one at positivex and
one at negativex and one at solution. These non-zero solutions forx are two different possible free
energy minima corresponding ferromagnetic phases (thex = 0 solution corresponds to a free energy
maxima).

A more mathematical analysis.We can analyze this more mathematically by looking atxkT/mJ =
tanh(x) at smallx. Using the Taylor expansiontanh(x) = x − x3/3 + · · ·, we get

kT

mJ
x = x − x3

3
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One solution to this equation isx = 0. We can simplify this by dividing byx to get two more solutions

x = ±
√

3

[

1 − kT

mJ

]1/2

= ±
√

3
[

1 − T

Tc

]1/2

It is natural to define a critical transition temperatureTc ≡ mJ/k. We see that at high temperature
T > Tc, only thex = 0 solution is a real number. ForT < Tc, we have three solutions:x = 0 and
x = ±

√
3[1−T/Tc]

1/2. These three phases are the same as those discussed above – instead of solving
the equation by graphing, we’ve simply done so by a Taylor series approximation.

Note that there are two ferromagnetic solutions! One for positive and one for negative magnetiza-
tion. This is important and is the result of an importantsymmetry: the Ising system has no preference
for up or down. Thus, if there is some magnetization due to thepeer pressure of spin-spin interaction,
while the whole group will agree on some direction, the direction (up vs down) is arbitrary. As long
as they all agree, the energy is the same.

Since we have obtained this by a Taylor expansion for smallx, these results are only numerically
accurate for smallx (i.e. smallM), although one can numerically solve the equations above with a
computer to obtain better numerical results if that is desired – the Taylor approximation is useful for
our understanding of the nature of these phases and these results do not change.
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9.5 Appendix: Probability

Since many students have not formally taken a class in probability, here are some comments to more
better flesh out some issues relating to probability.

9.5.1 Definitions and preliminary remarks

Much of the basics aspects of probability is probably familiar to you. Here’s a brief review for
completeness and notation.

1. We call all the possible outcomes of an event themicrostatesof the system. For example, for a
coin flip, the microstates are heads and tails. For a die, the 6microstates are numbers 1-6.

2. Often it is useful to group microstates together intomacrostatesbased upon some common
properties of the microstates. For example, we could imagine in the dice case, two macrostates
being odd and even outcomes of the die roll, each macrostate consisting of 3 microstates.

3. We can assignprobabilities to events with particular microstates as outcomes. For example,
for a fair die, each microstate is equally likely and thus we say that they have equal probability.
The probability is related to the experimental outcome of events. For example, if we flip a coin
N times, we expect it to be headspheadsN times, wherepheads is the probability of the heads
microstate.

Clearly, the following properties must hold (and can be either reasoned, or taken axiomatically)

(a) Positivity: The probability of eventT must be non-negative:p(E) ≥ 0.

(b) Normalization: Since the number of events corresponding to microstatei is Ni = piN and
since

∑

i Ni = N , we must have
∑

i pi = 1.

(c) Additivity: if A andB are disconnected events, thenp(A or B) = p(A) + p(B). Thus,
since each microstate are disconnected outcomes, the probability of a macrostate is the
sum of the probabilities of its constituent microstates.

9.5.2 Single variable distributions

In the previous section, I gave examples using discrete random variables (eg the 6 discrete outcomes
of rolling a die). Now, let’s consider continuous random variables. Consider a continuous set of
microstates, each with a different value ofx and−∞ < x < ∞.

We can define some fundamental relationships.

1. We can consider theprobability distribution function (PDF) p(x) to be the probability of
an outcome microstate with valuex. p(x) is the continuous equivalent topi; for example,
the discrete normalization

∑

i pi = 1 has a natural integral equivalent
∫∞
−∞ dxp(x) = 1 in the

continuous case. An example of a continuous PDF is the probability of an event happening if
in time t the rate isk: p(t) = k exp(−kt) and

∫∞
0 dtp(t) = 1.

Note thatp(x) is not unitless, but rather has the same units as1/x. This is clear due to the
normalization criteria

∫

dxp(x) = 1. For this reason, we should technically callp(x) a proba-
bility density, whereasp(x)dx is a true (unitless) probability, corresponding to the fraction of
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microstates of valuex within a rangedx. This distinction is not needed in discrete distributions,
wherepi is a true probability.

2. We can define thecumulative probability function (CPF), P (x) as the probability that a given
outcome that is less thanx:

P (x) =
∫ x

0
dx′p(x)

Using the time probability example above, we can calculate the probability that the event has
happened by timet as P (t) =

∫ t
0 dt′k exp(−kt) = 1 − exp(−kt). As one would expect,

P (t → ∞) → 1. Unlike the probability distribution function, the cumulative probability
function is unitless.

3. Theweighted average(or “expectation value”) of any function, egf(x) can be calculated as

〈f(x)〉 =
∫ ∞

−∞
p(x)f(x)

With our rate example, we can calculate the average time to be〈t〉 =
∫∞
0 dtk exp(−kt)t = 1/k

(i.e. the inverse of the rate, as we would expect).

While we often think of PDFs in simple models as Gaussians or delta functions, PDFs can be
complex. Thus, we need some systematic means to characterize them. A natural way to do so is by
using a cumulant expansion. I will not go into greater details of cumulants, other than mentioning the
first four, which are familiar to most students. The first fourcumulants are called themean, variance,
skewness, andcurtosis of the distribution, and can be obtained from the moments as respectively

〈x〉c = 〈x〉
〈

x2
〉

c
=

〈

x2
〉

− 〈x〉2
〈

x3
〉

c
=

〈

x3
〉

− 3
〈

x2
〉

〈x〉 + 2 〈x〉3
〈

x4
〉

c
=

〈

x4
〉

− 4
〈

x3
〉

〈x〉 − 3
〈

x2
〉2

+ 12
〈

x2
〉

〈x〉2 − 6 〈x〉4

For example, for a Gaussian PDF, i.e.

p(x) = (2πσ2)1/2 exp[−(x − λ)2/2σ2]

we have a mean of〈x〉c = λ and a variance of〈x2〉c = σ2. It turns out that the higher order cumulants
are zero:〈x3〉c = 〈x4〉c = 0 and that the Gaussian can be compactly described simply by its mean
and variance.
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10 Phases and phase transitions

10.1 What is a phase and a phase transition?

10.1.1 Qualitative defintion

We have talked about phases throughout this course, but perhaps not directly given a definition. A
phase describes a particular form of matter (eg liquids, gases, solids, solutions). Typically, differences
in phases are not of chemical nature, but physical. What differentiates liquids from gases is how the
molecules arrange themselves.

Phases are something for which thermodynamics is particularly well suited since phases arise
due to a balance between energy (enthalpy) and entropy. For example, at high temperature, entropy
dominates the free energy and one typically finds a gas, sincethe gas phase has greatest entropy.
Similarly, at low temperature, typically one finds a crystal, since crystalline phases are precisely
arranged in order to minimize the interaction energy.

Phase transitions are, well, transitions between phases. Phase transitions have common forms,
such as ice melting or water boiling, but there are many systems which are phase transitions which
you may not suspect (eg protein folding or ligand (drug) binding). These less familiar cases also must
obey the laws of thermodynamics and thus what we have learnedwill apply to them too.

Perhaps the greatest strength of thermodynamics is the factthat it is inherently quite robust. By
this I mean that we can make simple models and still get good results. Raoult’s law, Henry’s law,
and ideal gases, are good examples of very simple models which can work remarkably well. Simple
models work well since the essence of thermodynamics is getting the enthalpy and entropy correct.
Often, this does not require a microscopic understanding ofthe underlying mechanism, but rather a
general idea of the thermodynamic forces at work.

Thermodynamics is also robust due to the existence of state functions. State functions allow
us to calculate or measure thermodynamic properties in potentially unusual ways, but get the same
result. This invariance with respect to path makes thermodynamics invariant to small perturbations
(like small errors in a model). Thus, while thermodynamics is used to describe something truly
complicated, there is the hope that a simple model may capture the essence of the thermodynamics
and give us a good understanding of the system.

10.1.2 Ehrenfest classification of phase transitions

TheEhrenfest classificationof phase transitions distinguishes discontinuous phase transitions from
continuous ones. Ehrenfest proposed that phase transitions could be classified as “nth order” if any
nth derivative of the free energy with respect to any of its arguments yields a discontinuity at the phase
transition.

For example, in the van der Waals equation forT < Tc, we saw that there was a discontinuous
jump in the volume. This jump typically means that there is a kink in the equilibrium free energy
vs temperature. When we take the first derivative of the free energy (with respect to temperature,
for example), we find that the first derivative is discontinuous due to this kink. Thus, we call these
transitionsfirst order phase transitions.
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On the other hand, there is no such discontinuity for the caseT = Tc in a vdW fluid. In this case,
the first derivative is continuous. Such transitions are typically calledsecond order phase transi-
tions, but this name is typically includes all transitions which are continuous in the first derivative
(and thus includes third order, fourth order, etc). Since the name “second order” is a bit misleading,
the prefered term is acontinuous phase transition, but old habits (and nomenclature) are hard to
break.

Finally, we can ask, mathematically, where does this discontinuity come from? If we look at the
free energy or the partition function, they are just sums of exponentials, and thus look like they should
converge and not lead to singularities, eveb in their derivatives. Where does this singular behavior
come from? Interestingly, we should keep in mind that there is one singular nature of functions like
the partition function or the free energy, namely the thermodynamic limitN → ∞. Mathematically, it
is the thermodynamic limit which leads to singularities of the partition function or free energy. Since
these singularities are associated with phase transitions, we come to the result thatphase transitions
only truly occur in the thermodynamic limit!

With that formal statement said, clearly nothing in the universe is formally in the thermodynamic
limit and thus, in a pratical sense, we say thatN → 1mol is sufficiently close to observe phase
transitions. However, this is not as clear once one looks at much smaller systems, such as polymers,
nanocrystals, proteins, etc (which could have as few as 100’s of atoms).

10.2 Landau theory

In order to describe phase transitions in a simple, elegant,yet powerful manner, Lev Landau (one of
the greatest physicists of the 20th century) introduced a simple, phenomenological means to study
phase transitions which is now calledLandau theory. This model isphenomenologicalsince it does
not make any attempts to address all microscopic aspects of the material in question, but rather tries
to incorporate only the most important and most relevant aspects.

In Landau theory, one first chooses some appropriateorder parameter. An order parameter is the
name given to the state variable used to differentiate ordered from disordered phases14. For example,
since the gas phase has a much larger volume than the liquid, one could use the volumeV as an order
parameter in the gas-liquid transition. In this Ising model, the magnetizationM is a natural order
parameter, since it discriminates the paramagnetic from the ferromagnetic phase.

Next, one makes an argument about the nature of the free energy vs this order parameter. In
particular, one typically assumes that the order parameteris small and writes a Taylor expansion
for the order parameter, making some arguments about the nature of the various coefficients of the
expansion from symmetry or other physical arguments. The science here lies in the explanation of
why one chooses certain properties for these coefficients. For this reason, Landau theory may seem
simple on the surface, but is actually fairly subtle and often considered to be a sophisticated means to
address phase transitions.

14Actually, one way to define a phase is as the ensemble of statesnear (“in”) the free energy minima along the order
parameter.
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Figure: Landau free energy for an Ising sys-
tem at three different temperatures.

10.2.1 Landau theory for Ising systems

For example, let’s first consider the Landau theory for an Ising ferromagnet. It is natural to choose
the magnetization as the order parameter. In the common notation, one typically usesφ as the order
parameter in Landau theory. Next, we write the free energy vsφ in a Taylor expansion for smallφ.
This much is simple:

F = aφ + bφ2 + cφ3 + dφ4 + O(φ5)

Now the science lies in the values of these coefficients (and the knowledge that we can keep terms
just up toO(φ4)). What do we know about the symmetries of this system? If there is no external field
(B0 = 0), then there is no preference for the direction the spins will align to. At low temperatures,
they should align in the same direction, but that direction is arbitrary: it could be either up or down
and there would be no difference in the free energy.

This means that only terms which are invariant to a flip of the overall magnetization should remain
in our free energy. Such terms areφ to a positive power. The negative power terms will flip sign when
φ flips sign and thus they are not invariant (they vary!). Thus,we are left with

F = bφ2 + dφ4

Next, we have to make an argument about the values ofb andd. Theφ2 term is much like theρ2 term
we talked about in the vdW energy: it deals with the interaction between two particles (in this case
spins). What is the interaction between these two particles? At high temperature, one would expect
that entropy would dominate and thus there would be a repulsive interaction between these spins. At
low temperature, there should be an attractive interaction. These two values should be balanced out
at the transition temperatureTc. Thus, we can write

b = b0
T − Tc

Tc

since this has the desired properties (b > 0 for T > Tc; b < 0 for T < Tc; andb = 0 for T = Tc). b0

is a positive constant.

Now, we have to choose a value ford. For simplicity, we can simply say thatd is a positive
constant. We know that it will be hard for 4 spins to agree (especially at small magnetizations – recall
that we are doing a Taylor expansion inM = φ).
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If we put this together, we get

F = b0
T − Tc

Tc
φ2 + dφ4

What does this look like? ForT > Tc, there is one free energy minima atφ = 0 and atT < Tc, there
are two free energy minima at|φ| > 0.

Thus, we see that there is a phase transition atT = Tc.15 One important point is that this phase
transition occurs gradually: atT = Tc, φ = 0. As we lowerT , the free energy minima value of|φ|
gradually increases. We can see this easily by calculating the equilibrium condition

dF

dφ
= 2b0

T − Tc

Tc
φ + 4dφ3 = 0

and thus

φ2
eq =

−2b0(T − Tc)/Tc

4d
and thus φeq = ±

√

2b0(1 − T/Tc)

4d

So, forT = Tc, we find thatφ = 0 and|φ| increases as we decrease temperature. This type of phase
transition (i.e. in which the order parameter gradually, continuously changes) is calledsecond order.
First order transitions occur with a spontaneous jump in the order parameter, which we will see in
the next example below.

Of course, we got these results due to the restrictions we putin for the coefficients based upon the
symmetries of the problem. There are two powerful results ofthis:

1. The results we get for this system will be identical to any other system with similar symmetries.
We will not talk about other systems in too much detail here, but I will mention that the statistics
of random walks has the same symmetries as that of the Ising model. Thus, Ising results also
apply to random walks (and thus many polymeric systems).

2. With this simple Landau free energy, we can calculate all of our thermodynamic friends and
interpret them in terms of the very simple parameters of our model:Tc, b0, andd.

We can calculate essentially many other thermodynamic properties fromF (φ). For example,

CV = T
∂S

∂T
= −T

∂2F

∂T 2

ForT > Tc, φeq = 0 andF (φeq) = 0. Thus, it has zero heat capacity. ForT < Tc, we calculate

CV = −T
∂2

∂T 2
F (φeq) = −T

∂2

∂T 2



b0
T − Tc

Tc

−2b0(T − Tc)/Tc

4d
+ d

(

−2b0(T − Tc)/Tc

4d

)2




Thus, we get

CV =

{

T ≥ Tc 0
T ≤ Tc (3b0/2d)(T/T 2

c )

15Hopefully, you will see now why we stopped atφ4 terms. We did not need to go any higher in order to describe our
system.
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10.2.2 First order transitions

How can one create a first order transition? A simple means is to somehow break the symmetry of
our problem. For example, consider the Ising system described above. If we break our spin flipping
symmetry, then we would have to add in the odd poweredφ terms. For example, consider including
thecφ3 term. In this case, we get

F = bφ2 + cφ3 + dφ4

We calculate equilibrium for this case to be

dF

dφ
= 2bφ + 3cφ2 + 4dφ3 = 0

We find three solutions for this cubic equation:

φ = 0 , φ =
−3c ±

√
9c2 − 32bd

8d

If we plot F (φ) at different temperatures, we see how these free energy minima become relevant. We
see that at very high temperatures, there is only one minima at φ = 0. However, asT is lowered,
another minima appears (atT =?). At T =?, the two minima have equal free energy and forT <?,
the second minima has lower free energy. When one minima passes the other, the equilibrium value
of φ jumps from one minima to the other and thus there is a discontinuous (first order) transition.

First order transitions occur throughout biology. For example, (my favorite example) protein
folding is a first order transition. We can ask why this might be biologically favorable? In this case,
the order parameter would distinguish the folded from the unfolded phases. If the protein gets mutated
a little bit, then the free energy of the folded state increases a little bit, but the system is still in the
folded state. If the free energy changes too much, the systemjumps to the unfolded state and the
protein gets eaten up by proteases (biology’s disposal system). Thus, proteins are tough enough to
withstand some damage, but when they “break” they break completely, in a discontinuous all-or-none
manner.
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11 Statistical Thermodynamics: a molecular basis for thermody-
namics

11.1 The microscopic world: Energy levels

Often, we think of thermodynamic properties, such as matteror energy, as being continuous. However,
one of the most fundamental lessons from quantum mechanics is that this is not the case, but rather
on a microscopic (atomic) scale, the world isquantized. By this, we mean that almost all quantities
used to describe matter (energy, position, momentum, etc) take on discrete values when we look at
individual atoms. Each permitted state is written in terms of quantum numbers which have integral
(or sometimes half-integral) values.

For example, for a particle confined to a cubic box of lengthl, the energy levels can be written as

ǫ =
h2

8ml2
(n2

x + n2
y + n2

z)

wherem is the mass of the particle,h is Planck’s constant, andnx, ny, andnz are the quantum
numbers of motion in thex, y, andz directions. Then values are restricted to be integers and thus
there are only certain permitted values of the energy.

The above result only considered the motion of the particle (thetranslational energy). In general,
polyatomic molecules also have other types of energy. In general (to a good approximation) we can
write

ǫtotal = ǫtrans + ǫrot + ǫvib + ǫint

where the new terms correspond to the rotational, vibrational, and interaction energies of the molecules.
Theses energies are also quantized.

Often these energies (especially the translational energies), while formally discrete, are so close
together that they act like they are continuous. This is why in our everyday world, we often don’t
see this quantized nature of reality. Also, for many thermodynamics applications, we can ignore this
aspect and treat these quantities as being continuous.

Finally, with a knowledge of how many particlesni are in a particular energy stateǫi, one can
calculate the total energy simply by

U =
∑

states

ǫini

As we will see in the later sections, simply knowingǫi andni will also let us calculate all other
thermodynamic properties. Before we get to that, we must geta better sense of what we mean by
“states” in the summation below and in general learn how the microscopic world is connected the
macroscopic one in which we live.

11.2 From the microscopic to the macroscopic world

11.2.1 Microstates, Macrostates, and Phases: new names forfamiliar concepts

First, at the very most fundamental level aremicrostates. Microstates correspond to the re-arrangements
we talked about when we gave a microscopic interpretation ofthe entropy. The entropy of something
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is the ln of the number of microstates. For example, considera set of 2 coins. In this case, there are 4
possible microstates:

↑↑ ↑↓ ↓↑ ↓↓
and in general, forN coins, there are2N total microstates. For an ideal gas, each microstate would
correspond to a particular arrangement of particles in the box.

Next, often there is a logical (thermodynamic) way to group microstates, based upon some (typi-
cally) macroscopic parameter. This ensemble of microstates is called amacrostate. The concept of a
macrostate is particularly useful since we typically measure, calculate, and think in terms of macro-
scopic properties, and we don’t care about the underlying microscopic states (microstates) which
comprise the macrostate, but rather the properties of the macrostate.

For example, in the coin system, we could choose the number ofcoins with tails as a means to
group microstates. In our coin spin example, we have

M(↑↑) = 2 , M(↑↓) = M(↓↑) = 0 , M(↓↓) = 2

Thus, the macrostate forM = 0 consists of two microstates (↑↓ and↓↑) while the other macrostates
consist of only one microstates. The ln of the number of microstates in a macrostate is the entropy
of that macrostate. For an ideal gas, for example, we could choose the volumeV as our macroscopic
parameter used to define macrostates. While there certainlywill be microstates which have small vol-
ume, the entropy of the macrostate with maximal (box filling)volume will have the most microstates
(i.e. the most entropy).

Thus, if the energy of macrostates are the same (as they are for an ideal gas), then the macrostate
with the greatest entropy will be the equilibrium macrostate. This is nothing more than what we’ve
said earlier about entropy, energy, and equilibrium, except now we have introduced the concept of a
macrostate and its relationship to microstates.

Finally, we have mentioned phases several times in previouslectures. If we calculate the free
energy (F or G, depending on the relevant conditions) vs our macrostate parameterM (which was
M for the Ising system orV for a gas in our previous discussion), we will often see free energy
minima inF (M). These free energy minima correspond to phases. Thus, aphaseoften consists of
several values ofM , which corresponds to possible fluctuations of the phase inM .

11.3 Connection to the equilibrium constant

To see how our understanding of the equilibrium constant connects to stat mech concepts, let’s look
at the equilibrium constant under two special cases.

11.3.1 Special case 1:∆U = 0

Recall that in the reactionA ⇀↽ B, we said that the relative concentrations of A and B could be written
as

ρA

ρB
= exp(−∆F/kT )

Let’s look at this expression a little more carefully. Let’ssay that there is no energy difference∆U =
0. Thus,∆F = ∆U − T∆S = −T∆S. Using the microscopic interpretation for entropy, i.e.
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S = k ln Ω and thusΩ = exp(S/k) (whereΩ is the total number of configurations available), we get

ρA

ρB
= exp(−∆F/kT ) = exp(T∆S/kT ) =

exp(SA/k)

exp(SB/k)
=

ΩA

ΩB

where we have used∆S = SA − SB, ΩA = exp(SA/k), andΩB = exp(SB/k).
Let’s think about what this means. We’ve said before (when wewere talking about vdw fluids)

that the concentrationρ is much like the probability of finding the system in a given state. This is a
good way to think of the formula above. Let’s say that there are Ω = ΩA + ΩB ways of arranging
the system in general. Then, in the case where energy differences are zero, we simply want to know
what’s the probability that we’ll find the system in A vs B. These probabilities are

pA =
ΩA

Ω
, pB =

ΩB

Ω
If the entropy difference is zero (∆S = 0), then we know that we should expect to find A and B in
equal quantities. This makes sense when we think of things probabilistically, since we say that the
two have equal probabilities.

11.3.2 Special case 2:∆S = 0

Now let’s consider the case where∆S = 0. In this case
ρA

ρB
= exp(−∆F/kT ) = exp(−∆U/kT )

or equivalently in terms of probabilities
pA

pB

= exp(−∆F/kT ) = exp(−∆U/kT )

We see that the system has a greater probability of being in the state with the lower energy. If the
energies are equal, then so are the probabilities. Just as wewrote the probabilities for the case above,
we can also write

pA =
exp(−UA/kT )

Z
, pB =

exp(−UB/kT )

Z
Note that this preserves the ratiopA/pB = exp(−UA/kT )/ exp(−UB/kT ) = exp(−∆U/kT ). In-
stead ofΩ, we have a normalization constantZ. We will see that just asΩ has a clear physical
interpretation (total number of states), so doesZ.

11.3.3 Looking closer atZ

This form for the probabilities (pi = exp(−Ui/kT )/Z) is attributed to Boltzmann and the quantity
exp(−UA/kT ) is called theBoltzmann weight. Since we know that the probabilities of allthe states
in the system must sum to 1, we can say that

∑

i

pi = 1 =
∑

i

exp(−Ui/kT )

Z

Here, thei’s label the different microstates. SinceZ is a constant, we can pull it out to get

Z =
∑

i

exp(−Ui/kT )
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11.3.4 What are Boltzmann weights?

We found that if macrostates have the same energy, then the entropy of a macrostate decides which
macrostate will dominate equilibrium. However, what should we do if the energies aren’t the same? In
order to consider the role of energy on the probability of finding a given state, we need to consider the
concept of a Boltzmann weight, named after Ludwig Boltzmannthe father of statistical mechanics.
(Note that the discussion below assumes constant temperature).

Simply put, Boltzmann weights say that relative probability of finding two microstates is related
to their energy difference:

P1

P2

= exp[−(ǫ1 − ǫ2)/T ]

whereP1 andP2 are the probabilities of finding states 1 and 2 in equilibrium, ǫ1 and ǫ2 are their
energies, andT is the temperature.

Note that microstates cannot have entropy since entropy is the ln of how many microstates there
are — microstates are a fundamental unit of re-arrangement possibilities. With this said, the above
should look very familiar. Recall, we said that

c1

c2

= exp[−(G1 − G2)/T ]

from arguments about chemical equilibrium between two substances 1 and 2 (1 ⇀↽ 2). In the case
where we are working at constant volume and since microstates have no entropy, we get

Gi → ǫi

Also, let’s think about what we mean by “the probability of finding statei.” One way to think about
this is to imagine that we have lots of copies of a given systemand we look to see what state these
systems are in. The fraction of systems which are in statei at any given time is the probability of
finding the system in statei. This is analogous to the concentration of particles with statei, i.e.

ci → Pi

Thus, we get Boltzmann weights from our original results on chemical equilibrium.

Boltzmann weights are the fundamental building block of anystatistical mechanical analysis –
they connect energies with probabilities. As we will see, typically we will start our analysis of a
problem by looking at the relevant microstates and then consider the probabilities of finding these
microstates.

11.3.5 A brief tangent: why are Boltzmann weights of this form?

Why are Boltzmann weights of this form? In the discussion below, we will see that this form is the
result of just a few simple assumptions, namely:

1. There is no absolute zero of energy that is meaningful (allthat is important is the relative energy
difference)

2. Relative probabilities are related to energy differences
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Thus, this very fundamental part of statistical mechanics rests on very simple and pure roots (and is
thus very broadly applicable).

Let’s say we have two microstates1 and2 with energiesU1 andU2, respectively. We expect that
this relative probability has to do with the energies of the microstates. If something has really high
energy, we expect it to be unstable, much like in the mechanical examples we discussed early in the
class. Certainly, we can write the relative populations of these two microstates as a function of their
energies

a2

a1
= f(U1, U2)

Note that one can think of theai’s as a concentrationci or as being proportional to the probability
ai ∼ Pi.

In general, the zero point of energy is arbitrary and in fact,all we care about in life is energy
differences, so

a2

a1

= f(U1 − U2)

Any change in the zero point in energy would cancel. Now the equation above should be valid for any
three microstates, i.e.

a3

a1

= f(U1 − U3) and
a3

a2

= f(U2 − U3)

Mathematically, we can write
a3

a1

=
a2

a1

× a3

a2

And thus, our unknown functionf must satisfy

f(U1 − U3) = f(U1 − U2) × f(U2 − U3)

What types of functions have this form? Exponentials do. In fact, recall that

ex+y = exey

If we say that
f(U) = eβU

whereβ is a constant. To verify that this form forf does indeed satisfy our requirements, we can plug
it in

eβ(U1−U3) = eβ(U1−U2)eβ(U2−U3)

and thus, we find that
a2

a1
= eβ(U1−U2)

Finally, we see that this allows us to write the population ofan arbitrary microstatej as

aj = e−βUj

Thus, from these simple assumptions, we have arrived at Boltzmann weights.
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11.4 The statistical approach

Now that we have made some connections between the microscopic and macroscopic world, it is time
to get down to business and do some calculations.

11.4.1 Partition functions

We have found that the number of molecules in a given state is given by

ni

n0
= exp(−ǫi/kT )

We can use this to calculate the properties of interest. For example, the total energy is

U =
∑

i

niǫi =
∑

i

ǫi exp(−ǫi/kT )

and the average energy per molecule is

U

N
=

∑

i niǫi
∑

i ni
=

∑

i ǫi exp(−ǫi/kT )
∑

i exp(−ǫi/kT )

It is convenient to identify the denominator as thepartition function Z:

Z =
∑

i

exp(−ǫi/kT )

We can regard it as theeffective number of energy states accessible to the system. This makes sense
since in our average, it is the normalization (and the normalization in the average is typically the
number of things you are averaging).

There is another important relationship to keep in mind withpartition functions. Since energies
of a system are additive (egǫtotal = ǫtrans + ǫrot + ǫvib + ǫint) and often the states of a system can
be decomposed into translational, rotational, vibrational, etc degrees of freedom, one can break down
the partition function

Z =
∑

i

exp[−(ǫtrans + ǫrot + ǫvib + ǫint)/kT ]

into several parts

Z =
∑

exp(−ǫtrans/kT )
∑

exp(−ǫrot/kT )
∑

exp(−ǫvib/kT )
∑

exp(−ǫint/kT )

and thus, we can write
Z = Ztrans × Zrot × Zvib × Zint

This is very useful since it allows us to break up our problem into manageable parts.
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11.4.2 Entropy

To think about the entropy, let’s consider that the system has N particles. Each of these particles are
in certain states. Indeed, theni indicate how many of these particles are in statei and the sum of these
∑

i ni = N is the total number of particlesN .

The entropy is the ln of the number of rearrangements of theseparticles within these energy levels.
For example, if all of the particles are in the ground state, thenn0 = N andni>0 = 0. In this case,
there is only one arrangement (all in the ground state). However, if half are in the ground state
n0 = N/2 and half are in the first excited staten1 = N/2 then there are a lot of ways of arranging
these particles. How many? Think of it as the number of ways ofarranging particles in boxes. For
two boxes, this is

W =
N !

n0! × n1!

and for many boxes this generalizes to

W =
N !

n0! × n1! × · · ·
Since the entropy is related to the number of arrangementsW by

S = k ln W

then we need to calculate

ln W = ln N ! − ln n0 − ln n1 − · · · = ln N ! −
∑

lnni

If N andni are large, we can use Stirling’s approximation

ln N ! ≈ N ln N − N

(which by the way is remarkably accurate and can give good results for even smallN). Thus, we find
that

ln W = N lnN − N −
∑

(ni ln ni − ni)

but sinceN =
∑

ni, we get

ln W = N lnN − N ln ni = N(ln N − ln ni) = N ln(N/ni) = −N ln(ni/N) = −
∑

ni ln(ni/N)

and thus
S = −Nk

∑ ni

N
ln

ni

N
= −Nk

∑

pi ln pi

We derived a similar result when we talked about the mixing entropy. One way to think about this
very fundamental result is that∆S = ln ni for statei and the probability of finding statei is pi and
thus it is not surprising to find an entropy of this form.
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11.4.3 Partition functions and free energy

Finally, let’s use our result for the energy and entropy to derive the relationship between the partition
function and the free energy. We know thatF = U − TS. Let’s solve this for the entropy:S =
U/T − F/T . Now let’s writeS in terms ofZ. To do this, we say that

S = −Nk
∑

pi ln pi

and that the probabilities are given by Boltzmann weights

pi =
exp(−ǫi/kT )

Z
Taking the ln we get

− ln pi =
ǫi

kT
+ ln Z

Substituting this in, we get

S = −Nk
∑

pi ln pi = Nk
∑

pi

(

ǫi

kT
+ ln Z

)

= Nk
(

1

kT

∑

piǫi + ln Z
∑

pi

)

Since
∑

pi = 1 and
∑

piǫi = 〈ǫ〉 = U/N , we get

S = Nk
(

U

NkT
+ ln Z

)

=
U

T
+ Nk ln Z

But sinceS = U/T − F/T we immediately see that

F = −NkT lnZ

Thus, we see thatF is directly related to the partition function. We are now in aposition to think
about how all of this comes together. We can think of the partition functionZ = exp(−F/kT ) as
the weight of the system, just asexp(−ǫ/kT ) is the weight of a single microstate. In the case of the
system

Z = exp(−F/kT ) = exp[−(U − TS)/kT ] = exp(−U/kT ) exp(S/k) = exp(−U/kT )Ω

whereΩ = exp(S/k) is the number of arrangements (S = k ln Ω). We see that the Boltzmann weight
(exp(−U/kT )) and the number of arrangements (Ω) join together in the partition function just as the
energy and entropy join in the free energy. Thus, the system can be likely to be found due to low
energy (and thus high Boltzmann weight) or high entropy (andthus highΩ).

Moreover, when we have talked about equilibrium, we said that the free energy reaches some
minima (eg with respect to some desired macroscopic property such as volume or magnetization). In
this case, we are comparing the free energies of different macrostates (egF (V )) and seeing which
macrostate is more likely.

It is important to stress that hereZ is thesingle particle partition function . In non-interacting
systems, we can write the total partition function of the whole system as the product ofN single-
particle partition functions (just as we dividedZ into translational, vibrational, etc parts)

ZN = Z × Z × · · · = ZN

for an ideal solid and
ZN =

1

N !
Z × Z × · · · =

1

N !
ZN

for an ideal gas.
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11.4.4 Derivingeverything from the partition function

I said earlier that with the knowledge of justni andǫi we can calculate all thermodynamic proper-
ties. One of the easiest way to see this is via the partition function. Moreover, knowledge of the
partition function allows us to make even more connections than we could with just thermodynamics.
This makes sense, since there is more information in the partition function — information about the
microscopic properties, which is lacking in a thermodynamic description.

For example, let’s consider some derivative tricks with thepartition function. We can writeU in
terms of the partition function by noticing that if we say that β ≡ kT then

U

N
= 〈ǫi〉 =

∑

i

ǫiPi = ǫi
exp(−βǫi)

Z
= − ∂

∂β

1

Z

∑

i

exp(−βǫi) = − 1

Z

∂

∂β
Z =

∂(− ln Z)

∂β

where we have used the mathematical identityd(ln y)/dx = (1/y)dy/dx. Perhaps this is no big
surprise, since we can relateU to F/T via derivatives of1/T using thermodynamics.

We can use similar thermodynamic relationships to derive other quantities. For example:

S = −∂F

∂T
CV =

∂U

∂T

etc.

We will use these thermodynamic relationships to quickly calculate these quantities from the free
energy (which we will get from the partition function).

11.5 Examples and applications

11.5.1 Ideal gases: the translational partition function (classical style)

Classically, we would say that since an ideal gas just modelsparticles wandering around a box, but
does not model their interaction, we could say that the energy of the ideal gas is just its kinetic energy:

ǫ =
1

2
m(v2

x + v2
y + v2

z)

wherem is the mass of the particle.

To calculate the partition function in this case, we need to sum over all of the microstates. When
we discussed microstates, we talked about how they include all of the possible configurations. In
terms of entropy, we purely refer to configurations in terms of positions of particles. However, to
calculate partition functions, one must include all of the relevant degrees of freedom to describe these
particles. This must include the momenta of the particles.

Since the movement in thex, y, andz directions are not correlated, we can treat each indepen-
dently. We calculate the partition function as

Z =
∑

v

∑

x

exp[−ǫ(v, x)/kT ]
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Now, we know that the energy only depends on the velocity and has the form (in one-dimension)
ǫ = 1

2
mv2. Thus, we find

Z =
∫

dv
∫

dx exp[−mv2/2kT ]

We have written the sums as integrals to make the math easier.This is physically reasonable since
there will essentially be a continuous spectrum of positions and velocities. We find

Z =
∫

dv exp[−mv2/2kT ]
∫

dx =
∫

dv exp[−mv2/2kT ]l =

(

πkT

2m

)1/2

l

Note that the integral
∫

dx = l, wherel is the length of the box and we have used the integral
∫

dv exp(−v2/a) =

√
πa

2

wherea = 2kT/m above.

In three dimensions, we say that

Z = ZxZyZz =





(

πkT

2m

)1/2

l





3

=

(

πkT

2m

)3/2

V

wherel3 = V is the volume of the box.

Ok, let’s calculate the free energy and dissect what we’ve got here:

F = −NkT ln Z = −NkT ln V − 3

2
NkT ln

(

πkT

2m

)

Well, there are some familiar terms. Recall that the entropywent something like−NT ln V and we
see that here, but what about this other junk? Let’s calculate the energy first:

U =
d(F/T )

d(1/T )
= Nk

d ln Z

d(1/T )
=

3

2
Nk

d

d(1/T )
ln

[

V

(

πk

2m(1/T )

)]

=
3

2
NkT

Moreover, this 3 comes directly from the 3 dimensions (or 3 degrees of freedom). Ford degrees of
freedom (Z = (Zx)

d), we get

U =
d

2
NkT

Which is the result we talked about earlier with heat capacities.

The entropy is a bit more strange. We can calculate the entropy by

S = −dF

dT
= Nk ln V +

3

2
Nk ln

(

πkT

2m

)

+
3

2
Nk

This equation is called theSackur-Tetrode equation. We see the familiar termNk ln V but there are
other terms. These other terms comes from the kinetic energycontributions — something that we
neglected in our thermodynamic calculations.

To finish the job, we can calculate

P = −∂F

∂V
= − ∂

∂V

[

−NkT ln V − 3

2
NkT ln

(

πkT

2m

)]

=
NkT

V

and thus we find thatPV = NkT = nRT as we would have expected.
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11.5.2 Ideal gases: the translational partition function (quantum style)

We can also do this calculation from a purely quantum mechanical point of view. When done quantum
mechanically, there is no mystery about why we should include velocities into the partition function.
We find that the translational energy can be written as

ǫ =
h2

8ml2
(n2

x + n2
y + n2

z)

Again, we can solve the problem in one-dimension and then multiply partition functions. Thus, we
need to calculate

Z =
∞
∑

nx=1

exp(−n2
xh

2/8ml2kT )

However, since the energy levels are very close together, wecan approximate this sum with an integral
overnx

Z =
∫ ∞

0
dnx exp(−n2

xh
2/8ml2kT )

Note that this integral is remarkably similar to the classical version! Again, we use

∫

dv exp(−v2/a) =

√
πa

2

where in this casea = 8ml2kT/h2 and we find that

Z =
(π)1/2

2

(

8ml2kT

h2

)1/2

=

(

2mπkT

h2

)1/2

l

This form is very similar to the classical version. Indeed, both are of the form

Z = (AkT )1/2 l

This is the most important aspect. Indeed, theA constant will drop out of many thermodynamic
quantities (egP , U , andCV ) and we get the same answer. Why should there be a difference in values
of A? The quantum mechanical calculation is more accurate aboutthe quantization of momenta and
this is what leads to a difference in the constants.

In particular, since the equation of state is calculated byP = −dF/dV , the most important part
of the free energy (in terms of the equation of state) is the volume dependence. This is independent
of A.
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11.6 Compuational methods for calculating thermodynamic quantities

We have spent much time talking about how to mathematically calculate thermodynamic properties
of a system. In principle, this can be done for any system. In practice, it is often difficult to calculate
partition functions or any other thermodynamic quantity. Instead, we often use computer simulations.

Simulations serve as a means to directly test whether our explanation of reality (in terms of a
model) is correct. In particular, one can often measure anything one would want in a simulation
and thus one can both compare simulation result to experiment, as well as use simulations to further
interpret experimental data.

There are several ways in which simulations are used in thermodynamic calculations. Here I will
present three common approaches.

11.6.1 Exact enumeration

In many systems, one can simply calculate the partition function exactly on the computer (even though
it may be hard to do this mathematically). For example, consider a spin system withN spins. We
could have the computer run through all of the2N spin possibilities and directly calculate the partition
function

Z =
N
∏

i=1

∑

si=±1

exp(−ǫ/kT )

This method is in particular useful when we say that there areinteractions between the spins. Interac-
tion is difficult to calculate mathematically, but much morestraightforward computationally.

Another example is in polymer systems. For a polymer chain ofN monomers, one can try to
enumerate all of the possibilities. Often, due to particular aspects of the chemistry of the polymers
under study, only particular bond angles and dihedral angles (isomerations) are possible. This allows
one to think of the space of polymer arrangements as being discrete (due to the discrete number of
isomers) and thus enumerate all of the configurations.

Enumeration is a great means to do calculations since we havedirectly included all of the mi-
crostates into our calculation of the partition function. However, since the number of microstates
exponentially increases with the system sizeN 16, enumeration is often only practical for small sys-
tems.

11.6.2 Monte Carlo

It would be great if would only need to sample some subset of all of the microstates and still get good
thermodynamic results. This would be fine if we could sample microstates based upon their Boltz-
mann weights: states with high probability would be sampleda lot (since they are a major contribution
to the thermodynamic calculations) and states with low proabability are sampled infrequently (which
should be ok, since these do not matter that much anyway). This is much like trying to poll voters.

16We know that this must be the case since entropy is extensive.In this case, we can writeS = Ns, wheres is the
entropy per particle. SinceS = k lnW , we getW = exp(S/k) = exp(Ns/k), i.e. we get an exponential relationship
between the number of microstatesW and the system sizeN .
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TV news predicts elections based upon small,but representative subsets of the total electorate. If we
pick such as representative subset, then we can avoid doing acomplete enumeration.

But how are we going to do this? Well, let’s try to use our knowledge of thermodynamics to our
advantage. In particular, we know from thermodynamics thatin order to calculate state functions, the
path is irrelevant. For this reason, it makes sense to choosea path which is easy to calculate (why
make life tougher than it has to be?). Thus, a Monte Carlo calculation is broken up into two parts:
(1) choosing “moves” which define the path; and (2) calculating whether the move is accepted or
rejected.

Let me illustrate this with an example. Consider trying to study a gas. We can say that in our
simple model of a gas, the gas “particles” stick to a lattice.In this case, our “moves” are naturally
chosen to be moving one lattice space in each possible direction.

In terms of evaluation of moves, one typically uses theMetropolis criterion. This criteria goes
as follows: calculate the original energy of the systemEo. Next, make a move (eg choose one of
the directions at random) and then calculate the energy of the new configurationEn. If En < Eo,
then we accept the move. IfEn > Eo, we pick a random numberR with 0 ≤ R ≤ 1. If R <
exp[−(En − Eo)/kT ] then we also accept the move, otherwise we reject it. What we’re doing here
is choosing moves with a Boltzmann weight. This is importantsince it is this property which ensures
that we are making moves which are thermodynamically reasonable.

What we get out from these simulations is thermodynamic data, such as free energies, heat capaci-
ties, energies, entropies, etc. Since thermodynamics doesnot depend on the path (for state functions),
simple moves (and often simple models) can give good, quantitative results. This is a good example
of how thermodynamics concepts really helps in research, even if we aren’t using thermodynamics
directly.

11.6.3 Molecular dynamics

Finally, instead of appealing to thermodynamic arguments,we can also just think about the natural
dynamics of our problem and try to simulate how our system actually works. One way to do this is to
directly simulate Newtonian dynamics. By this I mean, we canwrite Newton’s equations of motion
for each particlei:

F = −∇U = mi
d2~ri

dt2
= ma

whereU is the potential energy,mi is the mass ofi, ~ri is the position ofi, andt is the time.

One can rewrite this differential equation in many ways in order to numerically solve it. I won’t
go into too much more detail on how this is done, but I will mention that thermodynamics results do
come naturally from these calculations as well, since Newton’s equations are certainly consistent with
the laws of thermodynamics. In many ways, the real challengeof these simulations is to start with
particles and Netwon’s equations and to try to extract out some deeper understanding, much like when
we found that it was entropy that “pushed” an ideal gas to expand to fill the entire volume possible.
Thus, reproducing nature is only (at best) half of the battle: understanding it is the real challenge!
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A Review

To end the class, I want to review what we have learned. I thinkyou have done a great job under-
standing most of the important concepts, so here I’ll try to touch on those aspects which seemed to
give people the most trouble on the problem sets and exams as well as a few things which I think most
people have trouble with in general.

A.1 Top 10 confusions/surprises/difficulties with thermodynamics

10. Legendre transforms

For example, we can define new potentials from the Gibbs by saying thatdG = dwadd then

dG′ = dG −
(

dG

dX

)

X = dG −
(

dwadd

dX

)

X

9. Pairwise interaction: Since the densityρ acts like a probability, we can say thatU/V = aρ2

8. Electrochemical equilibrium: µ(α) = µ(β) notµ′(α) = µ′(β)

7. Statefunctions: independent of path (reversible or irreversible)

6. Entropy can act as a force:

P = −dF

dV
= −dU

dV
+ T

dS

dV

Also: consider what “pushes” an ideal gas to fill the whole volume?

5. Micoscopic interpretation of entropy: entropy (S) is related to the ln of the number of mi-
crostates (W ) by S = k ln W . A single microstate “has” only one microstate and thus has no
entropyln 1 = 0.

4. Equilibrium is found by minimzing the appropriate statefun ction (eg dF/dx = 0 for con-
stantN , V , andT ) but we can always calculate that statefunction (just doesn’t have the same
meaning).

Minimizing meansdF/dx = 0 notF = 0.

3. Reversible systems are always at equilibrium.

2. ∆U = 0 for an ideal gas only at constant temperature. In other words,U depends only
on temperature. In fact, we found thatU = (d/2)nRT whered is the number of degrees of
freedom.

1. Work on the system vs work by the system.Keep the minus signs straight!
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A.2 Top 11 important equations

These certainly aren’t the only important equations, but ifyou can just remember these, you’ll be in
pretty good shape throughout your career in chemistry.

11. Z =
∑

i exp(−ǫi/kT ) = exp(−F/kT ) (link between free energy and partition function)

10. pi = exp(−ǫi/kT )/Z (Boltzmann probabilities)

9. S = −Nk
∑

i pi ln pi (stat mech view of entropy)

8. µ = µ0 + RT ln(P/1atm) (pressure dependence ofµ)

7. P = xP ∗ (Raoult’s law)

6. ∆U = q + w (1st law, conservation of energy)

5. dS = dqrev/T ≥ dq/T (2nd law)

4. ∆G = −RT lnK

3. µi = (dG/dni) (definition of chemical potentials)

2. C = dq/dT (definition of the heat capacity)

1. G = H − TS (definition of Gibbs free energy)

1. F = U − TS (definition of Helmholtz free energy)

A.3 Top 10 important concepts

It’s hard to summarize a course into a top ten list, but here goes.

1. Equilibrium

2. Reversibility

3. Statefunctions and Thermodynamic potentials

4. Free energy

5. Entropy

6. Work and Heat

7. First law: best you can do is break even

8. Second law: You can only break even atT = 0, otherwise∆S > 0 and lose something to
entropy

9. Phases, phase transitions, and phase equilibrium

10. Statistical interpretation of thermodynamics
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