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Course Outline

1. Introduction
Equilibrium, reversibility, ideal gas, van der Waals gas
(Smith§1; Levine§2,§2.1; A&S §1)

2. Energy

Work, heat, temperature, zeroth and first laws of thermouhycs, conservation of energy, en-
thalpy, heat capacity, state functions

(Smith§2; Levine§2; A&S §2)

3. Entropy I: Entropy in terms of heat
Reversibility and equilibrium (again), entropy, entropyarpreted in terms of heat flow
(Smith§3.1-3.9; Leving;3.1-3.5 ; A&S§3.1-3.5)

4. Entropy Il: The molecular basis of entropy

Molecular basis of entropy, statistical basis for the sedaw, third law, heat engines, entropy
of a gas expanding

(Smith§3.10-3.13; Leving3 ; A&S §3.6-3.14)

5. Equilibrium I: The concept of free energy
Free energy, Helmholtz free energy, Gibbs free energy,epbasilibria
(Smith§4.1-4.5; Levings4; A & S §4.1-4.7)

6. Equilibrium II: Applications of free energy concepts

Clapeyron equation, Clausius-Clapeyron equation, cherpmtential, equilibrium between re-
actants, basic results of chemical thermodynamics

(Smith§4.6-4.15; Leving4)

7. Ideal systems

what is an ideal solution, properties, mixtures of liquideange in freezing/boiling points,
osmotic pressure, solubility of solids

(Smith§6; Levine§7.3,58, §9)

8. Non-ideal systems I: Chemical equilibrium
Chemical equilibria in solution, electrochemical cells
(Smith§7, A & S §5, parts oft7 and§8; Levine§8, §9)
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9. Non-ideal systems II: Phase transitions

what is a phase transition, first and second order phaseétioassphase transitions in chemistry
and biology

(lecture notes)

10. Molecular basis of thermodynamics(time permitting)
microstates, macrostates, Boltzmann factor, partitioiction, free energy, energy, entropy
(Smith§9)
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1 Introduction

1.1 What is thermodynamics?
1.1.1 Historical perspective

There was a time, not so long ago, when a new technology wag iprocess of changing the world:
the way business and human interactions were being fundaftyechanged. Vast national networks
were being constructed at great expense to take advantége néw technology. Fortunes were won
and lost and a new wealthy elite was formed due to the sucéélsss mew technology and scientists
and engineers at the worlds most prestigious institutia@rewcrambling to study this new technology
in order to harness, understand, and improve this new téafmorhe world would never the same.
What am | talking about? The internet perhaps? Well, no, #tkihg about the steam engine in
the late 1800’s. With steam engines came railroads, thiyatailgo from New York to San Francisco
without passing Antartica, and the onset of the industeablution. Clearly life was never the same.

Clearly steam engines were the heart of this revolution,iatabk a principle place in this ad-
vance. Thus, understanding steam engines was the bioteglyrar nanotechnology of its day. And
like these fields, there were numerous surprises in our sitithyis new field. While steam engines
may seem to be common place, there were fundamental physsggthts missing at that time. These
fundamental insights arose from understanding how heaemand this field in general is thus called
thermodynamics.

However, if thermodynamics was only relevant for steam eegji none of us would be studying
it today. As we will see, thermodynamics is at the heart of ynenportant areas of modern science,
including biotechnology and nanotechnology and the miesdirst seen with steam engines are as
important, relevant, and as counter intuitive now as thesewieen.

1.1.2 What can thermodynamics tell us?

Thermodynamics is a theory which gives us a set of relatiehsdenmacroscopic properties we can
measure (temperature, volume, pressure, length). Wieafly remarkable about it is that it requires
no assumptions about the nature of the underlying mole¢atesven that molecules exist!). Thus,
it is really very powerful, especially in cases where onestoet know the molecular nature of the
system of interest or if this nature is very complicated.

Traditional (boring?) examples: Modern examples:
e air conditioners, refrigerators e drug design
e gases, liquids ¢ protein folding
e pressure cookers e viral infection

Many of these questions revolve around understanding tlueenaf a reaction, i.e.
A+B=C

which could be
drug bound = drug free in solution
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or
protein unfolded = protein folded

etc.

What is the final result of the reaction (do we get productseactants — and in what concen-
trations)? How can we drive the reaction in the direction veat¥ How do these reactions depend
on external conditions, such as temperature, pressureioptd, concentrations, etc? How can we
guantitatively understand these systems and potentially improve uponzhem

These are some of the questions that thermodynamics ansMensever, thermodynamics does
not say anything about time. Thermodynamics will tell us tha eventual result will be, but cannot
say how long the reaction will take. However, for the questbove, we care more about the final
state than how we get there. In this case, thermodyanmicyiethsome very powerful tools to
answer these questions.

1.2 An analogy to mechanical systems

We make an analogy to mechanical systems because we havephgsieal intuition for these sys-
tems, and there are many concepts which carry over. Morgiovére cases where our intuition does
not carry over, that will be even more interesting and imgairt

1.2.1 Types of energy

For example, consider someone sledding on a hill. What hescout is that there are some forces
which bring him down (and that there is a certain amount ofkiia has to do to climb up the hill to
go again). Thus, there are three important quantitieséaspe

1. Force: In this case gravity
2. Distance In this case how high he has to climb up in order to go sleddgegn
3. Work : How much work he has to do to climb up again

So what’s going on here? Let’s consider the case of downfdlithen going back up. When going
down hill, potential energy is turned into kinetic energye(i sledding), which is then turned into
friction (heat created when the sled stops). When going efilh some chemical energy (breakfast)
is turned into potential energy (climbing the hill).

Let’'s use this example to review the different types of epeRptential energyenergy can be
turned into some other form; it is in a sense “stored” eneigyt the case of the sleding example,
U = mgh, whereU is the potential energyp is the massy is the gravitational acceleration, ahd
is the height of the hill.Kinetic energy is energy associated with motion, for example/@)muv?
per degree of freedom}eat is a third type of energy. We’'ll talk about this in much moredaile
Actually, in sense a course dinermodynamics is all about heat. In this example, we see that keat i
the final form of energy.

As in mechanicsequilibrium is an important concept in thermodynamics as well. There are
several, equivalent ways of understanding it.

1. point where the forces are balanced
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—= Figure 1.2 Different paths in(V,T') space. In
ﬁﬂ both cases, the energy is the same, i.e. indepen-
L dent of path. Path independence is a hallmark

Figure 1.1: Different paths for lowering a block. property of state functions.

2. state at which the system has minimized it's potentiaiggne
3. small changes require the maximum amount of work
4. state at which the system will remain if we wait for a longei

To illustrate this, consider a pendulum which has someidmcat the pivot point. It will swing for a
while, but eventually it will stop swinging and simply restle bottom. This is the equilibrium state,
since it agrees with the definition above.

1.2.2 Reversibility

Reversibility is a very important another concept in thermodynamics whashanalogies in mechan-
ical systems.

Most processes in life are irreversible, i.e. once chantiesystem does not return back to the
initial condition. For example

e When a drop of dye is placed in a bucket of water, it spreadsitgirout the bucket: it rarely
spontaneously comes together to form the initial droplet

e If you start out with a deck of cards which is ordered (say byesand card value) and then
shuffle the deck, it never (on time scales we live in) comeg bathe original order

An example of a reversible system is a pendulum wbhiriction. In this case, the pendulum
will swing back and forth forever. At the top of its swing, thendulum has the maximum potential
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energy and no kinetic energy. At the bottom, it has the reveaf of its potential energy has been

turned into kinetic energy. The reason why this processvsrsible is that there is no wasted energy:
all the potential energy is turned into kinetic energy arat’#hprecisely the amount of energy needed
to bring it back to the top level.

A more mathematical way to think about it is the following. @can imagine an irreversible
process as follows. Let's say we have two maskgsand M, on a pulley. If the masses are equal
M, = M,, then the system is in equilibrium. If one mass is larger yssignificant amount, eg
M, = M, + AM, then the system would quickly change (mass 1 would fall).thesmass falls a
distanceh, this work will be AM gh (note that while mass 1 is going down, mass 2 is being pulled
up!). However, we could make only a small changéin i.e. M; = M, +dM, wheredM /M, < 1,
then only an infinitesimal quantity of workngh would be required to restore the system. Also, at
every point during the reversible procesdg, = M, + dM which is virtually indistinguishable from
the equilibriumM; = M; (sincedM is so small).

Thus, to summarize, reversible systems occur in situatdre the system is essentially in equi-
librium during the transition and at each step, only an itdsimal amount of work would be neces-
sary to truly restore equilibrium.

1.2.3 A mystery unfolds: watching energy isn’t enough!

Our analogy of a sled sliding down a hill is a good one in manysybdut does seem to break down
in certain situations. It is an example of exothermic reaction i.e. heat is given off. This occurs in
the sled case since the potential energy of the sled is tuntedtieat by friction. This heat raises the
temperature of the surroundings.

However, there arendothermic reactions too. In these cases, heat is absorbed (and the tem-
perature goes down) and the total energy goes up. In the séadpe, this would be like the sled
spontaneously going up hill! Clearly there is somethingyfiséare.

In mechanical systems, looking for the energy minimum isugiato tell the equilibrium state of
the system. That’s not the case in thermodynamic systeneseBitlearly something missing here —
some concept we need to add in order to explain thermodynsysiems.

Thermodynamics has new ways to look at energies which cledhis seeming contradiction.
However, the intuition of mechanical systems will still bégtwus in many ways. In particular, our first
goal is to find some quantity analogous to the energy whosemam, in thermodynamic systems,
will be the equilibrium state.
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2 Energy

2.1 Ideal gases: A simple system to play with

Ideal gases are a natural place to start learning about tugmamics. We have some intuition about
how gases work and an “ideal” gas is a simple model of how gasek. In particular, an ideal
gas is a great model system to learn and test our understpatithermodynamics since all of the
fundamental thermodynamic properties we will talk aboutt lba found in them and they allow us to
study thermodynamics without getting lost in too much matdter on, we will study more realistic
gases and see the nature of the differences.

2.1.1 Basic properties

Like many types of matter, we characterize an ideal gas ktpicgproperties: volumel(), pressure
(P), temperature®), and how many moles of atoms are in the ggs There is a simple expression
relating these quantities:

PV =nRT

This equation is called thequation of statefor this system, since it relates tlstate variables(P,
n, V, andT) in this case. Actually, many gases behave like ideal gasesrtain conditions (yea, you
guessed it, in so-called “ideal” conditions).

There are two types of properties here:

1. Extensive propertiesare properties which are related to “how much stuff” therd-m exam-
ple,n andV are extensive properties. If the system is duplicatedgetliesables get doubled.

2. Intensive propertiesare independent of the size of the system. For exanihl€&, are intensive
properties. So is the density= N/V, whereN is the total number of atoms.

2.1.2 A brief glimpse of phase transitions

When gases cool, they condense to liquids. When liquids toey freeze into solids. These are two
examples of phase transitions. However, ideal gases céanetphase transitions. This is what is
meant by “ideal.” Thus, far from the phase transition, thesy good models, but do not work well
near the transition.

What makes a phase transition? Interaction. Gas parti@dedes stick together at lower tempera-
tures and form a liquid. How can we model this interaction?dale modify the ideal gas equation to
include interactions. We’'ll do so in two steps:

1. What'’s the probability that a gas particle will bump intwméher one? The densigy= N/V is
a lot like a probability that we’ll find a given particle at asgn spot. If the density is high, then
there is a high probability that the particle is there. Thebability of finding two particles at
the same spot goes like thé. It's like what's the probability of flipping two coins and Viag
them both come up heads: it's the probability of one cominpegds squared.

When two particles get close, they attract each other artitea force which brings them
together. We can include this force as a modified pressures niakes the equation of state
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Figure 1.3. Isothermal transformations of a van
der Waals gas: volume dependence on the tem-
perature. Plotted here are curves at a fixed tem-
perature (curves on the right are at the highest
temperature). For transformations at low temper-
ature (curves on the left), we see that there is a
discontinuity in the transition: as the pressure is
increased, there is a jump in the volumé) from
high volume (gas) to low volume (liquid). An
ideal gas will not have this transition and will al-
ways be a gas. The dotted line marks the bound-
Pressure ary of the unstable region (where the jump oc-
curs).

Volume

become
(P +ap®)V = nRT

which can be rewritten
(P+an®*/V*V =nRT

The constant has to do with how strong is the attraction between atoms.

2. Next, we have to also include the fact that two atoms caninlkexactly the same place. What
this means is that if a gas efmoles of particles are in a box of volumg each particle cannot
be anywhere in that volumE, as part of the volume is filled with the gas. If we say that the
volume of an individual gas moleculetisthen the total volume of the gas particles themselves
is nb. Thus, the amount of space available is now dnly nb. This leads to another change in
the equation of state:

(P +an?/V*(V —nb) = nRT

The equation above is théan der Waals’ equation and is the first step to describe a non-ideal
gas and actually goes a long way. What's different about adearWWaals (VdW) gas vs an ideal
gas? VdW gases can change their phase and go from a gaseoliguiol @hase. This is called a
phase transition If we look at pressure vs volume (or temperature vs volume)see that there is
a discontinuity in the volume as it jumps from one size to hantThis discontinuity reflects the fact
that liquids take up much less volume than gases.

2.2 Work

Work is the transfer of energy from omeechanical system to another. It is always completely
convertible to the lifting of a weight.

For example, when we put a book on a high shelf, we are doing against the force of gravity.
We can write the work in terms of this force and displacembat(high we placed the book):

he L
w:/ Fodh
h

7
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whereF is the forceh is the displacement vector (distance and direction of tepldcement),; is
the initial height the book antl; is the final height.

In chemistry, we usually don’t talk about force and distarze instead a different pair: pressure
and volume. Pressure acts like the force and volume actshéeistance. For example, consider a
gas inside a piston. The external air presgtitas pushing against the piston. Since pressure is force
per unit areaf,, F'/A or F' P., A. We can put this into the equation above to get

hy
w= / (— Py A)dh
h;

Note that we put in- P, A instead ofP,, A. This minus sign says that the direction of the force is
opposite to the pressure and comes from the dot product iorigmal equation. In other words,
when we compact the gas, we are doing work on it (imagine cessng a balloon). The change in
volume is written in terms of the change in heightand the area of the pistot, i.e. Adh = dV'.

Thus, we can write .
w=— [ PadV

(3

If the external pressure is continually adjusted so thatkieipt equal to the pressure of the gas inside
the cylinder P), then the system is always at equilibrium. Why? Well, thaidout the case when
P.. > P. In this case, then there would be an imbalance (since thasemore force pushing in,
than pushing out). This imbalance would be corrected (andldveemain stable) only when there
was an equal force pushing in and out (and therefore an egesdyreP,, = P). Thus, under these
conditions

Va
Wrey = — PdV
\%1

We'll cover this in more detail i§2.4, after we work through a few more concepts.

Keep in mind that we can talk about work be a positive or nggatalue. A positive value for
work means we need to do work to make the process occur. Aimegalue means that the process
can do work (rather than needing us to put work into the systémr example, compressing a gas
(eg compressing a balloon) requires work (and thus workevadupositive). If we let the balloon
re-expand, this does not require any additional work, bilterahas the ability to do some work (eg
push a weight) and thus has a negative work value. Matheatigfiezve see this since compression
hasdV < 0 (and thusw > 0) and expansion ha8/” > 0 (and thusw < 0).

There are lots of other types of work. Remember that work meaeating potential energy. So,
for example, we could do this by

1. stretching a springi{}/ = vydR), where~ is the tension of the spring antl is the amount
we've stretched it

2. compressing a gagif = —PdV)
3. putting an atom in an electric fieldi(’ = —EdQ)
You probably notice a trend here. The change in work is oftettem asd\W = IdN, wherel is some

intensive state variable (like tension, pressure, or electric fietdrgth) and/N is someextensive
guantity (such as the amount stretched, volume, or chaf@pese are calledonjugate pairs
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2.3 Heat
2.3.1 Heat and disorder

Heat is often related to disorder. There is a link, but it issahat subtle and often over simplified.
We’ll get a more sophisticated understanding of heat as wiergagh the course, but for now consider
the following discussion. Without work, the universe temalslisorder. If you need proof, come by
and see the desk in my office. Why? “Non-random” scenariogaeecompared to random-ones.
For example, consider a deck of cards. There are only a fesilpbiges of what we would call an
ordered sequence (eg sorted by suite, or value), but therexaonentially “random” ways to order
the deck. We see this since it is extremely rare that shufflitidead to an ordered arrangement.

Thus, in terms of concepts of equilibrium, the random oragsi(“states”) are the equilibrium
states. If we continue shuffling, we will always end up witloter random state. If we want to get
an ordered state, we have to do work.

So, if systems tend toward random configurations, then vethie relationship between random-
ness and heat and temperature? Heat is an example of randbam mbmolecules. This random
motion (i.e. heat) is a by product which often reflects nohdas much work as possible. For ex-
ample, if we could pull a weight up a hill without friction,eh all of our energy would be converted
directly to work (against gravity to bring the weight up th#)hHowever, this is rarely the case and
often some of our energy is lost in friction (which leads taf)eand is therefore not converted to
work. We will see this explicitly in an example in the next sec.

2.3.2 Heat and temperature

We've mentioned that heat and temperature are relatedaiGlgrit makes sense that as you add more
heat, the temperature should go up, but how are they moresphgecelated? They are related by the

heat capacity " p
_ Y
“=ar
Or in other words, if we increase the temperatureilby then we addiq = CdT more heat to the

system.

The heat capacity depends on several aspects of the materae addressing. First, sin¢es
intensive, but the hed} is extensivé, so the heat capacity must also be extensive. This meani§ that
we double the size of our material (keeping the materiabpprties constant), the heat capacity will
double.

What else does the heat capacity depend on? It also depemmstaular molecular aspects of
the material. For example, imagine having one mole of univat gas (eg O atoms). If we double the
amount of gas (keeping the pressure constant, and thedoiging the original volume), then the
heat capacity doubles. What do you expect to happen to theapacity if the O atoms combine to
create Q@ molecules? We originally had 2 moles @fatoms and now we only have one mole of O
molecules. It turns out that the heat capacity will go dowut, ot to the original level. A mole of O
molecules has a greater heat capacity than a mole of O atorasideethe @ molecules have more

Wwhy is heat extensive? Think about it this way, if we have agiete of coal at 100 C and then add another one, the
temperature is the same but the amount of heat given off hatsleid.
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degrees of freedom to move around. As you'll see later inssiizdl mechanics, the heat capacity is
directly related to the number of degrees of freedom in tiséesy.

2.3.3 Temperature and equilibrium: the zeroth law of thermadynamics

What happens when we put a warm body next to a cold one? Thenkatawls down and the cold
one warms up. This continues until both bodies are at the samgerature. Another way to say this
is, if there is a temperature gradient (differential in temgture), then heat will flow. The equilibrium
state is the state where the temperatures are equal. Thesytal equilibrium” between two bodies
means that their temperatures are equal.

This has deep implications for the meaning (and usefulredsle concept of temperature. Con-
sider the case where we haveee bodies: A, B, and C. If A and C are in thermal equilibrium and B
and C are in thermal equilibrium, then by the definition ofrthal equilibrium above, then A and C
have the same temperatur@s (= 1) and B and C have the same temperatufés= 7). This fur-
ther means thaty = T = Ty and thusl’y = T. Again, using the definition of thermal equilibrium
if T4 = T, then A and B are in thermal equilibrium.

This leads us to the statement that “if two bodies are eachamtal equilibrium with a third,
then they are in thermal equilibrium with each other.” Thistesment is called the “zeroth” law of
thermodynamics. If it weren't true, then temperature wowdtbe a useful concept.

2.3.4 What does “constant temperature” really mean?

It is important to consider what we mean when we say “congeanperature.” How does one keep a
system at constant temperature? To do so, one puts it inatomité a heat bath. What that means is
that heat will be transfered back and forth from the systemil{e ideal gas in the examples above) to
the heat bath in order to maintain the temperature constant.

How does this maintain a constant temperature? Since thebh#ais so much larger than the
system, any fluctuation in the system will be small for thénkatd at thermal equilibrium, the tem-
perature of the bath will always dominate. For example, ylséesn might have 1 mol of particles, but
the bath might have 100 moles. Even a large change in heagisygtem is a minimal change for
the bath, and thus the temperature of the bath won’'t chandehais the temperature of the system
(which is in thermal equilibrium with the bath) won’'t changéher.

2.4 First law of Thermodynamics: Conservation of energy

In anisolated system(i.e. not in contact or able to exchange matter or energy aibther body),
the total amount of energy is always constant, although ¥ b converted into another form of
energy. Conservation of energy means that the total enéiipg ovhole system does not change. Itis
important to consider what we mean by “whole system.” By thaimean the body we are interested
in and its surroundings. For example, when a skier slamsarttee, the kinetic energy is converted
into heat, which is dissipated to the environment. If we abssjust a skier, then energy was “lost”
to the environment, but the total energy of the whole systmi(onment + skier) is constant.
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Let's generalize the idea of the skier hitting the tree. Inggal, we can imagine some thermody-
namic transformation from state A to state B. The change @nggncan be written

AU =Ug—Us=q+w

Recall that there are two types of energy, warl &nd heatd).

It is important to notice thah U depends only on the initial and final states and not the pa#dnta
However, different paths may lead to different valueg ahdw. We can illustrate this by considering
two ways we can lower a block on a ramp (see Smith Fig. 2.4 oe &)

1. Connect the block to a body of equal mass and let the block dowslowly. In this case, the
system is in equilibrium, since the masses of the two bodaes@ual (and the gravitational and
tension forces are therefore balanced). If we give the béosknall push downward, the block
will slowly move down the ramp. Since the block moves downnitdisimally slowly, it will
generate no heat. Thus, The block will be able to raise thg faa work) without generating
any heat, and

AU = —-Mgh =w

So, by letting the block down in this way, we've convertedddlthe original potential energy
in the block into new potential energy of the second body. cAlthe energy is in the form of
work.

This is also a good example of a reversible transformati@velsible systems are (1) typically
done slowly, consisting of many small steps; (2) the sysseat @quilibrium during each step of
the transformation (we see this since the forces are balaataeach step); and (3) the maximal
amount of work is done, i.e. no heat is generated.

2. Just let it go. If we didn't attach any additional mass and just let the orddjiblock go down
the ramp, all of the potential energy would be converted ngat (via friction). Thus,

AU = —Mgh = q

In both cases, we have lower the block (and thus used its fpaltenergy), but for different uses. The
key point is that the change in energy is the same (it's equ#ie original potential energy in the
block). All paths you can imagine would lead to the safx€, although they could have different
combinations of heat and work done.

Finally, we see that the generation of heat accompanie&mible transitions, where as reversible
transitions do the maximal amount of work{/ = w and thus generate no heat 0).

2.5 Reversible and irreversible isothermal transformatias of a gas
2.5.1 Mathematical approach

In §2.1, we showed that for a reversible transformation,

Vs
Weey = — [ PV
\%1
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In the light of the reversible transformation example frdra previous section, let’s think about what
the above equation means. Recall that the integfal’)dV” can be thought as a sum

vy Y
[ vy = im 3 swa
In other words, doing an integral is like doing a larger seaesummations, each infinitesimally small.
What does each summation mean in this case? Each summateis ke workPjv of making a
small 6v change in volume. Thus, the integral is the mathematicalifestation of a reversible
process. Just as reversible processes combine a large nahsoeall steps, an integral is the sum of
an infinite number of infinitesimal steps.

What would the work be for an one step reaction? If we justietdystem go, then we would
have just one step, and the work will be (for an isothermal,donstant temperature, transition)

RT Vi
Wy = —PyAV = Py(V; — V) = "L (v, V) = nRT <_ . 1)
Vi Vi
We don’t integrate since we made one big, fast change.
How does this differ for an ideal gas? The reversible reaatiould do
V. \% T
Wrey = —/ " pav = —/ PO WRTVIY = —nRT(nV; — V)
Vi vi V ‘
= —nRTIn (%) =nRT In <%>

If you stick in numbers for the rati®;/V, you'll see that the reversible work case always does
more work. In the one step case, where does the extra ene?ghiest!

Finally, in the limit when the ratio of the old and new volumes= V;/V; is close to 1 (i.e.
the change is small), then we expect that the two equatiamddibe equal. Physically, this occurs
since a small change in volume should be reversible (asntis@ minor change in the system from
equilibrium).

If = = V;/V; is close to 1, then we can write the Taylor series approxndtrinz ~ (z — 1)
to first order. Thus, for a small change, we get

Vi
Wrey — nRT (W - 1) = Wi—step

Just as we suspected, for a small change in volume (whichmst gerturbation and thus a reversible
transformation), the two equations are the same. Howewdgrger changes in volume, the reversible
transformation will always yield more work.

2.5.2 Mathematical vs graphical approach

This approach above is a very mathematical approach. Thereather way to look at transforma-
tions. Instead, let’s consider a graphical approach. Weycaph the pressure vs the volume at a fixed
temperature (recall, we are doing iaathermal transformation of an ideal gas).
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In this type of plot, we can graphically view the work from bastep of the transformation as a
rectangle. This is possible since the one step work valug.is., = —P;AV: the graphical repre-
sentation of the magnitude of this work value is a rectangte width AV and heightP;. Multistep
transformations can be considered as a series of stepsasdithwed as a series of rectangles.

2.5.3 Compression
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We can compress a gas using just one step or us-
ing multiple steps. In both paths, the initial and
final states (eg as determined by volume and pres-
sure) are identical. What'’s different about these
paths? As we've seen in previous examples, the
amount of heat and work differ.

Let’s first tackle the amount of work done. In
a one-step process, the work done is given by

—PAV = —Ps(V; = V)
~1x(1-2)=1

wlfstep

Note thatAV here is negative (as we are com-
pressing). If we compress in a multi-step pro-
cess, then we can minimize the amount of work
it will take to compress the gas. We use less work
because we apply less pressure. In the two-step
case, we first apply a pressure of 0.667 and then
apply a pressure of 1.0. Thus, the work we do in
this case is less

—P,(Vs = V;) — Py(Vy = V)
—0.667 x (1.5—2) — 1 x (1 — 1.5)
0.833

w27step

where-: - -, are denotes the middle step.

What is the least amount of work we will have
to do? In the limit of>c steps, we say the step size
is very small: AV — dV and our sum of steps
becomes an integral. The work in this case is

V
Woo—step = — /V "P(V)dV = —nRTIn <%>

For the specific case on the left, we know that
PiVy = nRT = 1, SOWs—step = In2 ~ 0.693.

As we add steps, the work we need to do to com-
press the gas becomes less and less. This work is
minimized for the case of a reversible path.
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It is important to keep track of minus signs. For the reversible case, we say that93 units of
work are done on the gas, but tha.693 units of work are done by the gas. Thus, in this sense, the
gas does the most amount of work in the reversible reactiaesi

(Weo—step = —0.693) > (Wy—gpep = —0.833) > (w1_gep =

2.5.4 Expansion
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Now we will expand the gas. Again, we can do
S0 in one-step or with many steps. In the case of
a one-step expansion, the work done on the gas is

—PAV = —Py(V; — V)
= —05x(2—1)=—05.

wlfstep

This work is negative, since the gas is expanding
and thus releasing potential energy. This means
that the gas can do 0.5 units of work on some
other system.

In a fashion similar to the previous section, we
calculate the reversible work

y
Woo—step = — /V "P(V)dV = —nRTIn (%)

which in this case isv._step = —In2 ~ —0.693
in terms of work done on the gas@693 in terms
of work the gas can do.

Thus, we see that the reversible path can do
the most work. Moreover, we see that the re-
versible reaction releases the same amount of
work that we have putin. This is why we consider
it to be reversible: if we put 0.693 units of work
into the system to compress the gas, a reversible
expansion will give exactly the same 0.693 units
of work. Thus, a reversible reaction wastes no en-
ergy and can go on compressing and expanding
(reversibly!) forever.

Of course, real systems are never perfectly re-
versible. For the one-step case, we see that we
have to put in twice as much work as we get
out (1.0 vs 0.5 units). Thus, the work provided
in expansion will never be sufficient to fully re-
compress the gas.
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2.5.5 A careful accounting of heat and work

| have not mentioned heat yet to avoid complication and cgiofu The tricky part about thinking
about heat in this case comes from (1) keeping track of miigis glike we had to do in the case of
work) and (2) remembering that our gas is in thermal contatt avheat bath.

The energy of ideal gases are only related to their temperaiius, along an isotherm, the energy
is also constant and thusU = 0. SinceAU =/dq+ Aw, along an isotherm we getw = — /q.
Here’s where the signs become important, especially torstaled whether heat is entering or leaving
(and entering or leaving what: the gas or the heat bath).

For example, consider the case of the one-step compredgitins case, we do work on the gas
dwi_sep = 1 and sodq; e, = —1. This means that one unit of heat is transfered to the helat bat
the case of reversible compression, we require less Wark, s, = In2 ~ 0.693 and so we put
less heat into the heat bafly.,_si, = —In 2 (0.693 units of heat are transfered to the heat bath).

Now let's consider expansion. In one-step expansion, tlsedges work on the system (aka

negative work is done on the gas) and we found that_g.., = —0.5. Thus, ¢, _sep, = 0.5. This
means that 0.5 units of heat were absorbed by the systemigken from the heat bath). For the
reversible case, we foundiu;, iy —step = — 102 @NA A@infty—step = In 2. This means than 2 ~ 0.693

units of heat were absorbed. We see that the reversible siqraabsorbed more heat or in other
words, the one-step (irreversible) reaction left more hretlte heat bath.

What pattern do we see here? Let’'s make a table of the work eaid h

direCtion wlfstep woofstep q1fstep QOofstep
compression 1.0 0.693 —-1.0 —0.693
expansion —-0.5  —0.693 0.5 0.693

We see thaflw,e, < dwiey aNAddqey > dgiey (NOte that this is thevork done on the gas and the heat
absorbed by the gas respectively).

If we talk about how muchvork can be done by the gas (i.e. the negative of how much work is
doneon the gas) and the amount of heat transfered to the heat bathdgative of the amount of heat
absorbed):

direCtion wlfstep woofstep q1fstep QOofstep
compression —1.0  —0.693 1.0 0.693
expansion 0.5 0.693 —-0.5  —0.693

We find that the reversible reaction can always do the maxivogk and transfers the least amount of
heat.Getting the minus signs straight here is extremely importarti

2.6 State functions
2.6.1 Mathematical properties

In §2.3, we saw that the value for the internal enefyly after a transformation was indepdent of
the path taken. A thermodynamic variable with this propéstgalled a state function. During a
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transformation, state functions depend only on the inérad final states, and do not depend on the
path taken. Accordingly; andw are not state functions, since they do depend on the path taken.

The path independent aspect of state functions is very golvgou don’t need to know the path
taken to know how the state function has changed, only thenbeg and end of the path. Other
examples of state functions are presstreolumel’, and temperaturé.

State functions have important mathematical propertigsiwdre related to their path independent
nature:

1. If we integrate a state function .
AU = / dU
A

then AU depends only on the beginning and end poirtsind B. For this reasondU is said
to be anexact differential. Sinceq andw are not state functions, their differentials are called
inexact differentials and are written with a bar in the diw and dg.

2. We can write an exact differential in terms of some otherdmates. For example, let's say
that the energy of some system depends on its voldraed temperatur€. Then we can write,

ou ou
= (=] dr+ (=
dU <6T>Vd +<8V>Tdv
Here, we have usqghrtial derivatives (0U/0dV') instead ofotal derivatives (dU/dT). (OU /0dV )

is the rate of change of the energy with respect to changesume, holding temperature con-
stant.

The equation above may give you a better idea of what we meadliffieyent paths: since U is

a function ofT" andV/, you could go from the initia(U;, T;, V;) to final (U, Ty, V;) states by
different ways of varying” andV" along the way. However, no matter which path you take, we
know thatU, T', andV" are state functions, and thus

AU = U;—T1j
AT = Ty—T,
AV = V;—V,

Also, we can write the equation fdl/ above asiU = A(T,V)dT + B(T,V)dV. Another test
thatdU is an exact differential is that

(o), = (),

This is called Euler’s criterion for exactness.
3. The order of differentiation of a state function does natter, i.e.

O (oU)N | _ |2 (U

ov\or )|, 0T \oV )|,
How do we tell if a function is a state function? Any functig(, y) is a state function if it obeys
any of the properties above.
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2.6.2 Relevant statefunction to determine transformation

As we will see throughout the course, different state fuumdiwill be relevant for predicting which
transformations will occur spontaneously. For mecharsgatems, we know that a mechanical pro-
cess will occur spontaneously if the energy is decreasedifiAU < 0).

However,AU < 0 does not universally describe when a process will happentapeously. For
example, consider an endothermic reaction. This may Rave> 0, but still occurs spontaneously.
Thus, the first goal for us in thermodynamics is to discowvbich state functions are relevant for
describing when a given process will be spontaneously. Wdind that the relevant state function
will depend on the nature of the transformation.

2.6.3 At constant volume: look to the energy

For most chemical systems, the only relevant work isifvework of a gas. Imagine a transformation
in which the volume is held fixed, i.&}” = 0. In this case, the change in workdsy = —PdV = 0.
Since the energy is given kiU =dq+ Aw, then in the case of fixed volumeél/ = dq, or in other
words, all the energy change comes in terms of heat.

Remember thag is still not a state function, but/ is. The reason whylU = dq is that we
are talking about a particular path, i.e. constant volunievel choose a different path (eg constant
pressure instead of constant volume), thén= dq and will instead have some other meaning.

In thermodynamics, we will build up several different sthtactions to correspond to different
scenarios. These different scenarios correspond to whatd gariables (eg?, V, T, U, N, etc) are
held constant and which can vary. For systems in which thebeumof particlesV and volumeV is
fixed and there is no temperature coupling to the outsidediod. an isolated system), energy is a
very useful state function. It is useful because in this case/ork is done and the change in heat is
simply related to the change in energy.

2.6.4 Constant pressure? We need a new state function: entipy

At times it is useful to examine systems at constant presastead of constant volume. In this case,
dU =dq+ dw =dq — PdV

and thus, the change in heat is not directly related to theggne this case. Can we construct a new
state function which is related to the change in the heatyfstesns at constant pressure?

We start with what we know, i.e. the first law of thermodynasnld/ = ¢ + w and add in the fact
that now there is work done (since volume is not constant, PAV. Thus, we get

AU =U; —U;=q—P(V; - V)
We can solve for the heat to get
q=Us = Ui+ P(Vy = Vi) = (Us + PVy) = (Ui + PVi)
From the above, we see that we can wigita terms of a functiond = U + PV. Since

AH =AU + PAV = (U; = U) + P(V; = V;) = ¢
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SinceU, P, andV are state functions, they only depend on the initial and ftatles. Sincé{ is
a sum of state functions, it too must only depend on initial &nal states and thus must be a state
function itself. We call this function thenthalpy.

The increase of enthalpy of a system is equal to the heatlads$at constant pressure (assuming
that the system only does PV work, as in the case of ideal gaSeghalpy is the constant pressure
analogy of energy. They are both related to the heat absgbbédnder different conditions (energy
in constant volume conditions and enthalpy at constanspres.

SinceAU andAH differ only by PAV, AU andA H are similar for processes involving solids or
liquids (since the volume changes in these systems is tjysraall). However, in gases, the volume
change is often significant and there is a big difference éebAAU andAH.
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3 Entropy I: Entropy in terms of heat

3.1 Reversibility and equilibrium: a recapitulation

Let’s briefly recap some important concepts we've learndtiérprevious chapter:

1. Conservation of energy: If the internal enelgychanges, this change in energy will take the
form of workw and/or heay (AU = g + w)

2. Reversible reactions: we can perform a transformatieersébly if we make the transformation
in many small steps and let the system reach equilibriumcit step

3. dw,ey <dw;i,: Work done by the system is a maximum, work done on the sysenminimum
4. dg.e, >dg;..: heat absorbed is maximized, heat transfered to the hdatdatinimized

These observations will be important in our understandirgntropy and the second law of thermo-
dynamics.

3.2 The second law of thermodynamics

The second law relates to equilibrium and reversibility:

Spontaneous changes are those which can be made to do work. If carried out reversibly
they yield a maximum amount of work. In natural processes, the maximumwork is never
obtained (since complete reversibility is an idealization).

This essentially is just a summary of what we have been tglalvout: reversible systems can do a
maximum amount of work, but this is never truly realizable.

Another way to think about this is in terms of two bodies whiigtve different temperatures. This
temperature imbalance is like a state with potential en@tylgough we will see thdt itself is not the
important concept here). The system will relax back to éguilm when the heat goes from the hotter
body to the colder one. Heat will never spontaneously go theralirection. This reformulation of
the second law in terms of heat flow is the more common way irchvitis stated, although it has the
same fundamental roots as the previous formulation.

In the end, the important concept to understand here ishiiglaw of thermodynamics relates to
the fact that some events can occur without doing any (amfdit) work to cause them (the so-called
“spontaneous events”), i.e. we can just let them go and th#ywecur. Some examples are gas
fleeing a balloon or a drop of dye spreading in a bucket. Thersa@me events which we would call
“non-spontaneous” since they do not happen without doinckkw®nce spread out, the dye never
spontaneously comes to its initial drop.

It's also intriguing to ask where in physics does it say thas$ shouldn’t happen? Certainly
Newton’s equations doesn't talk about this. In fact, Nevgaguations work perfectly well, either
forward or backward in time. There must be something elsetk&e missing.
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3.3 Entropy
3.3.1 Motivation for a new state function

In simple mechanical systems, the capacity to do work is lsittye potential energy and the equilib-
rium is defined by the minimum of this potential energy. In jm#mermodynamic systems, looking
how the total energy changes is often not very useful. Inqadr, in the ideal gas examples we did
in the previous lectures, the total energy did not chaniget yet work was done. Is there some state
function analogous to the total energy in mechanical syst®hich we can use to define equilibrium
states and the capacity to do work in thermodynamic systent$, as ideal gases? As you probably
guessed, the answer is YES — the missing idea is the conceptropy.

3.3.2 Building a new state function

Let’s build this new state function. When we wrote the fuotfor enthalpy, we started with the
heat. In this case, we will also look to the change in heat, but iiffarént way.

For the moment, let’'s only think about the case in which owtesy remains at equilibrium. In
this case, all of the transformations we will talk about v reversible. From the first law, we can
write

dU =dgrey — PV

if the system only doe®V work. Next, we can write/U in terms of temperature and volume by the

exact differential 50 50
dU = | — | dT — | d
U < aT ) 1% " <8V> T V

For simplicity and to make this discussion more concretés é®nsider the case of an ideal gas. For
an ideal gas, this simplifies to
dU = <8—U> aT
14

orT

since at constant temperature the internal energy of ahgdsaloes not depend on volume (and thus
[0U/0V|r = 0). We can use the definition of the heat capacity to furthepsfynthis to

dU = CydT
Now, we substitute fodU from the first law above to get
CydT =dqe, — PAV

We can rearrange these terms and make the substititiem RT'/V to get

erev — OVdT + gdv

Finally, we divide everything by" and define our new state functiéito be

 dgey ., dT dv
dS = T —CV T +nR

v
Thus, we define our new state functiSrto bedsS = dq,e, /T

2We looked at isothermal processes and the energy of an ideas independent of temperature.
3Indeed, the change in enthalpy is equal to the change in heahatant pressure.
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3.3.3 Properties of this new state function

How do we know thats is a state function? We can integrate the right hand sidetto ge

T V
Thus, S is a state function since it only depends on the initial andlfgtates and not on the path.
Thus, even for irreversible path4,S will be the samé.

However, this doeaot mean thatlS =dq/T for all paths. In particular, while entropy is always
equal todS = Ag.v /T, irreversible paths havélq # dg.... In this case, we gelS # Ag..,. For
spontaneous changes (i.e. irreversible)x dg..,. Thus,

d5>@

T

Since all observable processes are never completely relegrthe above inequality holds for most
processes we could do in an experiment and in every day life.efuality
g

ds = 224
ST

holds only for transformations that are reversible.

In an isolated system (i.e. one which cannot exchange emdgthyits surroundings), the system
can neither do work nor absorb heat. Thdg,= 0 and thusiS = 0, or (integrating this differential)
S = constant. However, for any spontaneous chaff§e- 0 sincedS > dq/T. Thus, spontaneous
changes will continue to increase entropy until it reachesmaximal value possible. At this point,
the system will be in equilibrium and entropy will remain stent at its maximal value. As we will
see below, for non-isolated systems (eg. systems in conttica heat bath), we will have to consider
the entropy change in both the system and its surroundiggse@t bath). This will be demonstrated
below.

3.4 Examples of transformations and their entropy changes
3.4.1 Entropy of the expansion of an ideal gas

Let’s go back to the case of the expansion of an ideaPgdew do we calculate the change in en-
tropy? We know that from the first latdU = ¢+ w and thatAU = 0 for isothermal transformations.
Thus,qg = —w, i.e. the heat gained by the surroundings (heat bath) id éguaork done by the sys-
tem. If we continuously adjust the pressure during thissfamations, we can imagine a reversible
transformation. As we've discussed, this does the maximonkyand we get

Vi
Qrev = —Wrey = Pdv

i

4This demonstrates thatis a state function for ideal gases. It can be shown that isist function in general, but
we will not cover this derivation.

SWhile it might seem that | have some pathological love fos #sxample, it's good to return to it since it will help us
build greater and greater intuition about thermodynantigaising a now very familiar example).
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For an ideal gas, we have = nRT'/V and thus

v dv vy
rev — = Wrey — RT — =nRT'In—
q w n vV n n v

SinceAS = gy /T, We get

AS = q;v = ann%

This AS is the change in entropy of the gas. We see that expanding @gédg > 1) increases
its entropy and compressing a ga&§ (V; < 1) decreases its entropy. This explains why a gas will
always flow from a smaller container into a larger one. Fromahove discussion, we showed that
spontaneous transformations will occur if the entropyeases. If a gas moves into a larger volume,
then its entropy will increase. This also explains why the daesn’t spontaneously compress itself
into a smaller volume: that would decrease the entropy arntlegacannot occur spontaneously. We
can make it happen, but we have to do work to decrease thigpntr

The idea of doing work to decrease entropy is common throwiggdbof thermodynamics. In fact,
if we were happy with what a state of maximum entropy giveshesn we wouldn’t have to do any
work and would let thermodynamics just do its thing. Howewver like order in our life and thus we
do work to fight the disorder that entropy typically leads We’ll talk more about the relationship
between entropy and disorder in the coming sections.

If we talk about entropy being related to disorder and wogk ttannot be used, then why is the
entropy change the same for irreversible and reversiblgtiogs (recall thatS is a state function)?
Well, we have to look at not just the entropy for the gas bugthieopy of everything. Let’s take these
two cases one by one:

1. For the reversible caseif we expand a gas, then it's entropy increases:

ASgs = nRIn %
However, when we expand a gas reversibly, we are doing somle wo fact, the amount of
work we do on the system is equal to the amount of heat thatamsfer to the heat bath (since
AU = 0). In this case, since there is a change in reversible hehedfg¢at bath, the heat bath’s
entropy changes. How much? We know that the work done on thelagh is the negative of
the work done by the gas, SO We @glih = —Whath = Weas = —Gsas- 1 NIS leads to

ASgas = _ASbath
and thus the total entropy is unchanged
AStotal = ASgas + ASba‘ch =0

This balances out because during compression (expangiork done on (by) the gas is exactly
balanced by the work done by (on) the system.M$ = 0 for ideal gasesy = —w, and thus
there is a balance of heat as well. Thus balance of heat, teaa$alance of entropy, thus
leading to the total change in entropy to be zero.

Thus, in reversible transformations, entropy is exactlghexged between the system and its
heat bath.
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2. In general, consider the fact that the gas is connected to the bath., Thus= —gpawm. This
connect is not necessarily reversible. From our previosisudision, we have

Ggas
ASgas > gT

Similarly, for the bath, we have
Gbath

ASpath >

The temperaturé’ is the same in both cases, since the bath acts to maintairetatope.

SiNCe¢gas = —qbath, WE CaN say
Gbath
ASgas > — 7"1

Flipping the previous relationship f&XSy,.., andgy.., and multiplying by—1, we get

(bath
— > —ASy,
T = bath

Putting this all together, we get

Gbath
AS as > —
a8 — T

> —AShatn

If we addASy,.¢n to all sides, we get

@bath
T

Thus, we see thah S;...; Will either be zero (for the reversible case) or positive tfee irre-
versible case). This is a very general result.

AStotal = ASgas + ASbath > ASbath - >0

To conclude, we see that if we want to test spontaneity ofteugm\ S > 0, theAS we're talking
about must includeverything: in order to keep track of entropy changes, we must consiolir the
system and its surroundings (heat bath). This will maketdiéky, but it makes sense: the entropy of a
substance can decrease (we know that gases can be compriessts reduction in entropy must be
compensated by an increase in entropy somewhere else (ag eat bath). In fact, if we compress
the gas irreversibly, then the added entropy of the bathbeiljreater than the entropy lost in the gas.
Finally, it is impossible for the total entropy to decrease.a way, entropy is like thermodynamic
pollution/garbage: we can't get rid of it but only move it amal (and in moving it around, we create
more of it!).

Clearly, there must be a better way, since considering thhrewudings can get quite cumbersome.
Indeed, there is, as we will see later.

3.4.2 Entropy changes accompanying heat flow

We have talked about heat will flow spontaneously from a natt@ colder body. We are now at the
point where we can be more mathematical about what we mean Aso, we know have a better
idea of what we mean by “spontaneously.”
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Consider a process withraversible transfer of heat at each temperature. If we reversibly fesins
heatfrombody Ato body B, the overall entropy change is given by

dgis, N dqZ,
T, ' Tg

dS = dS,+dSp =

whereT, and Ty are the temperatures of bodidsand B respectively and® and¢” are the heat
absorbed by and B. Since all the heat absorbed by B came from A, we hgiie= —q¢ . This

leads to
dgZ,  dgZ,

TA+TB

Note the— sign in front of the termA body entropy term: heat (and therefore entropy) are leaxing
to go toB.

Doing some algebra, we get

dS =dSs+dSp = —

Ty =T
45 =dqP, (—/}ATBB)

We see that whenl is hotter thanB (i.e. T4 > Tg), thendS > 0. AsdS > 0 in all observable
transformations, we see that heat will from from the hot biodyre cold body. This flow will continue
until 4 = Ts. At this point,dS = 0 and we have reached equilibrium and heat will no longer flow.

3.5 Some comments regarding entropy
3.5.1 Energy, entropy, and equilibrium

We've now seen two ways in which systems reach equilibrium.

1. In our mechanical examples the system reached equilibrium when the internal energyava
minimum (and thus the forces were balanced)©@r= 0. These mechanical systems operated
at constant entropy and thus all that mattered was lowehiagmhergy.

2. In our thermodynamic examples we often considered the case where the energy was constant
(eqg for ideal gases, isothermal transformations mean egetic transformations). In these
cases, equilibrium is reached when entropy no longer clsaage is a maximundS = 0).

But what do we do if a system which can change both its enerdyeatropy? In this case, we will
need a new state function to describe equilibrium. We wal tgs in the upcoming weeks.

3.5.2 A cosmological aside

As we've seen, when we consider entropy, we must considérthetsystem we’re interested in and
its surroundings. In many cases, the system will be somgthithe lab, and the surroundings will be
the lab itself. However, we can think about larger systemsh s the thermodynamics of the earth.
In this case, the earth’s surroundings are the solar sydteat (s exchanged between the earth and
the solar system constantly!). Of course, we could conttoug® further out and consider the system
to be our solar system vs other solar systems, or perhapsataxyg
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In the end, if we consider the entropy of the whole universe,kmow thatAS; i universe IS
increasing. It will continue to increase until it reachesntaximal value and then it will be at equi-
librium. This equilibrium will not be very interesting aswill be a state devoid of any order (we
certainly won't be around to see it). While it's a bleak fatis, probably 10-100 billion years away,
SO we have some time to make our peace with it.

3.5.3 The second law of thermodynamics: a new perspective

With our new knowledge of entropy and spontaneous prosertie can look back at our two defini-
tions of the second law:

1. Spontaneous changes are those which can be made to dolivcakried outreversibly, they
yield a maximum amount of work.

2. Heat will always flow from a hotter body to a colder one.

These ideas can be unified into a single equation, which fsparthe best formulation of the second
law: i
s > rd
and in particular
dS >dq/T for spontaneous and irreversible processes
dS =dq/T for reversible processes
dS <dq/T is impossible
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4  Entropy Il: The molecular basis of entropy

4.1 The molecular basis of entropy

We have discussed some mathematical aspects of entropyjthout a microscopic interpretation,
entropy is often a vague and abstract concept. We will now givmicroscopic understanding of
entropy. This will also (hopefully) help to shed light on thature of heat as well.

Let’s start by defining a new quantity We defines as theln of how many different arrangement
a system could have. For example, consider flipping a coinehlands, it can be either heads or
tails. Thus, there are 2 different arrangements and

O1—coin — In 2

What if we had 2 coins? How many arrangements would be pesgieh? Each coin would have
2 possibilities, so there would ¥ ways (both heads; 1st head, 2nd tails; 1st tails, 2nd heads; b
tails). In general, if we havé/ coins, then there arg" different rearrangements. This means that

ON—coins = 1N <2N) =NIn2
On thing we immediately notice is that
ON—coins = NUl—coin

Thus,o is extensive!

Next, let's consider something closer to the thermodynasygtems we have been discussing.
How many ways are there to rearrange tearticles of an ideal gas in a voluni& Let's say that
each particle has a volunte For simplicity, let’s imagine that the box is cubical an@tlare gas
particles are little cubes as well. Then, we ask, how manysveay we arrange a cube of voluie
in a cubical box of volumé& ? One way to answer this question is to fill the large box wittiples.
The box of volumé/ can holdV//b particles. What this means is that there &y@é different places
we can put a single particle. Thus, thdor a single gas patrticle is

v
O01—particle = In <3>

Now, what if we hadV ideal gas particles? Each particle could be in any ofiffielocations (note
that since these particles are ideal, they can be in the skoe possibly). Thus, there af&/B)Y
different ways to arrange these particles. This leads to

AN 1%

ON-—particles — In <_) = Nln <_) = NUl—particle
b b

Again, we see that is extensive.

Finally, how doesr change when we expand a gas of volumé¢o a volumeV;? Sinces (V) =
N1In(V/b), we get

Ao = o(Vy)—o(Vi) = {Nln (%)} — [Nln <%)] =N(nV;—Inb—InV, +1nbd)

Vy
— Nln(=Z
n(m)
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Now, this looks familiar! The entropy of expanding a gas igegi by

v
AS = Nk1 (-f)
"V,
where we have uselfk = nR, i.e. the Boltzmann constahtand the number of atom¥ instead of
the gas constant and the number of moles Thus, for an ideal gas, we can write

AS = kAo

Or in other words
entropy = k In (# of configurations)

and
change in entropy = k (change in In # of configurations)

While | won't prove thisthese relationships betweert and o hold not just for an ideal gas, but
for all systems.

4.2 The statistical basis of the Second Law

With a microscopic interpretation of entropy, we can bettederstand the second law. Why do we
expect entropy to always increase? It has to simply do withv@lility. Let’s say 100 people flipped
a coin. What do we expect? We certainly don't expect that dlloeme up heads. That's unlikely.
It's much less unlikely that 50 people will have heads and &gbe will have tails. The reason why
is that there are many ways in which one can have a 50/50 lsplignly one way in which everyone
has heads. Thus, simply probabilistically, it's more k& have the 50/50 split, which is a more
‘random” arrangement.

Similarly, imagine that we had a sealed jar of gas in a box.dfopen the jar, we expect that the
gas will spread out throughout the box. Why? We have givesaeadue to maximizing entropy and
the second law, but let’s think about what this means. i@ty many ways are there of arranging the
particles in the jar? For a jar of volumé, we havell’ arrangements

Wj = exp(U(Vj)) - (%)N

Similarly, for the whole box (which has volumg), we have
Eff
b

What are the odds that randomly the gas will be in one of thengements in which all of the particles
are in the jar? This is the number of jar arrangements divigetthe number of box arrangements, or

W. 17N
dd :—J:(—J)
odds ip v

Wi = exp(o(W)) = (
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To make this more concrete, let's say that the box is 10L aagethis 1L and there is a mole of gas.

Then, we get
odds = % = (i)N ~ 107107
W, \10/

or a 1 out ofl0'°** chance of occuring! Thus, while itis principle possible, it will essentially never
happen. Why is this probability so low? Well, there is onlyia 10 chance that a single particle will
be in the jar (since the box volume is 10 times as big). Howeverole of particles is a lot of particles
and that's what makes an unlikely scenario for one partrdie an impossibility for the whole gas all
at once. It's like flipping a mole of coins and expecting afideheads up!

Finally, what are typical entropies for various substaficé§e expect solids to have the least
entropy and gases to have the most. In the table below, wéisde be the case.

Molar entropies of substances at 298K and 1 atm pressure

Substance S (J/K mol)
Diamond (solid) 2.4
Silver (solid) 42.7
Water (liquid) 69.9
Argon (gas) 154.7
Carbon dioxide (gas) 213.6

4.3 The third law of thermodynamics

You might be wondering what happens when a liquid becomesa\yhy isn’t that as unlikely to
happen? All of the configurations we have been speaking avewtssumed to be equally likely. The
reason why we can say that is that all the configurations we baen talking about have the same
energylU. This is true for an ideal gas, but not for a real gas. A realagashave attraction between
particles. Is is this attraction which counteracts the Hoge in entropy. We will talk about how this
is possible in later lectures.

For the moment, we can simply consider the fact that we knaiveth we cool a gas down, it turns
into a liquid. The liquid takes up much less volume and adogig has much less entropy (there are
fewer ways to arrange the liquid molecules). As we contirmuedbl the liquid, it turns into a solid.
Solids typically have crystalline arrangements of its atoridvhile the atoms in a liquid can move
around, atoms in a solid are fixed in place. This leads to anatrastic reduction in entropy. The
only entropy left in a solid is the vibrations of atoms — snaViations from their crystal locations.

What happens to the magnitude of these vibrations as we |tewgperature? The vibrations
diminish and the crystal has less and less entropy (as tinesdtecome more and more locked into
a specific place). At zero temperature, it is believed thatehtropy of most substances completely
vanishes, i.e. there is only one arrangement of the atomsharidnetic energy available to lead
to even small vibrations. The statement that éméropy vanishes asi” — 0 is the third law of
thermodynamics.
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4.4 Whatreally is heat and how should we think about it?

| have tried to give some insight into heat, but the desans#ihave been somewhat vague. The
reasons for this is that while heat has to do with molecularaons, there is no simple equation to use
to truly describe it and it is a somewhat abstract quantitynany ways, it is perhaps simpler to think
of it mathematically, but to get some better feeling abquetts summarized what we have learned.

We can write this summary in terms of the important equatwaave written relating to heat:

1. Heat is a form of energy. It is the “unused” energy, reflecting the difference betwésn
change in internal energU and the work done on the system

dq = dU— dw

For certain situations, we can more directly relate heatherostate functions. In particular:
(a) Constant volume: we relate the heat directly to the gnerg

dqly = dU
(b) Constant pressure: we relate the heat directly to theadmt
dqlp = dH

2. Heat is related to temperature. Certainly hot things have high temperature. To make some-
thing hot, you need to transfer heat. How much? Well, thaeddp on the substance, via the
heat capacity

dq = OvdT
(at constant volume, we would uég- for processes at constant pressure).

3. Heat is related to entropy. Indeed, we saw that transformations which changed entrmopy i
volved the transfer of heat. In particular,

erev =TdS

4.5 Examples
4.5.1 Quickies

It is important to understand and to be familiar with thedtedent aspects of heat. In particular, one
can use these different aspects to answer thermodynanstiouge For example:

1. What is the change in entropy when we raise the temperatsmbstance reversibly at constant
pressure? (Assume that the heat capacity is independé&t of

We know that the entropy is related to the heat #y., = 7'dS and the heat is related to
temperature bylq = C'pdT'. Thus, we get

dqrev dT
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and we integrate to get

T 4T T,
AS—/dS—/Ti Cp = Cp ln<i)

2. What is the entropy change from a liquid to a gas (underteohpressure)?

It takes some energy to turn a liquid into a gas. We know timsesit takes heat to boil water,
for example. This energy needed is called the enthalpy abnzationAH,,, (enthalpy since
we’re talking about constant pressure).

We can relate the enthalpy to the entropy/®¥..,, = ¢.., under constant pressure, and thus
Grev _ AI{vap

T T
where the temperature is the temperature at which the liogadmes a gas. For example, for

benzeneAH,,, = 30.7 kJ/mol and the normal boiling point is 353.3K. ThusS,,, = 87.0
J/K mol. This value is common for non-polar solvents.

ASiap =

3. Imagine two gases at the sarfieand P are partitioned off in a box of volum&: one in a
volume ofV; and the other i, (noteV = V; + V5). Next, we remove the partition and thus
left the gases mix. How does the entropy change?

Let's take the entropy change for each gas separately. Bdt,gae say
Vv Vi n
AS; =nmRln (7{) = —nRIn (%) = -—nRIn <;1)
wheren = n; + n». Similarly, we can write an analogous equation for gas 2:
vV \% n
AS; = nyRIn (7{) = —nyRIn (5) = —nyRIn (;2)

We find the total change in entropy to be
AS =n[-yRlny; — yoRInyy]

wherey; = n;/n is the molar fraction of gas

We see that the gases will mix completely. This mixing hastiost entropy. Another way to
think about it is that if we try to de-mix (eg separate out) ¢jfases, we will have to do work
against entropy.

4.5.2 Heatengines

It is possible to turn heat into work. Any device, such as arstengine or a car, which burns fuel to
do work is an example. A simple model of an internal combuséingine is a machine which takes
heat () from a high-temperature reservoir (eg by burning fuel eate heat), uses some of that heat
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to do work (), such as by the expansion of a gas against a piston, and titethp unused hea.|
to a colder reservoir (eg radiator).

What is the maximum amount of work that we can obtain from ghriscess? If all of these
processes were reversible, then the total entropy of thersywould remain constant, ie.

AStotal = ASh + ASC =0

SinceAS, = —q,/T;, (minus sign comes since we are taking heat from the hot bath)\s6, =
q./ T, for reversible transformations we get

| e qn Ty
0= ASptal =~ + 7o = =t
total Th—"_TC qc Tc

We can relate work to heat via the conservation of energyceSihe internal energy of our engine
does not change with time, we can simply relate work to heat:

w = (gp—(qc
- Ye c Tc
wo_ 4 —4q :1_(]_:1__
qn dn qn T,
T, —-T,
- 0

This ratio of work we get out of the machine over the heat werput/ ¢, is called the thermodynamic
efficiency of the engine. For example, for a steam enginggusieam at 400K and using a radiator at
room temperature of 300K, the thermodynamic efficiency wdd

400K — 300K
400K

i.e. only one-quarter of the heat is converted into work.h# tadiator over-heatd{ = T}), then
we get no work. How do we get maximum efficiency? If we have dyeeally cold radiator (i.e.
T, = 0), then we would get 100% efficiency. Why do we get 100% efficyewhen7, = 0? In
this case, we have extracted all of the possible heat we tam¢t possible to get to any lower
temperature) and moreover there is no more heat energysiefie(atl’ = 0 there are no molecular
motions), thus all of the heat energy must be transformexviroirk.

= 25%

4.5.3 Protein folding

To end this section on entropy and as a lead-in for our nexiosean free energy, I'll lay out what is
the so-called “Protein Folding problem” and how it relategmntropy.

Proteins are polymers of amino acids: long chain moleculdsy are “manufactured” by the
cell and come off the assembly line in a completely disordiéoem. Why do we expect them to be
disordered? Let’s think about the entropy of a polymer chiagt’s simplify this by imagining walking
on a chess board. At each step, you can go forward, backwedtdpt right (4 directions). If you
take NV steps, there ar¢" possible ways to choose a path. For polymers in three dimeaksspace
(the chess board is a two dimensional example), one coulagippate the number of possible walks
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as6”. Even for relatively short chains, this is a lot of possibtefigurations. The corresponding
entropy
S=kn6" =kNIn6

is pretty large.
What'’s exciting about proteins is that they wild from one of theés™ conformations into a single,
particular conformation. In other words, the conformagiloentropy essentially vanishes, i.e.

S=klnl1=0

Why do proteins actually fold into a single conformation®babilistically, one would say that there

are so many unfolded conformations, why does the proteinista single fold? The reason why

proteins fold (and why gases become liquids and then said3,is that one can fight the entropy
by making certain configurations have low energy. The folskatie of proteins are believed to have
lower energy and that's why they stay in these states.

When both energy and entropy change, how can we tell whickvomeeand which one is relevant?
This important question has a pretty simple answer, whiclmilesee in the next section, when we
define (yet another) state function, to answer this padiogliestion.
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5 Equilibrium I: The concept of free energy

5.1 Helmholtz free energy
5.1.1 Derivation

In the previous section, | alluded to a new state functioncWhwill help us sort out when entropy is
important and when energy dominates. This new state fumiioalled the free energy.

When we created the enthalpy state function, we said that arged something to reflect the
change in heat at constant pressure. In this case, we hawy different goal. In the previous
section, we saw that using just entropy alone required usnsider the entropy changes of both the
system and its surroundings. This is often difficult to do aedt to avoid if possible. But how can
we avoid doing this?

One way around this is to saw that we want to build a state fomavhich reflects the nature of
equilibrium. To find such a state function, we return to theaidf maximum work. In the last unit,
we defined equilibrium as the case when a system can do maximoukn For example, a reversible
reaction can do the maximum amount of work. We will now introd thermodynamic functions
which are indicate whether one can do the maximum amount df auad thus tell us whether we are
at equilibrium. Also, we will in this section always considgstems at constant temperatfire.

For a reversible reaction, we have

dUu :dwrev_'_ erev

Since we can relate the change in reversible heat to entrppy b

erev

d =
o T

We can write
AU =dw,ey + TdS

rearranging, we get
dw,ey = dU — TdS

Thus, it is natural to define a new state function, calledtbbnholtz free energy 7’
F=U-TS

since (at constant temperature)
dF = dU — TdS :dwrev

One way to think of the free energy is thais a measure of the maximum work the system can do

on its surroundings. Just as mechanical systems work to decrégsmolecular systems (at constant
T andV) try to reducefF’ to reach equilibrium. What does this mean? In mechanicaésys we
expect spontaneous processes to occur oy ik 0. Apples spontaneously fall from trees, but they
never spontaneously leap from the ground into the sky. Srhgjlspontaneous processes in molecular

SFor systems at constant energy, it is more natural to justdddow the entropy changes.
"The Helmholtz free energ¥ is often called just the free energy and writtenas
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systems occur only HF" < 0. If there is a state with lower free energy, then the systelewentually
get thereé

What happens at equilibrium? At equilibrium, we expect thatsystem will do no work and thus
dF = 0. This naturally parallelgU = 0 in mechanical systems.

5.2 Another way to look at free energy and equilibria

In section 3, we talked about

dq
>_
dS_T

and said thatlS > dq/T for spontaneous processes atitl=q /T for reversible processes.

Now, we’ll see what the interpretations of this are for otk&tefunctions. Let's takéU for
example. From the first law, we haw®/ = dq¢+ Aw and thusdq = dU— Aw. For a gas, we
have fdw = —PdV and thusfq = dU + PdV. Putting this into the inequalityabove, we get
TdS > dU + PdV. Rearranging terms, we get

dU < TdS — PdV
Thus, we see at constafitandl” we havedS = 0 anddV = 0, thus leading to the inequality
dU <0

Thus, under constartt andV’, spontaneous processes must h&ve< 0.

We can do the same thing with other statefunctions. For elarfgr the Helmholtz free energy
F = U — TS, we calculate the total derivativeF' = dU — T'dS — SdT. Solving fordU, we get
dU = dF +TdS + SdT. Inserting intodU < TdS — PdV, we get

dF +TdS + SdT' <TdS — PdV

Simplifying, we get
dF < —=SdT — PdV

Thus, we see at constdhit(d7” = 0) andV (dV = 0), we get
dF <0

and more specifically that spontaneous events mustd@ve 0 under constart’ andV'.

This is a general scheme in order for us to see how statetursctiescribe equilibrium and spon-
taneity.

8] say “eventually” here since thermodynamics can only dbsqoroperties at equilibrium (i.e. what they will be like
if we wait a long time). Thermodynamics does not talk abouwt leng it may take to reach equilibrium (you'll have to
wait for kinetics in Chem 175 to learn about this).
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5.2.1 Free energy of an ideal gas: a derivation aPV = nRT

Let's write the free energy for an ideal gas. First, we neddtow the energy at constant temperature.
The energy of an ideal gas does not depend on volume and opénds on temperatufeThus, at
constant temperature, we can wrifeas a constant. Moreover, we are free to set the zero of energy
wherever we like, so we can just say tlhat= 0. This makes sense for an ideal gas since there are no
interactions between particles (and this is what typicakywould put inU anyway).

As for the entropy at constant temperature, we can relate tihté number of possible particle
rearrangements. We said that for an ideal particle, eaditigacan be inl//b places and thus ail
moles of particles can be i{V//b)" places, and thus

S=nRln K

b

whereb is the volume of a gas particle. Thus, we get
F=U-TS= —Tann%

SincedF = dw,., = —PdV, we can write

. dF__T[ dS]_n‘}iT

— = —5| =

and thus we get
PV =nRT

Thus, we see we naturally get the equation of state from #deednergy. Moreover, let’s consider the
case of a gas given room to expand: in that case, the expardsidivof the gas has a much lower
free energy and thus we expect the system to expand such lihaers its free energy.

9This is true for an ideal gas since the only energy is kinetrgy (the particles do not interact by definition). If the
particles interacted, then we would add a term to incorpaiss interaction and this term would depend on the density
of particles.
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5.2.2 Free energy of a van der Waals fluid

What do we need to do to calculate the free energy of a vdW flui#® need to add some sort
of interactions between particles and decrease the entoopgcount for the fact that two particles
cannot be at the same place at the same time.

For the interaction between particles, we would say that

TL2

U=— - _g—
anp a %
This is along the lines of the argument | made in the first lectuhe interaction energy per unit
volume goes like the density) squared since the density is like the probability of findangingle
particle. Thus, the total energy is this energy per unit r@uimes the volume. Hetkeis the strength

of the interaction: for attraction between patrticles; 0.

Next, we need to modify the entropy. Before, we said that gmsticle can be il//b places.
Now, we will say that each particle can only be(irn — nb) /b places. Thus, the entropy is

S=nRln (V;nb)

and thus the free energy is

2 —nb
Fz—a%—Tann(v b">
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We can again use this to calculate the pressure:

dF n? nRT

v TvE TV W

pP=

and thus we get
(P +an?/V?) (V = nb) = nRT

i.e. the equation of state for a van der Waals fluid, as we eggdec

Let’s look at the free energy in a bit more detail to underdtaow this works. How do we expect
the free energy to behave vs temperature? AtTgwhe energy is more important than the energy
and at hight’, entropy is more important. In the figure, we have plottedutié/ free energy vs
temperature. There are three important temperature regime

1. At low temperatures, the free energy is dominated by tleeggnas we expected and we get a
liquid due to the attractive interaction between partic& know that it is a liquid since the
minimain free energy is at the volume which is the volume of the particles themselves (there
IS no space between particles as in a gas).

2. At high temperatures, we find just the reverse. The freeggneonstantly decreases as we
increasé/, reflecting the fact that a gas wants to fill up as large a volasgossible.

3. Atan intermediate temperature, we see that there are tmionaof sorts: one at the volume of
a liquid and one at the volumes of a gas. The existence of @@dnergy minima reflects the
co-existenceof both a liquid and gas statés.

It is important to considehow to interpret free energy minima. Mathematically, free energy
minima are locations wheréF/dX = 0 andd?F/dX? > 0, where X is some state function of
interest, such as volume. This mathematical definition igsartant, but is not very insightful. How
does one interpret energy minima in mechanical systemsfy¥n@nima are equilibrium locations.
In particular, since the forcg = —dU/dx, thendU/dx = 0 means thaf = 0 and at such locations,
all the forces are balanced. In the case of a vdW fliid: —dF'/dV and thus free energy minima
correspond to locations where = 0. This can result from the fact that the substance is a liqurid,
that the pressure from the box matches the pressure of tide flui

The van der Waals fluid is a nice system to look at the relevahite free energy. Calculating the
free energy and looking for minima is pretty common practareunderstanding the phase behavior
of substances.

0There is a lot of interesting science to talk about here, @afh relating to the coexistence and the nature of how
this system goes from being a liquid to a gas. For now, | wilyatate that since there are two free energy minima (at
the liquid and gas volumes), the volume of the system “jungssive raise temperature frovh ~ 1 to the volume of
the container. This jump is a signal ophase transition Free energy calculations are a natural way to examine phase
transitions in all sorts of systems, from physical exampdegsh as gases and liquids to biophysical examples such as
proteins and lipid membranes.
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5.3 Gibbs free energy
5.3.1 Derivation

Many experiments are performed at constant pressure ridueiconstant volume. Indeed, that was
the motivation of deriving (and using) the enthalpy ratheart the energy. Is there some constant
pressure version of the free energ¢ As you probably suspected, there is.

Under constant pressure conditions, we can write
dwrev = —PdV+ dwadditional

where dw,qaitional 1S the work other tha®V work done on the system. From here, we continue the
derivation as we did foF', i.e. we say

dwrev =dU— erev

and
erev =TdS

thus
dwadditional - pdV =dU —T14dS

and it is natural to define a new state funct@malled theGibbs Free Energysuch that
G=U+PV-TS=H-TS
At constantP and7’, we find
dG = dU + pdV — TdS = dwaaditional

Thus, G acts like F' but under constant pressure situations. It is related tortts@mum (non-PV)
work done by the system, and liké, minimizing G is the constanP and7" analog of minimizing

U for mechanical systems. Also, of note is that we see thatrto £uinto G, one traded/ for H.
Thus, all of the intuition we have built can be naturally apglto the constant pressure case by simply
exchanging energy for enthalpy.

5.3.2 Example: Dimerization

Consider the reaction
N,O4 = 2NO,

When dimerized, the enthalpy is lowHk, o, < Hano, Since there are extra bonds formed. However,
the dimerized state has lower entrafy,o, < Sano, Since there are fewer degrees of freedom and
thus fewer ways to arrange the particles. Thus, we see thaghttemperatures, the dimer will
disassociate and at low temperatures it will associate.
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5.4 Phase Equilibria

In the previous section, we showed how a vdW fluid can be edhgas or a liquid. We also saw
that there were cases where both gas and liquid phases hidat $ige energies and thus both phases
coexisted. In this section, we will follow up on these cortsegnd flesh out the details.

Before we get started, we’ll have to go over some basics ofthevibbs free energy depends on
pressure and temperature. In particular, we will write tiffecential G in a new way. Starting from
the definition of the Gibbs free energy

G=U+PV-TS
we can write the complete differential (i.e. nothing helast@ant):
dG =dU + PdV +VdP — SdT' —TdS
We can also writ@U' in terms of heat and work:
AU =dgrevt fre

We can write the entropy in terms of the reversible héat, = 7'dS and for a system which only
does PV work, themlw,., = —PdV. Thus,

dU =TdS — PdV
We can stick this into the formula feiGG above to get

dG = (TdS — PdV)+ PdV +VdP — SdT —TdS
VdP — SdT

This form ofdG will be useful in studying the variation @ with pressure and temperature.

5.4.1 Warm-up I: Pressure-dependence of the free energy

At a constant temperaturé]” = 0. Thus,

dG = VdP, or oGy _y
oP ).
For an ideal gasy’ = nRT'/ P and thus
dG =VdP = nRTd—P
P
For a change in pressure fraRto P, we get
Py dP P
AG =Gy — G; = nRT Pif == nRTlnF];
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We can use this to study the pressure dependence of themntfian ideal gas!

In chemistry, it is common to relate the free energy of a gdbestandard free energyG®. G°
is defined as the free energy of one mole of the gas at 1 atm, i.e.

P
_ 0

whereP? = 1 atm. It is also written as
G = G° + RT In(P/atm)

or simply
G=G'+RTInP

This is notation and convention and certainly nothing daéphpugh it can be confusing if you haven’t
seen this before.

5.4.2 Warm-up Il: Temperature variation of the free energy

Again, we uselG = VdP — SdT, but now we say that pressure is constant{®r= 0. This leads to

oG
dG =-5dT, or |— | =-S5
or ),
We can use this to rewrit@. Starting from
G=H-TS
we insert the above formula fof to get
oG
G=H+T|—
“(5),
11Since we can also write
G=H-TS
then at constant temperature, we get
dG = dH —TdS

and dG  dH ds
= T

dP ~ dP "~ dP
Since the entropy i§ = —nRIn(Py/P;) and thus

also, from above we hav&=/dP = V. Thus leads to

A dG S
ap ~  dP dP
= V-V=0

Thus, H does not depend on P (sinké/dP = 0).
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and divide everything b§™ to get

P T

G 1(0Gy _ H
T2 T \OT

Now notice the following mathematical simplification:

[a«;m] _ G <aa>

oT T2 T\oT

This allows us to write
0(G/T) o E
or |,

in differential form, or

O(AG/T)]  AH
oT L_

in terms of the change i and H in a reaction. These are tl@&bbs-Helmholtz equations They
are important since they relate the temperature depenaémice free energy (and hence the position
of equilibrium) to the enthalpy change. We'll use this in tiext section.

5.4.3 Phase diagrams

We can usé&; = H —T'S to understand why there are different phases of matterestetaler different
conditions. The phase with the lowest free energy is the stable. For example:

phase enthalpy (H) entropy (S)
very negative{ small entropy
solids (H| is large andd < 0) (S ~0)
strong attraction between atoms  few re-arrangements ofsato
intermediatef{ intermediate entropy
liquids (Hoolia < Hiiq < Hygas) (Ssotia < Shiq < Sgas)
some attraction between atoms some re-arrangements aof atom
small H huge entropy
gases M =~ 0) (S is large)

little attraction between atoms  many re-arrangementsoohat

How can we see this in terms of the Gibbs free energy? If we@|at), then the slope of this
curve is related to the entropy (sin@@-/0T") , = —S). The gas phase has the largest negative slope
since it has the most entropy. When the curves@¢r’) of different phase intersect, we know that
their free energies are equal, or if we transform from onesgtia another under these conditions,
AG = 0. Recall that we've talked abodtz = 0 as an indicator of equilibrium. Now, we are talking
about two phases being in equilibrium: both phases are prasel one can spontaneously reversible
transform from one to the other.
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What is the temperature at which this occurs? For examplegifire given the enthalpy and
entropy of fusion, then we know that the fusion temperatsiigiven by
AG=AH-TAS=0 = T:i—g

One can draw diagrams which describe the phase boundartes i, T plane. These diagrams

are called phase diagrams. They give us insight into whiopegmties lead to the existence of which

phases.

5.5 Areview of our state functionsS, U, H, F', G
5.5.1 Whenis a processes spontaneous and when is it revetsib

We have now seen all of the major state functions in thermanhyos and are (finally) at the point
where we can actually do some interesting things. Beforeimgoon, let’s just summarized what
we've learned.

First and foremost, these state functions are useful farogehing equilibrium and whether a
process will spontaneously occur. These functions diffédrdaw these processes occur. In particular,
what aspects are held fixed ( P, T'?) and which can vary. We summarize the state functions below

variable(s) Irreversible processes Reversible processes
held constant (spontaneous) (equilibrium)
q ds >0 dsS =0
V,S dU < 0 dU =0
P,S dH <0 dH =0
Vv, T dF <0 dFF =0
PT dG <0 dG =0

There’s a clear pattern here: equilibrium medis = 0, where X is the appropriate state function
and for spontaneous procesges < 0 (except for entropy for which-dS < 0). Understanding the
thermodynamics of what happens spontaneously and whatedpsigorium look like is now just a
matter of deciding which conditions are relevant for thetesysdesired (i.e. is the experiment done
at constant pressure or constant volume?) and then catgulat measuring the appropriate state
function.

5.5.2 Natural variables

There are important relationships between these statéidmsc We can begin to see these relation-
ships by writing the state functions in termsioand P for closed systems (i..e in which matter cannot
be transfered) involving only’V work:

dU = TdS — PdV

dH = TdS+VdP

dFF = —SdT — PdV

dG = —=-SdT +VdP
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We have already derived some of the equations above. Theaderis of the others are similar and
will be on a future problem set. Another important trend tticeis that the differentials on the right
hand side match which state variables are held constanbéoretspective state function (égand

T are constant in Gibbs free energy calculations é@d= —SdT + VdP, i.e. dT' anddP appear

in dG. Similarly, dS anddP appear indH). The variables that are held constant for a particular
state function (which are differentials in the equations\e) are calledhe natural variables of the
system; they play an important role (see below).

The equations above are useful because they allow us to cpmétiusome nifty relationships
between state variables. For example:

e FromdF = —SdT — PdV we get

oF oF
— ] =- d |[=—=] =-P
(a7), = = (&),
e FromdG = —5dT"' + VdP we get
oG oG
(), = (55)

There are similar relationships obtained from the equationdU anddH above.

Finally, knowing the natural variables of a system is very inportant. If a thermodynamic
potential is known in terms of its natural variables, then al thermodynamic potentials can be
calculated! For example, let’s say that we know the functiéitZ’, P). 7" and P are the natural
variables forGG. FromG(T', P) we can calculate:

oG oG
o= (a—T>P and V= (a—P>T

and then plug in these values to calculate the other stattidums starting fronG = U + PV — T'S:

oG oG
G—PV+TS—G—P<6—P>T—T<8—T>P

=V

T

U

H — G+Ts—G-1(%
ar ) ,

F o= G—PVzG—P(a—G>
opP ),

This would not be possible & is known as a function o and7" or P andV'.

It is important to remember thét, H, F', andG are state functions. They have the satnealue,
irrespective of the path taken in the transformation. Faneple, whileH is typically defined in
terms of constant pressure, we can calcultéor constant volume situations. It doesn’t have the
same significance under constant volum# (= dqp, ie for constant pressure only), but we can still
calculate it.
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5.5.3 Maxwell relations

Finally, we can use the relationships above to go one stépeiuand relate the state changes in the
state variables to each other. Sintié, dH, dF, anddG are exact differentials in the equations in

§5.4.2, the mixed second derivatives of the coefficients eftito terms on the right hand sides are
equal (as we discussed§B.7):

v (o)), = o (50).,

Now that we know that these derivatives are related’td”, T', etc, this allows us to calculate even
more relationships. For example, fraf' = —SdT + VdP we get

oG oG
(a—T>P — S and (0—P>T =V

If we take one more mixed derivative, we get

_(98) _[2 (96\ ] _[2 (9G\] _(ov
opP), |0P\OT),|, 0T \oP),|, \oT),

Using the other thermodynamics potentials, one gets o#tations:
ory  _ _(op
o), 0S ),
ory (v
opP ) N S ) »
os\  _ (0P
ov), \or),

There relations are callédaxwell relations, named for James Maxwell, who first derived them. The

Maxwell relations are important because they are of conside help in reaching our objective of
expressing any thermodynamic property of a system in tefrealy measured physical quantities.

5.6 Chemical potential

So far, we have talked only about systems which contain onéy/tgpe of chemical component. We
have also only talked about systems in which the number oéoubés is constant. In order to treat
systems with different chemical constituents or where timalper of molecules must vary, we need to
add another important concept: that of a chemical potential

For a pure substance or a system of constant chemical cotoposie can write
dG =VdP — SdT

If the number so moles of various components of the system,, ...,n;, vary, we may add further
terms to this equation:

dG = VdP — SdT" + <8_G> dny + -+ + <8G> dn;
T,P,nj anZ T,P,nj

ny
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where the subscript; denotes that the quantities of all components, except the the derivative,
are held constant. We define tbleemical potential ;1; of theith component

_ (oG
= \on T,Ppn;

and thus we can write the Gibbs free energy as

dG =VdP — SdT +_ pdn;

This equation is sometimes called the fundamental equafiohemical thermodynamics.

What's a good way to think aboyt? From its definitiony is the change in free energy when
we change the number of components, so it is the extra freeyemained (or lost) when extra
components are added. “Components” often refers to pastislo then in that cagewould be the
change in free energy when we change the number of partloléise previous cases, we have held
fixed, although this is not universally the case and oftemtiraber of particles can change.

1 is also useful for thinking about the balance of particldseced at equilibrium. At constafit
and P, if we transferdn; moles ofi from A to B, we get

dG = [pi(B) — pi(A)]dn;
At chemical equilibriumdG = 0 and thus this is achieved when
pi(B) = pi(A)

This is a useful definition of the position of chemical edurilum.
Since the free energy is extensive, for a pure substancetwe ge

_ (9G _G
= on T,P,nj_n

G = G° + nRT In(P/atm)

Thus, since

we get
p=p’ + RT In(P/atm)

Thus,u has a similar pressure dependencéasMoreover, we can use this to talk about the case in
which there is more than one component. For example, idesgisga a container do not interact and
act as if they were alone in the container. Thus, we get fdan eamponent

pi = p + RT In(P;/atm)
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6 Equilibrium Il: Applications of free energy concepts

6.1 Equilibrium between gaseous reactants
6.1.1 Simple example

Consider the equilibrium
Ag) = B(G)

This is the simplest type of chemical equilibrium. One exbngs this is the transformation between
two isomers, such as n-butane and isobutangn \fmoles of A are converted inténz moles of B at
constant/’ and P, we havedG = padna + pupdng wheredn, < 0 anddng > 0. We can define an
extent of reaction¢ which is 0 when the reaction position is entirely to the laft &t A) and 1 when
everything is at B. More explicitly, we can write

np  TNtot — NA

&=

Mot Ntot

wheren,,; = ns + np is a constant (there are isomerations going on, but no festéce leaving or
coming); for simplicity, we set;,; = 1.

This allows us to write
dé =dng = —dny

and
dG = (up — pra)dé

at constanf’ and P. The reaction will proceed until equilibrium, i.e. when

oG
=) =0
(%),

oGy _
af T’P_MB /’LA

this occurs at the balance of the chemical potentials= 1.5 as we discussed previously. Since

Since

i = pi + RT In(P;/atm)

we can write

oG N Py
< € )T,P HB — fa = fip — fiy + n P,

We can further simplify this since we know tha}, — 1% = AGY, i.e. the free energy difference at
one mole is the free energy difference between the two cltepatentials. Thus

<%> = AGY + RTIn L2
9 ) rp Pa
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Thus, at equilibrium we get

<§> —0 = AG = -RTmE
9 ) rp Py

We call the value of<p = Pg/ P, at equilibrium theequilibrium constant of the reaction, ie..
AGY = —RTInKp

or equivalently

AG°
Kp =exp (— T )
Finally, for an ideal gas it is easy to rewrite the definitidriiee equilibrium constant in terms of con-
centrations;; = n;/V; instead of pressure. Since at constarit we can writeP, = RT(n;/V;) =

RTc¢;, we get
AG°
== = =22 K. = _
Py caRT ¢y ¢ 7P ( RT )
From this we see that the direction of the reaction will depen the free energy. IAG < 0, then
more products will be formed ang; > c4.

Note that in order to derive the result Kp = exp(—AG°/RT), we used an ideal gas approx-
imation and then to get K = K, we used the ideal gas approximation again. One should be
careful in that in general Kp = exp(—AG°/RT) does not hold for non-ideal gases. However,
the relationship with K does hold:

PB_CBRT_CB

Kp

0
Ko =exp (—AG )

RT

holds in general, independent of whether we are talking abaudeal gases or not. This result is
usually most easily derived from statistical mechanicslamidl not derive it here.

6.1.2 Generalization to all reactions

We can generalize these results to more complicated reactt@r the reaction
a1A1 + (IQAQ + -+ CLZ‘AZ‘ = blBl + bng + -+ bij
we would have
dG =Y padna, + > ppdng, = pidn;
% J %

We can still defing, although it is a bit more complicated. It is easier to writederivative

de — _OlnA1 _ _dnAi _ dnp, _ dnp, _ dn;

aq a; bl bj V;

wherev; represents the stoichiometric coefficieatsh;, etc. The get the signs straight, thefor the
products are defined as positive and for the reactants areededs negative. Thus

dG = Z pidn; = Z,Mﬂ/z‘df and thus <%> = ZMM‘
: i ¢ T,P

%
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Sincey; = Y + RT In(P;/atm), we obtain

[T;(Py; /atm)
I1,(P}, /atm)
= AG’+)> yRTIn(P;/atm)) = AG’ + RT'In Kp

<a—G> = AG’+ RTIn
9 ) p

= AG’ + RTn [H(Pj’i/atm)]

(2

With this, we can write the equilibrium constants

Kp = T[(P" fatm)”

(2

and thus at equilibrium
AG" = —RTIn Kp

Again, we can writel p in terms of concentrations to calculat&;: If we define
¢\
k=T1(%)

then we can try to express, in terms of Kp. To do so, we first write» and use the ideal gas
equation of state to substitui¢ = RTn;/V; = RT¢;:

Pr" RTc,\" [ORT\=:"
KP:H(PO) :H< PY > :< PY ) e

7 7

6.2 Clapeyron equation

We've talked about phase equilibria now in a couple of déférways (i.e. in terms of free energy
and in terms of chemical potentials). The Clapeyron equatennects ug?, V, 7', and H in a new
way, which is often useful for thinking about phase traosis.

Consider two phases, a liquid and its vapor in equilibriuteatperaturd” and pressuré’. If we
slightly changel’ and P, we get the new valu€s + d7" and P + dP. Since

dG =VdP — SdT
we can write the change in free energies for both the liqudtigas phases:

dG, = VidP — S,dT
dG, = V,dP — S,dT

Under the new conditions (i.e. temperatiii¢ d7" and pressur®&+d P), we can calculate equilibrium
by dG, = dG,. Equating these two we get

VidP — S,dT = V,dP — S,dT
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and by rearranging, we can put this in the form

dP S, =S ASup
dT V,— Vi  AVip

Since adG; = dG,, the two phases are in equilibrium, we can write

AH,
7_131‘3115

AGvap = A-[{vap - ﬂransASvap =0 = ASvap =

Taking this and putting it into our previous formula, we get

AP AS., — AH.,
dT B AVvvap B ir‘cransA‘/vap

It is important thatl},...s is the transition temperature (boiling point in this cadépre generally, we

can write
P\ _ AH
dT ) T AV
eq

We write this equation in this form to stress that this dogsist have to refer to a liquid boiling and
becoming a gas, but rather the equilibrium between two [ghasgeneral.

It is important to stress that this equation, called @&peyron equation is very general and its
derivation has not used any approximations, but simplyiagghe concepts of equilibrium and the
Gibbs free energy.

6.3 The vaporization of liquids
6.3.1 From the point of the Clausius-Clapeyron equation

We can now take the Clapeyron equation and extend it to destive vapor pressure of gases. To do
so, we will make three approximations. We start with the €japn equation:

dP  AH,,

AT TAVip,

Recall thatAV,,, = V, — V;. The volume of gases are much larger than that of liquidsekample,
at 300K and 1 atm pressuri, ~ 24, 000cm?® while V; &~ 100cm? for one mole. Thus, sincg, > V/,
we make our first approximation and say that

AV =V, =V %,

Also, if we assume that the gas is ideal, then

nRT
V, = ——
g P
Thus, putting these together, we get
dP AHyp — AHg, AH

e _ _ vapp
dT ~ TAVe, T(nRT/P) nRT?

©Vijay S. Pande 57 April 15, 2008



we can rearrange this to get
AHyp, dP dlnP

nRT2 ~ PdT ~ dT
Finally, if we make the approximation thatH is independent of temperature, then we get
AH.,,

n

InP=— + const

The equation above is called ti@ausius-Clapeyron equation. As you see, it relates the vapor
pressure of a liquid to is enthalpy change per mole on vagtoiz. It is important to stress that unlike
the Clapeyron equation, we did use three approximatioressubich might limit its applicability.

6.3.2 From the point of view of free energy and vapor pressure

Let’s think about vaporization from the point of view of threé energy gain upon vaporization. The
free energy of one mole of an ideal gas is given by

Gy = Gy 4+ RT In(P/atm)

where P is the vapor pressure of the liquidz) is the free energy of one mole of vapor at 1 atm
pressure (i.e. standard conditions). We will assume tlegirée energy of the liquid’; is independent
of pressure . Thus, the free energy change of vaporization is

AG =Gy — Gy = G) — G} + RT In(P/atm)

where we have assumed th@t ~ G (which is a good approximation since the liquid free energy
is not strongly dependent on temperature). Since the ligodivapor are in equilibrium, we have
AG =G, — G =0,1.e.G, = G, and thus

AGY,, = G) — G = —RT In(P/atm)
This equation tells us that the vapor pressure of a liquietsmnined by the free energy change when
one mole of liquid is vaporized to produce one mole of vapibl atm pressure At the normal
boiling point where the liquid is in equilibrium with its vapat 1 atm pressurd; = 1 and thus in
that case\G?, = 0.

vap ~
To explore the temperature dependence of the vapor presseifest take the derivative of both
sides of the above equation with respecito

AG°
In(P/atm) = — R%ap
dmP  19(AGY,/T)
dI R or

where we have used the fact théin(P/P°%)/dT = dIn P/dT — dIn P°/dT = dInP/dT — 0.
Notice the form of the right hand side above. It is very simiathe Gibbs-Helmholtz equations

derived earlier:
l@(AG/T)] _ AH
P

oT T2
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Using this, we get
dinP  AH)

vap
dl RIT?
which is the Clausius-Clapeyron equation we derived inlarotvay in the previous section.
The usefulness of this relation is the ability to relate diies such as enthalpy to others which
can be easily measured, likevsT.

6.3.3 Example: Change of vapor pressure with temperature

A liquid boils when its partial pressure equals the atomesigtpressure. One way to think of this is
that sinceAG = —RT In(P/atm), whenP = 1 atm, thenAG = 0 and the free energy of liquid and
gas are the same, hence the liquid will boil.

Hence, the boiling point is the temperature at which theidigwapor pressure equals the applied
pressureP on the liquid. We can use the Clausius-Claperon equatiomdbtifie pressure at which a
liquid will boil at a different pressure.

For example, ethanol boils at ®Bunder normal atmospheric pressure (1 atm = 760 torr). Ta wha
value mustP be reduced if we want to boil ethanol at®®3n vacuum distillation? To answer this,
consider the variation of the vapor pressure given by thegdls-Claperon equation :

dln P B AH
dT  RT?

If we assume that the enthalpy of the reaction is not temperatependent, we can integrate the
above to get

So, in this example, we’ll set state 2 to the normal boilinghp@e., 7, = (78 + 273) = 351K and
P, = 760torr = 1latm) and we’ll set state 1 to the new temperatufe £ 25+ 273 = 298K). Solving
for P, we find P, = 70 torr, which is relatively close to the experimental valuesoftorr. Error
results from the assumptions of ideal gas and temperatdepandence of the enthalpy of reaction.

6.4 Le Chatelier’s Principle

Le Chatelier's principle is a good mnemonic to remind us hbe $ystem will change to restore
equilibrium:

Perturbations of a system at equilibriumwill cause the equilibrium position to changein
such a way as to tend to remove the perturbation.

For example, if heat is released in a reactidn/ < 0), lowering the temperature will lead to
more products (and thus more heat). With the results of #a@a, we can put this statement on a
more mathematical foundation. In particular, to derive tt@sult, we want to relate the equilibrium
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constantK p (which tells us which direction the reaction will gdgf, > 1 means more product,
Kp < 1 means more reactants) and the temperature. Using the Gilbsioltz equation

0(AG/T)]  AH
S

and the definition of{p

AGP°
h’l Kp = — RT
we get
OlmKp 19(AG/T) AH°
or R 0T ~ RT?

How should we think about the above equation2 F° < 0, then loweringl’ means increasingy p,
which means that there will be more products.

We can put other forms of Le Chatelier’'s principle into moreanqtitative form. However, it is
easier to do this on a case by case basis, rather than in soramb®rmulae. Thus, it is best to use
this principle as a check of one’s results and as a generdédar physical intuition.

6.5 Basic Results of Thermodynamics

There are a few key relationships which arise from the resaflthe recent sections. They have the
following forms:

1. Relationship between the equilibrium position and tlee &nergy:
AG® = —RTIn K

Here we writeAG® to denote that it is a standard free energy change for one ofioéaction
for the equation which describes equilibrium (note th&t° is more specific — it enforces that
P =1 atm, wherea2\G® does not).

K is some quantity which characterizes the equilibrium pasitn terms of the amounts of
materials present. Thu&; could be an equilibrium constant or a vapor pressure, fomgia

2. Relationship between the equilibrium position and thibapy:
((9111 K) ~ AH®
P

oT - RT?

Again K denotes the position of the reaction ah@ © is the standard enthalpy change for one
mole (not necessarily at 1 atm).

3. Relationship between the equilibrium position and themwe:

<(9111K> AV®E
T

oP |~ " RT

AV® is the standard volume change for one mole (not necessafilgimn).
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4. Relationship between the concentration and the fregygner
oG c \Y
%)~ AG® + RTI (—)
< 23 )T,P i ! 1:[ c©

Wherec; /c® is the concentration increase over the standard conciemirat. These equations
depend on the fact that

pi = p; + RTIn <&>
c©
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7 |deal solutions

In this section, we will talk about mixtures of componentderms of solutions. In solutions, we
have some solute mixed into the solvent. There is a lot thatrbdynamics can say about such
systems. Here, we will lay the ground work for thinking abeotutions. In the next section on
chemical equilibrium, we will start to apply these ideasrtteresting chemical (eg electrochemistry)
and biochemical (eg ATP hydrolysis) reactions.

For now, let’'s consider ardeal solution. Just as “ideal” gases were a useful concept since the
math was simple but yet the results were important (and aelfor many gases), ideal solutions are
a starting point for thinking about all solutions, whethweey are ideal or not.

What is all of this good for? Common applications are the aéed colligative properties. For
example, why does adding salt to water lower its freezingfgtihus melting ice near 30F) or raise its
boiling point? Of course there are more sophisticated aggtins, but we will not go into them here.

7.1 Ideal and “truly ideal” solutions

7.1.1 Warmup: a mixture of ideal gases

Before talking about ideal solutions, let’s first tackle stlmng much easier and more familiar: a
mixture of ideal gases. Consider that we havelifferent types of gases in a box. What'’s the total
pressure on the box? Since the gases are ideal, they do e@tdnwith each other and only induce
pressure on the box. Thus, the total pressure will be the $tine partial pressureB; of them gases:

Similarly, the change in free energy (at constant presswldemperature) can be obtained by saying
that

=1
We can integrate this to get
G = Z HiTY
=1

i.e. the total free energy is the sum of the chemical potentiaighted by the respective numbers of
moles of each gas;. Since each gas is ideal, we can write the pressure dependéaachu; as

pi = j + RT In(P;/atm)

wherey! is the standard state (1 atm) chemical potential Bnid the partial pressure of the gas. So,
what we've written is the chemical potential (and theretbeefree energy) in terms of a standard state
chemical potential and the partial pressure of the gas. dm#xt section, we will derive something
very similar for ideal solutions.
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7.1.2 Definition and basic relationships of an ideal solutio

To think about ideal solutions, consider a solution with meonponents: 1 and 2. A typical place to
begin is with the simple fact that the total pressure will lve $um of the pressures

P=P +P

We can make this more interesting and useful by making aroappation. In this approximation, we
say that the pressurés are related to the respective vapor pressures of a mole pliteesubstances
P; by

P = IL’ZPZ*

wherez; is the mole fraction of componentid solution (z; = ny/n) and P} is the vapor pressure
of pure component 1. From the above equations, we get

P:Ilpl*‘i‘l’gpék

This isRaoult’s Law and it applies to all ideal solutions.

Why do we call these ideal solutions? Partly because thesiguge and we can write the pressure
in terms of a simple sum of the pressures of the individualmaments. This means in a sense that
there is no interaction (terms lik& x P, might signify some sort of interaction). Also, we can make
a connection to ideal gases. To do so, we make the followmgraent. If the vapor follows the ideal
gas law, the chemical potential of componémt this phase may be expressed as

pi(9) = i (g) + RT In(P,;/atm)

This is just the pressure dependence of the chemical patefitan ideal gas that we talked about
earlier. At equilibrium between the liquid and gas, we mustey;(g) = p;(soln). Thus, we can
write the chemical potential of componernh the solution phase

pi(soln) = pd(g) + RT In(P;/atm)
but sinceP,; = x; P}, we get

pi(soln) = pf(g) + RT n[(2;P;) /atm]
= [1(g) + RT In(P;/atm)] + RT In

Since for the pure case, we havg!) = p;(g) in equilibrium, and that;(g) = uY(g)+RT In(P;/atm),
we get
pi(g) + RT In(P; /atm) = pi; (1)
is simply the chemical potential of the pure liquid (at itsural vapor pressur@*), we give it the
designation.? (7). This let’s us write the chemical potential of componéimt the solution phase in a
simple manner
wi(soln) = pi(l) + RT In z;

This equation holds for all components of an ideal solutiot provides a more useful definition of
ideal behavior than Raoult’s Law. We should also comparestheation above to that derived in the
previous section for a mixture of ideal gases. The forms arg similar. It is for this reason also that
one can consider a solution of this form to be “ideal.”
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7.1.3 “Truly ideal” solutions

How much more ideal can solutions get? In many cases, it wWoelchuch easier to writg;(soln)
above (i.e. in terms gf?(g)) rather than in the ideal solution definition (which uggg§l)). Solutions
for which the above holds at all pressures are callely ideal solutions. In this case, the equation
above simplifies to

pi(soln) = pd(1) + RT In z;

at 1 atm pressure.

How good is this approximation? Well, the heart of this appration is the assumption that
1;(1) does not strongly depend on pressure. Let's see how truésthide can include the pressure

dependence and write
O

uﬂ>=u%m+<ap)TAP

o\ _ | 9 [9G _ |9 (oG |0 vl o= v _ v
(9P T N aP anl T N anz (9P T N anz T N n; -
whereV; is the molar volume of, we get

wll) = p(0) + Vi()AP

Since

and thus
pi(soln) = pd(1) + V;()AP + RT In z;

Note thatA P is theexcess pressure on the system (i.e. the total pressure minus théssthpressure
(1 atm)). In many cases (eg when pressure is not that far fraem]lsay 1-10 atm)y AP is small
and this term can be ignored. This leaves

pi(soln) = pd(1) + RT In z;

which can be considered as the definition of a truly idealtgmiu

Finally, how should one think about ideal solutions in tewhsome molecular foundation? We
said that an ideal gas gas no interactions between partidlegdeal solution requires that all inter-
actions (between like and unlike molecules) should be theesd8oth ideal gases and solutions and
simple models and idealizations of real systems. Howelieretare limiting cases of real systems
which do obey these relationships. Finally, these equstare a natural starting point to write a
theory for non-ideal systems.

7.1.4 Example: ideal solutions of solids in liquids

Consider a solid dissolving in a liquid to form an ideal saot In the solid state, the solute has lower
energy, but in the solution state, the solute has greatey@n(since it can be dispersed over a greater
volume). Thus, equilibrium will be a balance between theseds mediated by the temperature. At
equilibrium, we must have,(s) = ps(soln), where the subscript 2 denotes the solute and a subscript
of 1 denotes the solvent. For a truly ideal solution, we caitevtine standard state chemical potential
of the solute as

pa(s) = pa(soln) = pd(1) + RT In
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Since the pressure dependence of the solid chemical paltismiot significant, we can write,(s) =
19(s), and thus we get

whereAGgfus is the free energy change in melting (fusion). From the Gidbinholtz equation

9(AG/T)]  AH
oT L__W

we get

Olnz,\  AHY,,
or ),  RIT?

WhereAH})us is the heat of fusion of the solid (for simplicity, we will dsdhe 2 subscript). At the
melting point of the solid{},) the solubilityz, will be 100% since all of the solid would be a liquid
and the two liquids would form an ideal solution. We can in&tg the equation above to get

T
_ AHY,, < 1 1>

R \Ty, T

Inzy —In(1) = /

r A]i]qus A]i]qus
dl' = —
T, RI?

RT

Tfus

If we look at experimental data (eg see Smith, p. 89), we firmblbant (quantitative) agreement
between the prediction above and experiment for the saiybflnaphthalene in benzene. This means
that naphthalene in benzene is an ideal solution. Howdwveretare some solvents (eg cyclohexane)
for which this equations does not work. We will explore suoh ideal solutions in more detail in the
next section.

7.2 Another way to view ideal solutions

In this section, I'll present another way to derive the resule just examined. In a sense, we’ll go
“backwards,” starting from the mixing entropy.

7.2.1 Thermodynamic properties

What is the Gibbs Free Energy, enthalpy, and entropy for ealigas? Let's start with the Gibbs free
energy, from which we can calculate everything else.

We defineAG = G(soln) — G*(1). Inserting chemical potentials, we get
AG =nd zip(soln) —n > zpi(l)
Using our formulae for ideal solutions, we get
AG =n> z;[pi()) + RTInz;] —n > (1)
We see that th&, z; 4 (1) terms cancel, leaving

AG = nRTZ:Ei In z;
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This is a remarkably simple equation. The entropy can beddayn

OAG
AS = — (3—T>P = —nREi:a:i In z;

This should look familiar — it's the mixing entrogy.The enthalpy can also be found easily:

AH — <8AG/T>P 0

or

Thus, we see that the only entropy is mixing entropy and thbkagty is zero: there is no en-
thalpy difference upon mixingH,., = H;) and all the free energy difference comes from the mixing
entropy. This makes ideal solutions a lot like ideal gases.

7.2.2 Mixing entropy

What is the mixing entropy and where does it come from? Cemngidnixture of two components: 1
and 2. We haveéV; and N, molecules of 1 and 2 respectively and= N; + NV, total molecules.

How many ways are there of rearranging these molecules? Ke th& more concrete, consider
a lattice where we’'ll place these molecules (just as we ditl Wie ideal gas entropy derivation). In
this case, assume that there afesites on the lattice, so all sites are occupied. However, inawy
ways of occupying the sites are there?

One way to think of this is that there aré sites total and we need to choodg sites to place
component 1. How many ways are there of choosWgsites out of NV total? This is a common
combinatorial problem, and the answer is

N) B N! ~N!
NiJ) NN =N NyINy!
To get the entropy, we take the lo§:= £ In /. To simplfy the expression, it's natural to use Stirling’s

approximation, which says that N! = N1In N. With this approximation (which is remarkably
accurate for N¢, 10 and since we considering quantities omtar scale), we get

Wmix - <

Smix/k = NlIlN—Nlthl _N21nN2

We can simplify this to get

N-
Smix/k = (Nl + NQ) InN — Nl lan - NQ IHNQ = —N1 In (ﬁ) — N2 In (W)

Finally, since the molar ratios are the same as the moleratias (i.e.N,;/N = n;/n), we get

Smix = —NR [(E) In (E) + (@) In (@)] = —nR[r;Inx; + 29 In x5
n n n n

12For the derivations ofAS and AH, it is important to consider the possibility thdt;/dT" # 0. In general,
d(lnz;)/dT = AH/RT? and sincel(Inz;) = dx;/x;, thusdx; /dT = x; AH/RT?. Thus, in the cases where there is
not a phase transition (i.,eAH = 0), dz;/dT = 0. Cases with a phase transition are like the melting exanimeea
Cases without one would be where we want to examine the gndiiprence between solution and liquid phases. In this
case, the entropy is just the mixing entropy. This can be se@e directly in the next section.
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wherez; are the mole fractions. Finally, this result can be genegdlio get the more familiar result

Shix = —nR Z z; Inx;

This is a very general result and comes just from the comdiiitatof mixing.

7.2.3 From the mixing entropy to Raoult’s law

Another way to think about ideal solutions is to build the il potentials from a simple model.
Here’s our model:

1. The entropy of mixing is jusAS,;x = —nR >, z; Inx;

2. The solution components have no change in enthaply upeingniA H = 0. This approxima-
tion for the enthaply probably the weaker approximation sochething we will address with
Henry’s law.

In general, we have
AGyix = G(soln) — G*(1) = AHpix — TASnix
With the two assumptions above, we get

G(soln) — G*(I) = nRT Y x;Inz;

We can put in the consitutents with
G(soln) — G*(1) =Y _nyu;(soln) — > npi(l) = RT> n;lnz;
Taking the derivative with respect ig, we get
wi(soln) = pi(l) + RT In z;
Here, we can use the result from the chemical equilibriunmefure liquid with the pure gas:
wi(l) = i(g) = p(g) + RT I P} /P
and solve for solution state chemical potential:of
pi(soln) = pd(g) + RTIn P} /P° + RT In ;
Finally, we can combine the log terms to get
pi(soln) = 1 (g) + RT In; P/ P° = 1u)(g) + RT In P,/ P,

if we setP; = x; P, which is what Raoult’s law says.
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7.3 Henry’'s Law: the simplest form of break down from ideality

Consider a dilute solution, i.e. not much solute in the salvin this case, the solvent molecules will
be surrounded typically by other solvent molecules and thassolvent behaves very much like it
would in its pure form. This allows us to write the partial gsare

E3
P, solvent — xsolventp solvent

This is inline with what would be suggested by Raoult’s lawiteal solutions.

However, now consider the solute in this case. Since thdisnolis dilute, it is not like the solute
in its pure form. The solute molecules will be typically ssunded by solvent molecules instead of
by other solute molecules as one would have in the pure fotmas;Tthe relationship we wrote above
for the solvent often does not hold for the solute:

*
P, solute 7é Tsolute P, solute

However, often one can write a similar equation to deschieesblute:

_ S}
Psolute - xSOlutePsolute

The ability to write P, in this form is calledHenry’s law. It helps to keep life simple (since there
still is a simple relationship betweef, ... andzx. e, DUt this relationship is different from the ideal
case SincéS .. # Pl e What's a good way to think about®, ..? Perhaps the simplest way is to
just consider that Henry’s law dictates that),../sote = constant and that constant i8S, .. In a

sense, Raoult’s law can be considered as a special case nf$daw (i.e. special since Raoult’s law

says thatPS, .. = P*,... Which is not always true.

solute solute

From here, we can write, as we did before, the pressure depeaaf the chemical potential
pi =y + RTIn P
Inserting Henry's law, we get
pi = 1) + RT In(2eonue P°) = [ + RT'In PP] + RT In z;

We can defingi; = 1Y + RT In PP to get

wi = pug + RT Inz;

Which is the same form as we had before, except that the pateecttemical potential! is substituted
for a new value:y. Physically,. is the chemical potential of a hypothetical liquid whoseorap
pressure i$>°. However, its sometimes simplest to ignore any physicalpretation for:s and just
consider it to be a constant that is fitted to experimental.dat

The relationship above can be used to derive a useful ré3oifisider a solute distributed between
two immiscible (i.e. not capable of being mixed) liquid pbss andj. Following the above, we can
write

p(a) pZ(a) + RT Inz(a)
p(B) = p=(B)+ RTInz(P)
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At equilibrium between the two phasesand(, we haveu(a) = u(3). This yields
p(a) + RTInz(a) = pu°(B) + RT Inz(B)

which can be simplified to

©) _ oo <_u(0¢)@R—Tu(ﬂ)@>

Sincep(«)® andu(5)® can be considered to be constants (and are constant at apgrenre), we

get
()
——= = constant

z(B)

Thus, if the solute follows Henry’s law in both phases, theraf its concentrations will be constant.
This result is often called thidernst Distribution Law .
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8 Non-ideal solutions

8.1 The concept of activity
8.1.1 Basic definitions and relations

In the previous section, we showed how in dilute solutiong, can model the solvent using Raoult’s
law
wi = + RT Inx;

but we needed to modify our equation for the solute by usingriie law
wi = ps + RT Inx;

However, in many real-life situations (such as in electerulstry as well will see in the next section),
even the Henry’s law modifications break down and we need todwething more realistic. This is
where the concept alctivity comes in. In particular, we now write

pi = 1l + RT Ina;

wherea; is defined to be the activity of componeniThe activity can be thought as tbfective mole
fraction of component relative to its standard state. This effective mole fractioay differ greatly
from the real mole fraction. This is due to the interactioasA®en molecules which ideal solutions
ignore. We can define aactivity coefficient to describe these deviations:

a;  effective mole fraction

Y= = .
Loy real mole fraction

To get a better idea of what is, let’'s consider a liquid mixture. We will say that in thdwton,
we can write for componerit
pi(soln) = pi(l) + RT Inq;

and in the gas phase we can write
pi(9) = 113 (g) + RT In(P,/atm)
We have shown that for the liquid case, we can write
pi(l) = i (g) + RT In(P; /atm)
Since the liquid phase is a pure substance. At equilibriuenhawey;(g) = p;(soln). Putting these
together, we get
1 (g) + RT In(P;} /atm) + RT Ina; = pf(g) + RT In(P;/atm)

which reduces to p

NG

This also makes sense in the light of the interpretation®#ittivity as an effective mole fraction. We
can go one step further and say that if the gas phase behieweslideal gas, we can wrifé = y; P,
wherey; is the mole fraction of the gas. With this, we find

a; _(P/P})  yP

Q;

)
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8.1.2 Activity of solids in liquids

When we looked at the solubility of naphthalene in variousesuts, we found that in benzene, the so-
lution was close to ideal, but was not ideal for a hexane stltdow do we model these differences?
Using the concept of activity. At equilibrium, we have

u(s) = p(soln) = p°(l) + RT In~x

We would say that for benzene= 1 and for hexane +# 1. The precise value of would be fit from
experimental data.

We could have also thought of this in terms of Henry’s law. His icase, we would have defined
the acidity of the solute in terms of Henry’s law standardest&. This would give us

p(soln) = p® + RT Inyx

Here we also have the definevalues for the solvents. However, theralues used in this prescription
(i.e. with Henry’s Law standard statg§ will not have the same numerical values as when we used
regular standard statg8). Why bother doing this? Well, it turns out that while napditme in hexane

is not an ideal solution (and thus does not follow Raoultsg)lat does follow Henry’s law and thus

in this casey = 1 (for 1 defined in terms ofi©).

8.1.3 Activity in aqueous solutions

Many chemical experiments are carried out in aqueous solsiaind it is important to define activities
in these cases, since these solutions are often not ideal.

If the solute follows Henry’s Law, then
wi = ps + RTIna; = pf + RT Inv;z;

This is often the case when the solution is very dilute.

For an electrolyte solution, we need to make a small modifinatVe need to write properties in
terms of the molality (moles per kg). In this case, we canexfior an ideal solution

pi = pg + RT'In <L>

mol kg ™!

and for a non-ideal solution

pi =4S+ RTIna; = pf + RTIn | —20
mol kg

In this case, is the chemical potential of an ion in a solution of unit mitjal For notational
simplicity, we will now drop the unitsnol kg~! and haven values implicitly include them.

Let’s consider a simple electrolyte reaction:

NaCl = Nat 4+ Cl™
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Sodium chloride is essentially fully dissociatsdCl — Na*+C1~ in agueous solution. We can only
deal with the overall activityix.c) as we have no way of determininag,+ andaq,- independently.
We can calculatey,c; as follows. As each of the ions would be expected to follow fgsnLaw
independently, the total chemical potential can be written

Mot = finat + o = (g, + BT May,s ) + (ug- + BT ag- )
= (1S, +1G-) + (RTInay, + RTInag-)
= u, + RT Inayac

Thus, we see that

aNaCl = ANat+ X Q-
and sincer; = y;m;, we get

NaCl = VNatMNat+ X Yo1-Mc1-

Since we have equal mole components of both ions, wenget = m,- = m is the molality of the
solution. We can define a new activity coefficient by the geometrical mean of thevalues of the
ions

T+ = (”YNa+’Ycr)1/2
This is natural as we are taking the means of logs:

Invyy = % (In Yna+ + Inver-)
so we are in the end taking the mean of the contributions téréeeenergy. Withy_., we can write
aNaCl = (Vim)Q
When the electrolyte solution is more complex, i.e.
M,A, = pM™T + ¢A~

we get
aMpA, = (ang+ )P (aa-)?
and

Y = ()P (ya- )"

8.2 Chemical equilibria in solution

In the previous sections, we have mostly talked about thdilega of gas phases. Indeed, when we
derived the equation

1i(g) = wi(9)° + RT In(P;/atm)

we explicitly used the ideal gas equation. In solution,ikfa bit different. It is for this reason that we
introduced the activity and wrote instead

pi = p; + BT In(as)
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Now we will consider the simplified equilibrium
A=DB
We can write the following equations to describe this system

pa = pS+RTInay = p5 + RT Inyamy
pp = py+ RTInag = p5+ RT Inygmp

At equilibrium, u4 = ug and
AG® = u —p5=—-RTlag/ar = —RTIh K,

whereAG® is the change in free energy when a mole of A at unit molalityaasformed into a mole
of B at the same concentration (with both solutions behaasd they are extremely dilute).

8.3 Electrochemistry
8.3.1 Equilibrium and free energy I: Legendre transforms

There is another way to introduce new state functions sudth ardG which is more mathematical
and perhaps a little less intuitive than the methods we uadige However, it can help clear up some
aspects of how we definell, G, etc and is in general useful — especially when we want tadel
new effects, such as electrostatic potentials in elecemastry into our thermodynamic potentials.

Here’s a mathematical run down of a Legendre transform. idena functionf (z). Now suppose
that we want to writef (x) in terms of its slope, instead ofz. To make this concrete, consider
the Helmholtz free energy(V,T"). Imagine that we want to writé’(V,T) in terms of its slope
dF/dV = —P, i.e. we want to writeF" in terms of pressure and thus get the Gibbs free energy.

How do we do this? At each value of we can writef () in terms of its slope by the definition
of the slope (slope equals the rise over the run, so):

y—g(p)
x—0

p:

whereg(p) is the intercept of the tangent line. We can rearrange theesiooget

We callg(p) the Legendre transform gf(z). In the case of transforming the Helmholtz free energy
into Gibbs, we have the simple connection that V, f(z) = F(V,T), p = dF/dV = —P, and
g(p) = G(P,T) and thus we get

G(P,T)=F(V,T)+ PV

Note that the sign is flipped singe= — P.
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We could do the same for all the other thermodynamic potsnti&tarting from the entropy
(which we have a microscopic understanding of), we can Leégeiransform to create the other
thermodynamic potentials.

As another example, we can use Legendre transformationsttive Gibbs free energy for fixed

chemical potential:; instead of fixed number of particles. In this case, we make the connection
thatx = n; (since the original Gibbs free energy is for fixeg andp = 0G/dn;. Then we get

oG
G Py T7 P) = G 9 T7 P) — 7
T, P) = Gl T.P) = (5 )
In principle, there are still many things which are typigdileld constant for which we can perform
further transformations to create new free energies. Wkonglate another one in the following
sections.

8.3.2 Equilibrium and free energy II: Electrochemical work

What is electrochemical work? We can start with Coulombis, levhich dictates the strength of
interactions between charges:
p_ 1 Qs
- drey 12 "
We can calculate the work as we did before

- 1
wae = [ Frdr=— D% = 40
TEQ r
where
_ LG
dmeg T

is the electrostatic potential ardigl = (), is our test charge. In chemistry, we often assume that the
potentialy is defined by the surroundings and what we are changing isntieeiat of charge (eg by
the flow of ions). In this case, we can take the derivativegf. to get

dwelec - _¢dQ
(Note that the above is sometimes, eg. in Smith, written ims$eof the electromotive forc& as
Welec = _EQ)
8.3.3 Equilibrium and free energy Il A new free energy (sort of)

Now, we will use a Legendre transform to introduce a modifie@alled theransformed Gibbs en-
ergy ) to include electrochemical work. With this new work, we chafine the Legendre transform

G/:G_Z¢iQi

often we write the charge in terms of the charge on thesjdimes the number of ions;: Q; = z; fn;,
wheref = Nye = (6.02 x 10%) x (1.6 x 107°C) = 96 x 10°Cmol ! is Faraday’s constant:

G'=G- Z@%ﬁ%
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We can similarly do this with a new (transformed) chemicakpdtial
;= i — $:Q; = i — dizif

These new transformed quantities now act just like the oboin a sense, they are new potentials in
the the way that’ is different fromG, except they now include ionic degrees of freedom.

For a multiphase system involving electric potential defeces between the phase, neither the
potentials of the phases nor the amounts of each componentare necessarily fixed. Thus, we
must allow each to possible vary and write

dG' = dG - ¢:dQ; — > dp:Q;
= dG — Z Gizifdn; — Z doizi fni
Finally, itis interesting to compare the form&& anddG’ when written in their respective natural
variables. We can writéG’ in its natural variables by noting that

dG = =SdT + VdP 4+ judn;

and substituting this into our expression #d¥’:

Noting thatu; = ), + >°; ¢:;Q;, we get

dG' = =SdT + VAP + Y pidn; — > ddizi fn;

From the above, we see that the transformed chemical patentefined as

(50 ),
= K
on; T.Pnj.é;

wheren; denotes all species with # i. Note that the transformed chemical will depend on the
electric potentiab; of the component phase.

When do we use vs i//? When we are talking about the equilibrium between two phasand
[ (even if these two phases have different potentials) wevgiile

i) = pi(3)

8.3.4 Equilibrium and free energy IV: Physical reasoning

Recall that when we originally defined the Gibbs free enesgysaid that!/G' = dw.qgitiona- 1HUS, at
constantZ” and P, we normally defined equilibrium by

dG =0 (T and P constant)
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In electrochemistry, we finally get to a case where we havatiaddl work, sincedw,qqgitionas =
dwelec-

However, if we don’t define a transformed chemical potentren we must modify our concept
of equilibrium. We defined a transformed chemical potersiiate in the electrochemical case, either
d¢; or dn; may be non-zero. Equilibrium in this case is givendgsy = 0 notdG = 0. If we say that
dG" = 0, what does that tell us abou;? We have

dG' = dG — dwejec

So the condition ofiG’ = 0 at electrochemical equilibrium means that equilibriurhiis tase written
in terms ofdG is
dG = dwelec

This result is stated in Smith without much reason why. lddtrced the idea of Legendre transforms
to help clear this up and explain it (in at least a mathembtoran). Physically,dG = 0 is not the
equilibrium criteria since théG = 0 condition for equilibrium requires th&? is constant.

The relationship between the regular and transformed Ghtgesenergies parallels that of the
Helmholtz and Gibbs free energies. Similarly, we could heivesen not to introduce the Gibbs free
energy to describe constaRtequilibrium. Using an argument similar to that above, we waite

dG = dF — dwp\/

and thus constart equilibrium means thatG' = 0 or thatd /' = dwpy. We could us this equilibrium
condition to study all constant pressure transformatibosjt is cumbersome and not as elegant —
it's certainly simpler to say that equilibrium is definedd&s = 0, whereX is the appropriate state
function. Of course, this means that we have to get the dostate function for the job!

8.4 Electrochemical cells (aka batteries)
8.4.1 Fundamental equation for an electrochemical cell

Consider a simple chemical cell, illustrated in Fig. 8.1sdich a cell, when the external circuit is open,
the electrodes will have different electric potentials igtharise from the tendency of the electrode
material to give up electrons and pass them into solutionheiVthe circuit is closed, chemical
reactions will take place which lead to electrons being nesddrom one electrode and transferred to
the other. This reduces the free energy and this availaddesinergy can be harnessed to do work. This
is how batteries power devices: when they are new, they héasoh potential chemical free energy
stored. As they are used, this free energy is decreasetitheyireach the equilibrium conditions of
no current passing (a dead battery). Batteries spontalysinasn but never spontaneously charge!

Let’s think about the specifics of how this happens. In theindFig. 8.1, one electrode is made
of zinc surrounded by a zinc salt solution while the other &lmof copper in a copper salt solution.
These two solutions are linked (by the “inert electrolyte’the diagram) in such a way that ions can
flow from one compartment to the other, but this “salt bridgeSet up such that this mixing happens
slowly (i.e. nearly reversibly).
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e

Zn inert electrolyte Cu

R a ) a

Zn-l--l- cu-l--l-

Zn->2Zn**t +2e Cu**+2e ->Cu
Figure 8.1: A simple electrochemical cell.

There are two different tendencies for these two electro@les zinc wants to form ions and give
up electrons
Zn — Zntt 4 2e

and the copper wants to pick up electrons and have coppetegaisited on the electrode as metallic
copper
Cu™ +2e — Cu

The overall reaction is thus
Zn+ Cu™™ — Zn™" + Cu

In the external circuit, electrons flow from the zinc eled&do the copper.

Let’'s now write the change in the transformed Gibbs freegnéor this reaction. Although sev-
eral phases are involved, the equilibrium condition is gibg >, v;1; wherey; are the stoichiometric
coefficients as before. Thus, we get

p(Zn, s) + p(Cu'™, ag) = p(Zn"", aq) + p(Cu, s)

If we write thep in terms of transformed chemical potentials, weget u, + z;n; f ;. However,
for the neutral species = 0 and thus in those casgs = (. With this, we get

(20, s) + (' (Cu™™, aq) + 2nfor = p/'(Zn"™, aq) + 2nfér + 1/ (Cu, s)

where¢r and ¢, are the potentials of the right and left electrode respelstivSince the change in
free energy can be written in terms of the difference in cloahpotentials

AG = {//(Zn, s) + p/(Cutt, aq)} — [//(Zn*'*, aq) + p'(Cu, s)]
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we find that the reaction free enetgys given by
AG = =2nf(¢p — ¢r) = —2nfE

where £ = ¢r — ¢, = A¢ is the electromotive force (i.e. the voltage differencewssn the
electrodes). In general, one finds that

AG = —|venfE

wherev, is the stoichiometric number of the electrons in the el@ttemical reaction ( in the case
abover, = 2).

To get a better sense of how these reactions work in generajder the equation
A=DB

We can write the reaction free energy as
A,G = AG® + RTn (“—B>
aa

SinceA,G = —nfFE, we get

“nfE = —nfE®+ RTn (a—B>
aa

and thus

RT ap RT
— S _ — F° _ [ =
E=F (n >ln<aA> E (n >ana

whereK, is the equilibrium constant of the cell reaction. For a maaeagal reaction, eg.
aA+bB =IL+mM

we would get
n a%al nkF
This equation (called thernst equation) relates the em# of a cell to E© (which is the emf of the

cell when all reactants and products are in their standatdst £© is thus called thetandard emf
of the cell.

What happens at equilibrium? In that casgz = 0 and we get

A G RT
S E° ="K
nf 0 and nFn a

I - m
E—E°— (@> In <M> — E° _ (E> In K,

This is the mathematical description of what happens whéterdies are drained dead: they reach
equilibrium and then voltage (emf) no longer flows.

13By reaction free energy, we mean the free energy we haveewtittfore as

oG
AG =52 = Z vii;
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We can use the relationshilp.G = —n f E to calculate the other thermodynamic quantities. For

example
0A, G OF
T |, or ),

and

AH=AG+TA.S=-nfE+ (9_E nfT
ar ),

8.4.2 Standard potentials and battery emfs

Know that we have derived the basic equations for electroated cells, let's now apply them. Ex-
perimentalists have measured the standard éffiffor several different metals and ions (cf Smith p.
118). Different choices of metals lead to different progstFor example, in the cell in our previous
case, we had zinc and copper. The standard emfs are

E°(Zn**,7Zn) = —0.76 volts and E°(Cu™*, Cu) = +0.34 volts
Since the total emf is given by the difference of emfs, we gethie cell in Fig. 8.1
E° = Ey — EY =0.34 — (—0.76) = +1.10 volts

The standard electrode potential is a measure of its tegderyain electrons. IE© is positive, then
the electrode will gain electrons (as copper did in our eXajnpThe alkali metals have the most
negativeE’° while the halogen electrodes are very positive. These atdmabtentials could be called
standard reduction potentials since they measure therepndas the electrode to be reduced by the
gain of electrons (high positive most likely to be reducedstmegative most likely to be oxidized).

Finally, we can use our formulaehere to describe the thermamycs of oxidation/reduction. For
example, consider the reaction
Fe’t + e = Fe?"

The Nernst equation may be applied to this electrode al@h&tifre to a standard hydrogen electrode).

Thus, we get
E=E°- <E> In <“Fe2*>
nf Qs+

At equilibrium, there will be no emff = 0) and one finds that

E° = AT In [ et
nf Qs+
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8.5 Coupled biochemical reactions

I've mentioned that biology tries hard to fight against eipuiim, since the equilibrium state for these
systems is death (and we don'’t like death). One way in whicloly keeps itself from reaching
equilibrium is to have a continuous series of spontanecaions. But how do you make reactions
which are typically not spontaneous (since they eithergase enthalpy or reduce entropy or both)
proceed spontaneously? By coupling of reactions: If thérel@seaction increases the free energy
(and thus would not be spontaneous), one can couple thaawgdction which lowers the free energy
a huge amount and thus the total reaction will lower the fresxgy and thus will be spontaneous.

For example, cells use ATP as an energy form. ATP is createditing a phosphate to ADP
ADP + P, — ATP + H,0

This reaction required,. G’ = 39.7 kd/mol of free energy. While this is a lot of free energy, keep
mind that ATP is biology’s way of storing energy and this gyewill be able to be used elsewhere.

The reaction would like to go in the reverse direction. Hogrewne can create ATP from ADP
by using another coupled reaction

creatine phosphate + HyO — creatine + P;

which has &\, G’ = —43.5 kd/mol free energy difference.
Coupling the equations gives us the overall reaction

creatine phosphate + ADP — creatine + ATP

We can calculate the reaction free energy simply as the suhreakeaction free energies of the two
constituent equationsA,. G’ = 39.7 + —43.5 = —3.8 kd/mol. Thus, since the overall reaction free
energy is negative, the system will “spontaneously” crédte.
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9 Modern applications of thermodynamics

9.1 Introduction

In this chapter, we will apply the formalism and methodolatgveloped in previous chapters on
modern applications on Thermodynamics.

At its heart, these applications follow three themes fotdig models:
1. First start with an “ideal” model, where entropy dictaadis
2. Then add interaction in a methodical way for more complexiefs.

3. These models are useful in situations where the smak¢siisido not play a significant role —
in cases where the models are “universal’

9.2 Real gases

We have talked about ideal gases and a simple extension todev&Vaals gas. Even a van der Waals
gas is an approximation, which we seemed to have made sorhavtiaarily. Is there some way to
systematically make our approximations in order to handieensophisticated models?

9.2.1 Taylor expansions

Before getting into a virial expansion and the virial eqaatilet’'s make a brief mathematical detour
and talk about Taylor expansions. Consider a funcfior) which might be fairly complicated. Let’s
say that we only need to approximate it in some region aro@gointz,. A Taylor expansion tells
us that we can write

d
O =+ | s
and in general to all orders ' 4
df (x — xp)

2!

@ =3 0

T—To

Figure: Plot of sin(x) vs x abd the first 4 non-
zero terms in the Taylor expansion. We see
that as we add more terms to the Taylor se-
ries, the approximation gets better and bet-
ter. This is an example of a “controlled” ap-
proximation, in which there is some mathe-
matical means to decide how we add terms.

1.

f HXL

0.
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Let’s take a familiar example, the functieim(z). We can approximate this function around the
pointz = 0 to be

ZEQ [EB [E4 375
sin(z) = sin(0) + cos(0)x — sin(O)? — cos(O)g + sin(O)ﬁ + cos(O)m +
= i
- T %6 120

sincedsin(z)/dx = cos(x), d cos(z)/dx = —sin(z), sin(0) = 0 andcos(0) = 1. The main idea here
is that as we add terms to this series, the resulting appeiiomgets closer to the correct result.

The relevance of Taylor expansions to problems in physicahustry in general is the concept
that often we are interested in perturbations around somigepar physical region of interest. We
can then use Taylor expansions to test how things change a®\adittle away from the original
value.

9.2.2 \Virial equation

We are now in a good position to understand how to systenfigticaprove the “ideal” laws we
studied. In particular, these laws were ideal in the sersethiey neglected (or radically simplified)
the interactions between molecules. When we introduceddantions into the ideal gas equation of
state, for example, we found qualitatively different babav In fact, what we found was a phase
transition from the gas to the liquid phase. This transiti@s driven by molecular interactions.

Typically, more sophisticated treatments will not have &myher grand qualitative changes to
the theory, but will typically make the theory more quarita Nevertheless, it is important to
understand how this occurs and we are now in a good positistutly this, considering what we have
learned so far.

A natural approach would be to write the free energy for aaligas using a Taylor expansion as
we talked about in the previous section. One way to think aibos is that ideal gases are exact in
the very dilute regime, where the density is essentiallp £er= 0). If we increase the density, then
there is a greater chance of interaction and the gas willaievyrom ideal gas properties. Typically
in thermodynamics texts, one writes additional terms toemiifrom ideal gas behavior. At its heart,
there are similarities in this approach. Here, we will take thermodynamicist approach.

For an ideal gas, we know that

PV
PV =nRT d th — =
n an us nRT
In 1901, Kamerlingh-Onnes proposed an equation to desdebmtions from this ideal nature. In
particular, he wrote (where the densityis= n/V)
PV
- —14+RB Co®+ ...
WRT +bp+Cp~ +
As we make the gas less dilute (more dense), we start to sestidas from Ideal behavior. The
character of these deviations have to do with the natureeottrefficients in our expansion. In this
case, this expansion is given another namarial expansion, but the idea is the same: the first term
Bp describes two body interactions, the next describes thodyg, letc.
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Note that we can rearrange this equation into two intergdbnms. First, we can solve for the
pressure to get

P:RT% 1+Bp+0p2+-~-} :RT[p+Bp2+Cp3+~-~}

Thus, we are performing a Taylor expansion of the functitip) in small densityp = n/V. We

do this since we know that all gases are Ideal in the case gfloerdensity (ideal gases assume no
interactions and there are essentially no interactionseafgas is so dilute such that particles never
bump into each other).

Another way to think about this is to relate the presshréo a free energy. We can relate the
pressure to the Helmholz free eneypy P = —0F /0V. This allows us to write

—g—‘]j:RT[p+Bp2+Cp3+~-~}

If we integrate both sides with respect to the volume, we get

1
F = nRT [Bp#—iC'p?—l—---} —nRTInV

Enteraction - TS translation

whereF eraction = nRT[Bp + %C’pQ + - -] and Sy anslation = PR In V. We can identify the terms on
the left above as the interaction free energy terms{...ion), Since forB = 0, C' = 0, etc we have a
non interacting system. | say interaction free energy singginciple the coefficient$3 andC, etc
could be temperature dependent. In that case, we couldatd@n interaction entropy by

a1_7’in‘cer&u:tion 8 1 2
Sinerac ion — — T am T Aam RT|B e
teract aT g B+ 500"+

and Siyteraction 1S NOt Necessarily zero.

The second term in the free energy abdVig.«1.tion = 7R In V' is exactly the translational entropy
(i.e. the entropy of choosing the positions of the molecirdke box) that we found for the ideal gas.
This term does not go to zero when we turn off the interactajrtourse.

What do the coefficients typically look like for real gases? most gases, the two body term
becomes attractive at low enough temperatures, althowgtntbe body term is typically considered
to be repulsive (liquid molecules attract each other, bl tma point — they never occupy the same
space!). For example, thie coefficient is typically temperature dependent:

T—-1Tg
T

Here, | write the characteristic temperaturelassince this temperature has a special name — it is
called theBoyle temperature At this temperaturd s, the B coefficient (called thesecond virial
coefficient [C' is the third, and so on]) equals zero. This means that theatiemifrom Ideality is
small and thus near its Boyle temperature, a gas behaveslike@n ideal gas (although whénis

far from T, it does not look ideal).

B = by
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9.2.3 vdW fluids revisited

Finally, let’s revisit our arguments for improving idealsgs. We can use the densitys our order
parameter (gas has low density, liquid has relatively higimst, we said that we needed to improve
the energy term by including interaction and wrote

U nap 9
—_— = —— = —(
Vv Vv P
Herea is the strength of the attraction between two particles. sTthena is positive, this energy

decreases as the density increases (since the partickas atich other).
Next, we improved the entropy term by saying that particlesot be at the same place and wrote

S =nRIn(V — nb)

We can rewrite the entropy in terms of density= n/V andn and then Taylor expand for small
density
S b2p2
5= In(n/p —nb) =1In(n/p) +In(1 — bp) ~ In(n/p) + bp — — T
where we used the Taylor expansiafil — z) = x — 22 /2 for smallz. Thus, we get a free energy of

the form
F(p)

1
T:RT (b—&/RT)p2+§b2p3+plnp + const

where we have ignored terms lofn as they are unimportant in the thermodynamic limit. Theee ar
three important terms here. We could rewrite the above as

F
% = Bp® + Cp*® — Swix/RV + const

where ]
B=(b—-a/RT) and C = 562 and Spix/RV = —plnp

Note that there will be constants of ordethat have been dropped. They are constant in the sense
that they do not depend dnor p, justn. When we take derivatives with respectifcr p in order to
find equilibrium behavior, these constants will disappear.
1. We interpret the first term as the second virial coefficiewe have been seeing the same
behavior in many of the system we have looked at. The tramsiémperature is again the case
whereB =0, i.e. a

B=0=0b- T Tg = —
0 b &/RB = B &b

Indeed, we could write
T—-Tg

T
whereTs = a/Rb. We write this transition temperature @s since this point is often called
the Boyle point.

We see thaB < 0 for T' < Ty since this is where the attraction is strong enough to beat ou
the free energy contribution from the entropy. This contfmetibetween energy and entropy is
fairly common. This is also at the heart of equations like

AH
3 ——
B=AS

which we derived in previous sections for phase equilibria.

B=b
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2. We interpret the second teithas the third virial coefficient. Notice that it doesn't quatively
change with temperature: it is always repulsive. Many feitleetween molecules (eg Coulomb
charge-charge interaction or van der Waals interactiaeg)arwise, i.e. they involve only the
interaction between two particles. Thus, often we onlyudel two body attractive terms into
the energy. There are some forces which involve many boagtsfileg hydrophobicity) and
thus to model these, one must typically include many bodgetibn as well.

The bottom line is that this term typically balances out ttteaation of the lower order term
and keeps the system from collapsing to a point (infinite dgns

3. Finally, theS,,ix/V = —Rplnp is a “mixing” entropy (per unit volume). Here what we are
mixing is particles with empty space (and thus there are herderms). These terms are fairly
common as well and often play an important role in the theynadics.

However, don't let this formulation confuse you — this isliggust something familiar. Taking
N N
mix = —RVplnp = —RV—1n—
S, RVplnp RVV n <y

we can simplify this to be
Shix = —RNln% =NRInV —NRInN

We have been ignoring terms which just depend\oand N In N was one of them. The other
term is familiar to us: it's the translational entropy.

9.2.4 Understanding isotherms

Consider the Gibbs free energy= F + PV of a vdw fluid:

2

N
G=F+PV =—am — NKTn(V — Nb) + PV

At equilibrium, the system will want to go to the absolutesfenergy minimum. To calculate this,
we conside®G/0V = 0 and thus we find

oG _ N° O NKET
ov v VvoNy T

solving for P, we get

V2TV N
which we can rearrange to the more familiar equation of state

N2
<P + aw> (V — Nb) = NkT

Let’s expand this to see all the terms. We get
aN?  abN?

PV — PNb+ & — NKT
M
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If we multiply by V2 and arrange the terms, we get a cubic equation
PV?® — (PNb+ NET)V? + aN?*V — abN® =0

which has three solutions. What could these solutions be?

Recall thatoG/0V = 0 will hold for the absolute minimum, but also metastable miaias well
as maxima — anywhere that the slope is zero. Thus, we have t¢arb&l in how we intepret this
equation. It will yield solutions which are not the true freergy minima, but the maxima and meta
stable minima as well.

For example, for a system with two phases, we expecidtigd®l’ = 0 will hold for three points:
two free energy minima and one maxima. Finally, there is #é&r@sting point where these roots of
0G/0V = 0 coincide, i.e. that there is just a single free energy minifikis point is called the
critical point. For temperatures below the critical point temperatdre<( 7.), there will be two
phases. Fof" > T,, there will be no real difference between the two phases.hdtctitical point
(T = T.) there is some pretty unusual behavior, but such aspecbegond the scope of this course.

9.2.5 Calculation of Liquid-vapor equilibria

If one looks at an isotherm, one will see that the isothernsgim@ugh an inflection in the co-existence
region. How does one know where to delineate this region?s@nes this with thélaxwell con-
struction. Simply put, we know that the coexistence region is delieedly the point where the free
energy of each phase is equal. At constant temperature,weelha= — PdV'. Thus, we can find the
point where the free energies are equal by integrating alo@gquation of state

AF:—/HW

whereP is the pressure from the equation of state and the integilahis over the appropriate pressure
range for each of the two phases.

While performing this integral mathematically can be difftdor complex equations of state, one
can do so graphically by looking at the area under the curtiedrequation of state and recognizing
that this area is in fact the integral above.

9.2.6 Law of corresponding states

Let’'s explore the van der Waals equation of state. If we Idgkassure vs volume (or temperature vs
volume), we see that there is a discontinuity in the volumi jasnps from one size to another. This
discontinuity reflects the fact that liquids take up mucls keslume than gases. However, as we raise
the temperature, we find that the transition becomes les¢easdliscontinuous, and at a particular
point (called the critical point), the transition is no largliscontinuous. Finally, above the critical
point, there is no transition at all: there is no simple distion between liquid and gas.

To see this more clearly, we can do some algebra. We can fingdloere the critical point is in
terms of the molecular parametersb, andn by the following means. Fdf' < T, there are three
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roots to the vdW equation. At = T, these three roots must fuse together. Thus, in the neighbdr
of the critical point, the equation of state must take thenfor

(V—Vo)’ =0

We can expand the cubic to get

V3 3V.V2+3V2AV - V=0
and compare this to the vdW equation at the critical pdint 7., P = P.), i.e.

(P, +an?/V*)(V —nb) = nRT,
which we can multiply through to get

PV — Pnb+an®/V — an®b/V? = nRT,
If we multiply by V2/P., we get
V3 —nbV? + (an?®/P.)V — an®b/P, = (nRT,/P.)V?

which we can rewrite as

nRTC) V24 an? an’b

P, B R
Comparing terms, we gét® = an®b/P. and3V? = an?/P.. Thus,V,./3 = V3 /(3V?) = nb. From
here, we get

V3—<nb+ =0

_ 8a o a

~ 27nb “2Tn2p?
Thus, we see that we can rewrite the vdW equation in termseo¥atues ofP, V', andT at the

critical point P = P/P., P = V/V,, andT = T/T,) instead of the molecular parameter$, andn.

We find a very simple relationship:

— 3 — 1 8—
P+—= |V - —) =T 1
(Pe) (7-3) -3 W
What does this mean? It means that the molecular parametérs:j are important in determin-
ing the critical point (i.e.T,, P., andV,) but otherwise are not important. In other words, we would
expect that different gases would all follow the same eguafabove), if we correct for differences
in the values off., P., andV.. The idea that the vdW equation above (or any equation of)stain

universally describe many different types of gases is calledaleof corresponding statesand is a
powerful property common to many systems in statisticallmacs.

RT,

V. =3nb

9.3 Polymers

Polymers have become an important material in chemistysips, chemical engineering, and biol-

ogy, due to their broad applicability in materials, indisgtapplications, as well as many important

biological biopolymers (DNA, RNA, and proteins). While tieeare vast differences between differ-

ent polymers on a chemical level, there are many propertiéshaare independent of these chemical
details, and thus are “universal” in the sense previous$geed. Here, we examine some of these
properties.
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9.3.1 Universal aspects of polymers: persistence length

One of the more important universal properties of polymethe persistence length. Different poly-
mer chemistries vary in their stiffness: for example, DNA/gy stiff whereas proteins are fairly
flexible. To quantify this, one can defingarsistence lengthas the typical length scale at which the
polymer can bend.

To quantify this, let’s consider more directly the corrdatfunction(u;, - ;). If the chain is very
flexible, then this correlation function vanishes. However a stiff chain, this correlation function
will not vanish and instead will decay with a characteri&iogth/:

(@ - ;) = exp(=[i — jl|/{) (2)

This chacteristic length is called tipersistence lengthsince it describes over what length scale the
bond vectorsi; decorrelate.

One can imagine taking any polymer, whose normal monomeremer distance ig and recast-
ing it as a polymer made of effective “quasi-monomers” safeal by a distancé This new polymer
will be completely flexible. In general, when we talk aboug #tatistical mechanics of polymers, we
will assume that this “quasimonomer renormalization” hasrbpreformed and that we are working
with an effective model in which the chain is flexible. Cheatidifferences between polymers only
changes the value df(for example for proteing ~ 1 nm and for DNA/ ~ 1um), but afterwards is
not important.

9.3.2 The central limit theorem

A favorite question of mine is “why does taking more data poimelp”? The reason is that adding
up random noise converges. For example, let's say that weeflia series of coins and added up the
result to ber (heads = +1, tails = -1). If we added the sum/offlips, the average would be 0, i.e.
we’d expect an equal number of heads and tails. However, fepeduced this test several times,
what would the distribution of look like? It turns out that it's a Gaussian distribution:

1

P(z) = NorI exp(—x?/2N)

with a mean ofz) = 0 and a standard deviation ¢fN. The standard deviation tells us the breadth
of the distribution. We know that the widest this distrilauticould be isV (the maximal value of: is
N —i.e. when all coins turned up heads — and the minimalAswhen all were tails).

This result has uncountable applications and is a very itapbroncept to remember. It's espe-
cially interesting to look at the fractional standard dé&oia, i.e.

standard dev VN 1

N - N UN
We see that the fraction of the width gets smaller and smafieve do more flips — it gets more and
more likely to get the mean. This is why it's useful to take endata points in lab. The random

deviations that one produces get averaged out, and moraswere takes more points, one converges
at the right answer with greater certainty.
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9.3.3 Random walk

The simplest model of a polymer is a random walk. We assuntéite@olymer does not interact with

anything, and can be modeled as the path a diffusing polyakesst First, it is natural to calculate
the probability distribution for the end to end distancetogtpolymer. To do this, we can assume
that each link of the polymer is oriented in a random mannesimply our thinking, let's consider a

polymer constrained to a cubic lattice. Then, each link Gorentedta in each dimension, where

a is the length of a link.

In each dimension, we can add up these random variables tbey&ttal end to end vector. We
know from the central limit theorem that the probabilitytdisution for a sum of random variables is
Gaussian s

P(R,) = (27?]\@@2)7 / exp(—R2/2N,a*)

with zero mean and a variandé.a?, whereN, are the number of steps taken in thdirection. Since
there are three dimensions, = N/3, i.e. a third of the steps will be in thedimension. Since we
have random sums in each dimension, the end to end distastabution takes the form (whergis
the number of dimensions)

P(R) = P(R.)P(R,)P(R.)
= (27rNa2/3)73/2 exp(—3R2/2Na?) exp(—3R;/2Na®) exp(—3R2/2Na?)
= (27TNCL2/ 3)"4? exp(—3R%/2Na?) (3)

whereR? = R? + R? + R? = |R|%.
However, we're concerned with the magnitude of this vectdy,a.e. the end to end distance
R = |R|. Its distribution takes the form

P(R) = (2xNa*/3) """ 4n R* exp(~3R? /2N a?) @)

We got this value from the fact that there areR? vectorsE of length R. Another way to think of
itis thatP(ﬁ) is the probability of finding a particular vectdt, whereasP(R) is the probability of
finding any vector of lengtt®. Thus, the two are related by(R) = 47 R2P(R).

We can calculate properties of the polymer from this distidn. For example, we can calculate
the mean squared end to end distaé§é> = Na?. We can also calculate an entropy by saying that
the number of stateQ(R) with end to end distanc® is Q(R) = P(R)S2, where, is the total
number of states (and thus is a constant):

3 R? R?

S(R)/k =InQuP(R) = —=——

9 NCL2 + In —(27TN@2/3)3/2 + In Qtot +c (5)

wherec is a constant.

9.3.4 Flory’s theory for a self-avoiding walk

In the previous sections, we have been talking about a randaliky which does not interact with
anything. For example, it can bump into itself. Of coursés th not physical and real polymers are
self-avoiding walks i.e. their segments have some excluded volume.

©Vijay S. Pande 89 April 15, 2008



A simple, elegant, and remarkably quantitative theory éiravoiding walks was posed [Btory .
Flory’s idea for self avoiding walks is much like van der Waapproach to fluids: start with the ideal
case (for polymers, a random walk), and then add in inteyasti To write the free energy of a
self-avoiding walk, we combined the entropy from the randeafk

d R?
S(R) =5~ (6)
(where we have ignored tHe R term as it is most relevant at smat) with a term for the energy
taken from the second virial term
N N?
E(R)=NBp=NB— = B— 7
(R) p v 7 (7
where we have absorbed constants (suckiigsnto the definition ofB. Also note that we have set
the volume to scale lik& ~ R? this allows us to solve the problem for arbitrary dimensiity.
Since the excluded volume makes the chain repel itself, weeknow thatB has to be positive.

From this, Flory calculated the free energy

N2 d R?
F(R) = Bﬁ + T§N—a2 (8)
and found the equilibrium state by finding the free energyimim
OF N2 d R
o5 = Blgai +2T5 55 =0 (9)
which leads to
TR"™ = Ba*N* = R~ N" (10)

wherev= 3/(d + 2) is an example of &ritial exponent for the self-avoiding polymer walk. It
describes how the typical size of the polymer scales withnilmaber of monomerg/. To see the
accuracy ofFlory theory, let's compare the Flory result for to the exact results. The agreement
is striking — the Flory result is correct ith = 1,2, 4 and within 3% of the result fo = 3. While
these results are striking, this was in some sense a bit kf filgce one can show that this accuracy
is caused by a convienent cancellation of errors. NeversiselFlory theories of this form (i.e. start
with the random walk entropy and add in interactions via thergy term) are a very common way to
describe polymers and can be very accurate.

spatiald  vpiory Vexact

1 3/3=1 1

2 3/4 3/4
3 35 =0.586
4 3/6=1/2 1/2

Before going on, let’s think about what we would expedb be like. Consider & dimensional
box. The number of things which can fit in that box scales likaolume, i.e N ~ R? and thusk ~
N'4 and thuss = 1/d in this case. Thus, it is natural to interpigt- as thefractal dimensionality
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of the system. For example, random walks scale like: N'/? and thus have = 1/2 = 1/d; and
thus have a fractal dimensionality @f = 2.

What does this mean? For random walksiin= 2, we expect that it will completely fill the
2D plane. However, random walks in 3D will not. Finally, tlmeans that since the trajectories of
random walks have essentially a two dimensional nature ithe > 4, we expect that they will
never intersect (or very rarely, much fewer than or¥etimes and thus in the thermodynamic limit,
their interaction is irrelevant). Thus, th= 4, we would expect that even self-avoiding walks would
behave like random walks. To test this, let’s look at the ¥lasult. We find that = 1/2 for d = 4
and thus even in four dimensions, self-avoiding walks slidedéerandom walks.

However, for other dimensions, we see a strong deviatiam fifee random walk behavior. Cer-
tainly in d = 1, we expect that a self-avoiding chain would have to be cotalylstretched out, i.e
R ~ N and thusy = 1, which is what Flory theory derives in this case.dlr= 2 and 3, the result is
not so glaring, but we still find that the repulsion due to adeld volume makes the chain swell, and
thus have a higher than that of a random walk.

9.3.5 Coil to globule transition

When the chain is a random walk, it is much like an ideal gast dsesn’t interact with itself and
simply tries to maximize entropy. When we put in excludedivog, the chain swells. However, if the
chain attracts itself, then one would expect that the chaualdvcondense into something equivalent
of a liquid, called a polymeglobule, where the chain is compact and the size scales like the wlum
R ~ NY4,

To predict the coil to globule transition, one can simplytera free energy in the form of a virial
expansion

F = NBp+ NCp? (11)

whereB andC are the second and third virial coefficients, respectivdhder the solvent conditions
where the polymer is self-avoiding (calledgaod solven}, we expectB > 0, and thus the free
energy minima occurs at = 0, i.e. the coil state. When the polymer attracts itself (iroacalled
poor solveni, thenB < 0. In this case, we have a free energy minima at

Z—];:NB—%QNC’p:O = p:—% (12)

As the density gets greater, the approximation to keep tertysup to the third virial coefficient
becomes worse and worse. However, from this simple exjpressne can see that there is a gradual
transition from coil to globule, i.e. aB goes negative, the density gradually decreases. Thides-dif
ent from the gas-liquid transition of the van der Waals eiguatvhich predicts a jump in the density.
These two styles of phase transitions (gradual vs a jummadledfirst order phase transitionsand
second order phase transitionsrespectively. We'll talk in more detail about what theserte mean
later in the course.

9.3.6 Another approach: Starting from the number of states

Consider a one-dimensional random walk, moving up or dowa st@rt by examining the number of
states with\V; steps up an&v; = N — N; steps down. This is simply the way of choosiNg out of
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N and is given by the binomial coefficient

N N!

263 = (v, ) = wv—

The corresponding entropy

N!
Ny N)=kEInQ(N;,N)=kln|—————
SN, N) = ko (8, V) = & nlNT!(N—NT)!]

can be simplified using Stirling’s formula in the largeand N; limit, i.e. In N! = N In NV, to get
S(NT,N) = k)lIlQ(E,N) = ]{J[NIDN— NTIDNT - (N—NT)ID(N— NT)]

NEk[n N — (N;/N)In N(N;/N) — (1 = N;/N)In N(1 — N;/N)]

N, N, N-N N—NT]
BN A} 1
{N N e\

Now, consider that the number of steps up and down will likedyclose toN/2 when taken
at random: Ny = N/2+6; andN; = N/2+ 6, = N/2 — ;. Then, we can rewriteV, /N =
(1/2)(1+26;/N)andN,/N = (1/2)(1 + 26,/N) and the above as

S(6,,N) = —Nk{(%) (1 +25—]\T[> In [(%) (1 +25—]\T[> + (%) (1 - 2%) In [(%) (1 - 2%)“

Using the Taylor expansions(1 + z) ~ = — 2?/2 andIn(1 — z) ~ —z — 2%/2 and keeping all of
the terms up to orde¥;, we get

- ! 26\ (26, 20 25\ [ 26, 267
S(6;,N) = Nkln2— Nk (§> KHW) <W_W -2 (- -

o7
— Nkln2— 2kl
i N

Note thatNk In 2 is the total entropy (number of walks). Since the end to esthdce in one dimen-
sion is given byR/a = Ny — N| = 24;, we get
R? R?

S(R,N) = Nkln2— 2k

and thus
Q(R,N) = 2" exp(—R?/2Na?)

This is the result in one dimension. Next, we address theidnénsional case.

9.4 Ising model

The Ising model was originally formulated as a model for metggm. However, due to its simplicity,
it has been applied to many different systems, includinghtilkéx-coil transition in DNA, neural
networks, etc — just about any system which is based on elesmdrich can take on 1 of 2 states.
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9.4.1 The Non-interacting Ising model: a simple but useful radel

In this section, we will examine such a simple model. It wagioally intended as a simple model
for ferromagnetism, but as we will see, it can be used for nggsyems including gases, liquids, and
DNA helices.

In the model, there ar@/ sites. Each site has a spin which can be either up or down., Tieis
total entropy is
Siot = kIn2Y = NkIn?2

However, what is of more interest is the entropy as a funatiol;. We start by examining the
number of states withV; spins up andV, = N — N; spins down. This is simply the way of choosing
N; out of N and is given by the binomial coefficient

N N!

6N = () = Fw =g

The corresponding entropy

N!
can be simplified using Stirling’s formula in the largeandNV; limit, i.e. In N! = NIn N, to get
S(Nt,N) = klnQE,N)=Ek[NInN — NyInN; — (N — N;) In(N — Ny)]
= Nk[InN — (N;/N)InN(N;y/N)—(1—N;/N)InN(1 - N;/N)]

Ny, Ny N-N; N—NT]
= kKNInN — Nk |—1n— |
kN In k NnN+ ¥ n N

In the non-interacting Ising model, the spins only intenath the external magnetic field (not
with each other). We define the energy of this interactionst®’b= —mB(N; — N)), i.e. the energy
is the net number of spins point up times the field stredgiénd the magnetic moment per spin
The minus sign is there since it is energetically favorabledint in the direction of the field (up).
The energy simplifies t6/ = —mB[N; — (N — N;)] = —mB[2N; — N]|.

Now, we have all the terms we need for the free energy:

F(Ny) =U(Ny) =TS(Ny) = —mB[2N; = N] = kT [NInN — NyIn N; — (N — N;) In(N — Ny)]
To find the equilibrium behavior, we findF'/dN; = 0. After taking the derivative, we get

F
A B kTl + Ny — 1 —In(N — Ny)] =0
N,

We can rearrange terms to get

QmB_ NT . N—NT B
T —ID[N—NJ_ ln[ 1— In [N/N; — 1]

which simplifies to

Ne— N 1 _ N exp(mB/kT)
P Vexp(=2mB/kT) + 1 exp(—mB/kT) + exp(mB/kT)
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~ 1 Figure: Plot of sech®(1/T)/T? vs T, corre-
£ 08 sponding to the heat capacity C of an Ising
If 0.6 system. We see that the heat capacity is def-
- ' initely not constant as a function of 7. More-
=04 over, there is a peak in the heat capacity at
D 0.2 RT = mB.

“ 0

SinceN, = N — N;, we also get

exp(—mB/kT)
exp(—mB/kT) + exp(mB/kT)

N =N

From the equilibrium values faV; and N, we can calculate the other thermodynamic quantities by
inserting the values fa; and N, above into formulae. For example, for= —mB(N; — N|), we
get

U — —mB N exp(mB/kT) B N exp(—mB/kT)
exp(—mB/kT) + exp(mB/kT)  exp(—mB/kT) + exp(mB/kT)
= —NmBtanh(mB/kT)

SinceU = —mB(N; — N|) = —mBM, we see that the magnetizatioh can be written as

M = N tanh(mB/kT)

You might not be familiar with hyperbolic functions. Hereeaome definitions and useful deriva-
tives:

sinh(z) = % lexp(z) —exp(—z)] and cosh(z) = % lexp(z) + exp(—x)]

d 1 d 1
— sinh(z) = = [exp(x) + exp(—z)] = cosh(z) and — cosh(z) = = [exp(x) — exp(—=)] = sinh(z)
dz 2 dx 2
sinh(x) 1
tanh(zr) = ————= d sech(z) =
anh(z) cosh(x) and - sech(z) cosh(x)?
Finally, we can calculate a heat capacity:
Cy = 3T = —a—TNthanh(mB/kT) = Nkm*B*sech”(mB/kT)

We see a very interesting behavior: there is a peak in thedsgecity around” = mB/k. This
signals that something is happening at this temperatureelsh, this is the point where the system
crosses over from the low to high temperature behavior.
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1.4 Figure: Plot of z, z/2, z/3, and tanh(z) vs

1.2 x. The intersection points are the solutions
1 to the equation z/a = tanh(z). We see that

0.8 there can be 1 or 2 solutions corresponding

0.6 to m = 0 and some non-zero m.

0.4

0.2

9.4.2 Basic forms of interaction in the Ising model

Basic ideas.Finally, the title of this chapter was “The Non-interactiisghg model.” These spins do
not interact. Interaction would mean that one spin woulddfits neighbor: if a spin is pointing up, it
might have an influence on the direction of its neighbor. ldmagnets, this interaction leads spins
to all point in the same direction.

We can make a simple model for this interaction by considgihiat the magnetizatioh/ itself is
like a magnetic field. In this case, we say the spins creatdfactige magnetic fieldB.s = JM/N,
where.J is some coupling constant for interaction between spins.

Using thisB.g, we start from the result we had for the non-interactingeayst
M = N tanh(mB/kT)

If we say that the external magnetic field is zero, but thesgoreact to the magnetic field generated
by the magnetization. Thus, we say tiiat B = JM/N and we get

M = N tanh(mJM/NKT)

This equation can be solved iteratively on a computer, bpeibaps most easily done graphically. To
do so, I'd suggest rewriting the equation with= m.JM /NkT and thusM /N = zkT/m.J. We can
think of x the way we daV/ since they’re related by constants. Thus, we get

xkT/mJ = tanh(x)

Now, plottanh(z) vs different linesckT"/m.J depending on the slope of these lines (i.e. depending on
kT /mJ), we’'ll see several different solutions to the equatioe. (points where the two curves inter-
sect). At high temperature, there will be one solution at 0 (corresponding td/ = xkT'/m.J = 0).
This is the paramagnetic phase, where entropy dominatetharalis no ordering. As we lower tem-
perature (decrease the sloperéfl’/m.J), we see that there are three solutions, one at positamed
one at negative and one at solution. These non-zero solutionsifare two different possible free
energy minima corresponding ferromagnetic phases:(the) solution corresponds to a free energy
maxima).
A more mathematical analysis.We can analyze this more mathematically by looking/dt’/m.J =
tanh(z) at smallz. Using the Taylor expansidmanh(z) =z — z*/3 + - - -, we get

kT x?

mit T
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One solution to this equationis= 0. We can simplify this by dividing by to get two more solutions

z=+V3 [1—k—€]1/2:i\/§ [1_2]1/2

m T.

It is natural to define a critical transition temperattite= m.J/k. We see that at high temperature
T > T., only thex = 0 solution is a real number. Fa@r < T,, we have three solutions: = 0 and

r = ++/3[1-T/T,)'/2. These three phases are the same as those discussed atsiead-af solving
the equation by graphing, we've simply done so by a Taylaesepproximation.

Note that there are two ferromagnetic solutions! One fortpesand one for negative magnetiza-
tion. This is important and is the result of an importayinmetry: the Ising system has no preference
for up or down. Thus, if there is some magnetization due tg#er pressure of spin-spin interaction,
while the whole group will agree on some direction, the dioec(up vs down) is arbitrary. As long
as they all agree, the energy is the same.

Since we have obtained this by a Taylor expansion for smalese results are only numerically
accurate for smalt (i.e. small)/), although one can numerically solve the equations abotte avi
computer to obtain better numerical results if that is debir the Taylor approximation is useful for
our understanding of the nature of these phases and thess s not change.
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9.5 Appendix: Probability

Since many students have not formally taken a class in pilityabere are some comments to more
better flesh out some issues relating to probability.

9.5.1 Definitions and preliminary remarks

Much of the basics aspects of probability is probably faaniio you. Here’s a brief review for
completeness and notation.

1. We call all the possible outcomes of an eventrtherostatesof the system. For example, for a
coin flip, the microstates are heads and tails. For a die, thee®states are numbers 1-6.

2. Often it is useful to group microstates together intacrostatesbased upon some common
properties of the microstates. For example, we could ineaginhe dice case, two macrostates
being odd and even outcomes of the die roll, each macrosiagsting of 3 microstates.

3. We can assigprobabilities to events with particular microstates as outcomes. For pigm
for a fair die, each microstate is equally likely and thus &g that they have equal probability.
The probability is related to the experimental outcome eings. For example, if we flip a coin
N times, we expect it to be heagg..qs/V times, wherep,..qs iS the probability of the heads
microstate.

Clearly, the following properties must hold (and can beegitleasoned, or taken axiomatically)

(a) Positivity: The probability of eveni” must be non-negativei( &) > 0.

(b) Normalization: Since the number of events corresponding to microstatd’; = p; N and
sinced}", N; = N, we must havé_, p; = 1.

(c) Additivity: if A and B are disconnected events, thef¥ or B) = p(A) + p(B). Thus,
since each microstate are disconnected outcomes, thelyigbaf a macrostate is the
sum of the probabilities of its constituent microstates.

9.5.2 Single variable distributions

In the previous section, | gave examples using discreteorandariables (eg the 6 discrete outcomes
of rolling a die). Now, let’s consider continuous randomiahles. Consider a continuous set of
microstates, each with a different valuezodnd—oco < = < 0.

We can define some fundamental relationships.

1. We can consider thprobability distribution function (PDF) p(z) to be the probability of
an outcome microstate with value p(z) is the continuous equivalent {g; for example,
the discrete normalizatiop; p; = 1 has a natural integral equivalefit’ dzp(z) = 1 in the
continuous case. An example of a continuous PDF is the piitlgadf an event happening if
in timet the rate isk: p(t) = kexp(—kt) and [, dip(t) = 1.

Note thatp(x) is not unitless, but rather has the same unit§/as This is clear due to the
normalization criterig/ dzp(xz) = 1. For this reason, we should technically ga(k) a proba-
bility density, whereag(x)dx is a true (unitless) probability, corresponding to the tiac of
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microstates of value within a rangefz. This distinction is not needed in discrete distributions,
wherep; is a true probability.

2. We can define theumulative probability function (CPF), P(z) as the probability that a given
outcome that is less than .
P(x) = / dx'p(x)
0

Using the time probability example above, we can calculageprobability that the event has
happened by time as P(t) = i d'kexp(—kt) = 1 — exp(—kt). As one would expect,
P(t — oo) — 1. Unlike the probability distribution function, the cumtilee probability
function is unitless.

3. Theweighted averageg(or “expectation value”) of any function, effz) can be calculated as

() = [ ple)f)

—0o0

With our rate example, we can calculate the average time to)be [° dtk exp(—kt)t = 1/k
(i.e. the inverse of the rate, as we would expect).

While we often think of PDFs in simple models as Gaussiansettadunctions, PDFs can be
complex. Thus, we need some systematic means to charactieein. A natural way to do so is by
using a cumulant expansion. | will not go into greater dstaflcumulants, other than mentioning the
first four, which are familiar to most students. The first foumulants are called threean, variance,
skewnessandcurtosis of the distribution, and can be obtained from the momentssggsactively

(), = (x)
(), = («*

<x3> = <x3> -3 <x2> (z) +2(z)°
('), =«

o

Cc

For example, for a Gaussian PDF, i.e.

p(x) = (2m0%)!* exp[—(z — \)*/207]

we have a mean dfr),.
are zero:(z%), = (a*)
and variance.

A and a variance ofr?), = o°. It turns out that the higher order cumulants
= 0 and that the Gaussian can be compactly described simpl logaan

Cc
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10 Phases and phase transitions

10.1 Whatis a phase and a phase transition?
10.1.1 Qualitative defintion

We have talked about phases throughout this course, buaperiot directly given a definition. A
phase describes a particular form of matter (eg liquidssga®lids, solutions). Typically, differences
in phases are not of chemical nature, but physical. Whatrifftiates liquids from gases is how the
molecules arrange themselves.

Phases are something for which thermodynamics is partlgulgll suited since phases arise
due to a balance between energy (enthalpy) and entropy.xganme, at high temperature, entropy
dominates the free energy and one typically finds a gas, sircg@as phase has greatest entropy.
Similarly, at low temperature, typically one finds a crystsihce crystalline phases are precisely
arranged in order to minimize the interaction energy.

Phase transitions are, well, transitions between phaseaseRransitions have common forms,
such as ice melting or water boiling, but there are many systwhich are phase transitions which
you may not suspect (eg protein folding or ligand (drug) bigdl These less familiar cases also must
obey the laws of thermodynamics and thus what we have leavilleabply to them too.

Perhaps the greatest strength of thermodynamics is théhaicit is inherently quite robust. By
this | mean that we can make simple models and still get gosdltee Raoult's law, Henry’s law,
and ideal gases, are good examples of very simple model®whitwork remarkably well. Simple
models work well since the essence of thermodynamics igngdtte enthalpy and entropy correct.
Often, this does not require a microscopic understandirthetinderlying mechanism, but rather a
general idea of the thermodynamic forces at work.

Thermodynamics is also robust due to the existence of staetibns. State functions allow
us to calculate or measure thermodynamic properties impatly unusual ways, but get the same
result. This invariance with respect to path makes thermanycs invariant to small perturbations
(like small errors in a model). Thus, while thermodynamgsised to describe something truly
complicated, there is the hope that a simple model may capier essence of the thermodynamics
and give us a good understanding of the system.

10.1.2 Ehrenfest classification of phase transitions

The Ehrenfest classificationof phase transitions distinguishes discontinuous phassitrons from
continuous ones. Ehrenfest proposed that phase trarssttarid be classified asith order” if any
nth derivative of the free energy with respect to any of itaiangnts yields a discontinuity at the phase
transition.

For example, in the van der Waals equationfok 7., we saw that there was a discontinuous
jump in the volume. This jump typically means that there igré&kkn the equilibrium free energy
vs temperature. When we take the first derivative of the freergy (with respect to temperature,
for example), we find that the first derivative is discontinsi@ue to this kink. Thus, we call these
transitiondirst order phase transitions.

©Vijay S. Pande 99 April 15, 2008



On the other hand, there is no such discontinuity for the @aseT’. in a vdW fluid. In this case,
the first derivative is continuous. Such transitions areclty calledsecond order phase transi-
tions, but this name is typically includes all transitions whiale @ontinuous in the first derivative
(and thus includes third order, fourth order, etc). Sineertame “second order” is a bit misleading,
the prefered term is aontinuous phase transition but old habits (and nomenclature) are hard to
break.

Finally, we can ask, mathematically, where does this digeoity come from? If we look at the
free energy or the partition function, they are just sumspbaentials, and thus look like they should
converge and not lead to singularities, eveb in their deviea. Where does this singular behavior
come from? Interestingly, we should keep in mind that therenie singular nature of functions like
the partition function or the free energy, namely the thedtymamic limitN' — oco. Mathematically, it
is the thermodynamic limit which leads to singularitiestod partition function or free energy. Since
these singularities are associated with phase transjtremsome to the result thahase transitions
only truly occur in the thermodynamic limit!

With that formal statement said, clearly nothing in the ense is formally in the thermodynamic
limit and thus, in a pratical sense, we say tiat— 1mol is sufficiently close to observe phase
transitions. However, this is not as clear once one looksiettmsmaller systems, such as polymers,
nanocrystals, proteins, etc (which could have as few asifiGitoms).

10.2 Landau theory

In order to describe phase transitions in a simple, elegatpowerful manner, Lev Landau (one of
the greatest physicists of the 20th century) introducedrplg, phenomenological means to study
phase transitions which is now calledndau theory. This model igoghenomenologicakince it does
not make any attempts to address all microscopic aspecte shaterial in question, but rather tries
to incorporate only the most important and most relevant¢esp

In Landau theory, one first chooses some appropoiater parameter. An order parameter is the
name given to the state variable used to differentiate ect'om disordered phasésFor example,
since the gas phase has a much larger volume than the liqued;auld use the volumié as an order
parameter in the gas-liquid transition. In this Ising modleé magnetizatioo\ is a natural order
parameter, since it discriminates the paramagnetic frenfeiromagnetic phase.

Next, one makes an argument about the nature of the freeyemsrthis order parameter. In
particular, one typically assumes that the order paramstemall and writes a Taylor expansion
for the order parameter, making some arguments about tlhweenat the various coefficients of the
expansion from symmetry or other physical arguments. Thense here lies in the explanation of
why one chooses certain properties for these coefficiemsthts reason, Landau theory may seem
simple on the surface, but is actually fairly subtle andmftensidered to be a sophisticated means to
address phase transitions.

Actually, one way to define a phase is as the ensemble of statgg“in”) the free energy minima along the order
parameter.
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500 Figure: Landau free energy for an Ising sys-
400 tem at three different temperatures.
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10.2.1 Landau theory for Ising systems

For example, let’s first consider the Landau theory for anggerromagnet. It is natural to choose
the magnetization as the order parameter. In the commotiomtane typically uses as the order
parameter in Landau theory. Next, we write the free energy wsa Taylor expansion for smadl.
This much is simple:

F = a¢ + bg* + c¢® + do* + O(¢°)

Now the science lies in the values of these coefficients (aakihowledge that we can keep terms
just up toO(¢*)). What do we know about the symmetries of this system? Itheno external field
(Bp = 0), then there is no preference for the direction the spinsakdn to. At low temperatures,
they should align in the same direction, but that directearbitrary: it could be either up or down
and there would be no difference in the free energy.

This means that only terms which are invariant to a flip of therall magnetization should remain
in our free energy. Such terms ar@o a positive power. The negative power terms will flip sigrewh
¢ flips sign and thus they are not invariant (they vary!). Thus are left with

F = b¢* + do*

Next, we have to make an argument about the valuésaatld. The¢? term is much like the? term

we talked about in the vdW energy: it deals with the interacthetween two particles (in this case

spins). What is the interaction between these two parfickstshigh temperature, one would expect

that entropy would dominate and thus there would be a repuisteraction between these spins. At

low temperature, there should be an attractive interacfidrese two values should be balanced out
at the transition temperatuife. Thus, we can write

T -1,
1.

since this has the desired properties>(0 for 7' > T,.; b < 0 for T < T,; andb = 0 for T' = T,). by
IS a positive constant.

Now, we have to choose a value fér For simplicity, we can simply say thatis a positive
constant. We know that it will be hard for 4 spins to agree ¢eslly at small magnetizations — recall
that we are doing a Taylor expansioni = ¢).

b:bo
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If we put this together, we get

T -1,

F = T

¢2—|—d¢4

What does this look like? Fdr > T, there is one free energy minimag@t= 0 and atl" < 7., there
are two free energy minima &t| > 0.

Thus, we see that there is a phase transitidfi at 7,.1> One important point is that this phase
transition occurs gradually: 8 = T,, ¢ = 0. As we lowerT, the free energy minima value @f|
gradually increases. We can see this easily by calculat@gdquilibrium condition

dF T-T,
 —9p— € 4dd® =
p; b T ¢+ 4de® = 0
and thus
_QbO(T B Tc)/Tc 260(1 — T/Tc)
gq: 1d and thus  ¢q = = —

So, forT = T., we find thaty = 0 and|¢| increases as we decrease temperature. This type of phase
transition (i.e. in which the order parameter graduallytowously changes) is calledcond ordetr

First order transitions occur with a spontaneous jump in the order paramwhich we will see in

the next example below.

Of course, we got these results due to the restrictions wagat the coefficients based upon the
symmetries of the problem. There are two powerful resultbist

1. The results we get for this system will be identical to atheo system with similar symmetries.
We will not talk about other systems in too much detail hew] vill mention that the statistics
of random walks has the same symmetries as that of the Isimigim®hus, Ising results also
apply to random walks (and thus many polymeric systems).

2. With this simple Landau free energy, we can calculate fatluw thermodynamic friends and
interpret them in terms of the very simple parameters of codeh 7., by, andd.

We can calculate essentially many other thermodynamiceptigis from/£'(¢). For example,

oS 0’°F
Cv=T5r = Tom

ForT > T,, ¢q = 0 @andF(¢eq) = 0. Thus, it has zero heat capacity. Hox T, we calculate

0? 0?
Cv = —TWF(@Q) =T7m

bo

T — T, —2bo(T — T.)/T. L —2bo(T = T.)/T.\*
T, Ad 4d

Thus, we get

- T=T. 0
v { T <T. (3by/2d)(T/T?)

SHopefully, you will see now why we stopped @t terms. We did not need to go any higher in order to describe our
system.
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10.2.2 First order transitions

How can one create a first order transition? A simple mears s®@mehow break the symmetry of
our problem. For example, consider the Ising system destidbove. If we break our spin flipping
symmetry, then we would have to add in the odd poweréerms. For example, consider including
thece? term. In this case, we get

F = bp? + c¢® + dop*

We calculate equilibrium for this case to be

dF
e 2b¢ + 3c¢® + 4d¢® = 0

We find three solutions for this cubic equation:

_ —3c+ v9c? — 32bd
N 8d

If we plot F'(¢) at different temperatures, we see how these free energymaibecome relevant. We
see that at very high temperatures, there is only one minia-a 0. However, asl’ is lowered,
another minima appears (&t="7). At T' =7, the two minima have equal free energy andfok?,
the second minima has lower free energy. When one minimagdlse other, the equilibrium value
of ¢ jumps from one minima to the other and thus there is a discoatis (first order) transition.

First order transitions occur throughout biology. For epéemn (my favorite example) protein
folding is a first order transition. We can ask why this migatdiologically favorable? In this case,
the order parameter would distinguish the folded from tHelded phases. If the protein gets mutated
a little bit, then the free energy of the folded state incesas little bit, but the system is still in the
folded state. If the free energy changes too much, the sygterps to the unfolded state and the
protein gets eaten up by proteases (biology’s disposatsystThus, proteins are tough enough to
withstand some damage, but when they “break” they break teiglp, in a discontinuous all-or-none
manner.

¢=0, ¢
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11 Statistical Thermodynamics: a molecular basis for thernody-
namics

11.1 The microscopic world: Energy levels

Often, we think of thermodynamic properties, such as mattenergy, as being continuous. However,
one of the most fundamental lessons from quantum mechantbst this is not the case, but rather
on a microscopic (atomic) scale, the worldjisantized. By this, we mean that almost all quantities
used to describe matter (energy, position, momentum, &ke) on discrete values when we look at
individual atoms. Each permitted state is written in terrhguantum numbers which have integral
(or sometimes half-integral) values.

For example, for a particle confined to a cubic box of lerigthe energy levels can be written as

2

h 2 2 2
€=g (ng +n, +n3)

wherem is the mass of the particld, is Planck’s constant, and,, n,, andn, are the quantum
numbers of motion in the, y, andz directions. Then values are restricted to be integers and thus
there are only certain permitted values of the energy.

The above result only considered the motion of the parttblet(anslational energy). In general,
polyatomic molecules also have other types of energy. Ieiggifto a good approximation) we can
write

€total = €Etrans T Erot T Evib T €int
where the new terms correspond to the rotational, vibratj@md interaction energies of the molecules.
Theses energies are also quantized.

Often these energies (especially the translational eexgwhile formally discrete, are so close
together that they act like they are continuous. This is whgur everyday world, we often don'’t
see this quantized nature of reality. Also, for many therymagiics applications, we can ignore this
aspect and treat these quantities as being continuous.

Finally, with a knowledge of how many particles are in a particular energy statg one can
calculate the total energy simply by

U= Z €1

states

As we will see in the later sections, simply knowiagand n; will also let us calculate all other
thermodynamic properties. Before we get to that, we musadegtter sense of what we mean by
“states” in the summation below and in general learn how tiheoacopic world is connected the
macroscopic one in which we live.

11.2 From the microscopic to the macroscopic world
11.2.1 Microstates, Macrostates, and Phases: new names familiar concepts

First, at the very most fundamental level arierostates Microstates correspond to the re-arrangements
we talked about when we gave a microscopic interpretatidgheéntropy. The entropy of something
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is the In of the number of microstates. For example, consid&t of 2 coins. In this case, there are 4
possible microstates:

i Tl 11 H

and in general, folV coins, there aré” total microstates. For an ideal gas, each microstate would
correspond to a particular arrangement of particles in the b

Next, often there is a logical (thermodynamic) way to grouprostates, based upon some (typi-
cally) macroscopic parameter. This ensemble of microsiatealled anacrostate The concept of a
macrostate is particularly useful since we typically measaalculate, and think in terms of macro-
scopic properties, and we don’t care about the underlyingroacopic states (microstates) which
comprise the macrostate, but rather the properties of tloeastate.

For example, in the coin system, we could choose the numbeoin$ with tails as a means to
group microstates. In our coin spin example, we have

MO =2, MOL)=MUT)=0, M(l])=2

Thus, the macrostate fo¥1 = 0 consists of two microstate$ ( and| 1) while the other macrostates
consist of only one microstates. The In of the number of nsiates in a macrostate is the entropy
of that macrostate. For an ideal gas, for example, we cowdds#the volumé&” as our macroscopic
parameter used to define macrostates. While there certaithlye microstates which have small vol-
ume, the entropy of the macrostate with maximal (box fillimglume will have the most microstates
(i.e. the most entropy).

Thus, if the energy of macrostates are the same (as they are for an ideal gas), then the macrostate
with the greatest entropy will be the equilibrium macrostate. This is nothing more than what we've
said earlier about entropy, energy, and equilibrium, exoep we have introduced the concept of a
macrostate and its relationship to microstates.

Finally, we have mentioned phases several times in preveuiares. If we calculate the free
energy ¢ or G, depending on the relevant conditions) vs our macrostatnpeter)/ (which was
M for the Ising system ol for a gas in our previous discussion), we will often see freergy
minima in F'(M). These free energy minima correspond to phases. Thuisaseoften consists of
several values a#/, which corresponds to possible fluctuations of the phagé.in

11.3 Connection to the equilibrium constant

To see how our understanding of the equilibrium constanheots to stat mech concepts, let’s look
at the equilibrium constant under two special cases.

11.3.1 Special case 1AU =0

Recall that in the reactiod = B, we said that the relative concentrations of A and B could b&em
as

pa _ exp(—AF/kT)
PB

Let's look at this expression a little more carefully. Let@y that there is no energy differenté’ =
0. Thus,AF = AU — TAS = —TAS. Using the microscopic interpretation for entropy, i.e.
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S = kInQ and thus) = exp(S/k) (where2 is the total number of configurations available), we get

pA exp(Sa/k)  Qa
e exp(—AF/kT) = exp(TAS/kT) exp(Sp/k) ~ O
where we have usef\S = Sy — Sg, Q4 = exp(Sa/k), andQp = exp(Sp/k).

Let’s think about what this means. We've said before (whenmwgee talking about vdw fluids)
that the concentratiop is much like the probability of finding the system in a giveatst This is a
good way to think of the formula above. Let’s say that theee(ar= 2,4 + Q5 ways of arranging
the system in general. Then, in the case where energy diffeseare zero, we simply want to know
what's the probability that we'll find the system in A vs B. Heeprobabilities are
Q4 Qp
o Ty
If the entropy difference is zera\S = 0), then we know that we should expect to find A and B in
equal quantities. This makes sense when we think of thingisgtilistically, since we say that the
two have equal probabilities.

paA =

11.3.2 Special case 2AS =0

Now let’s consider the case whefeS = 0. In this case
pa _ exp(—AF/kT) = exp(—AU/KT)
PB

or equivalently in terms of probabilities
PA — exp(—AF/kT) = exp(—AU/KT)
PB
We see that the system has a greater probability of beingeirstéite with the lower energy. If the
energies are equal, then so are the probabilities. Just asate the probabilities for the case above,

we can also write
exp(~Ua/kT) ~ exp(~Up/kT)
B 7 ’ B Z
Note that this preserves the rafia/pp = exp(—Ua/kT)/ exp(—Up/kT) = exp(—AU/EkT). In-
stead of(2, we have a normalization constafit We will see that just a$§) has a clear physical

interpretation (total number of states), so ddes

11.3.3 Looking closer atZ

This form for the probabilitiesy; = exp(—U;/kT)/Z) is attributed to Boltzmann and the quantity
exp(—U4/kT) is called theBoltzmann weight. Since we know that the probabilities otlad states
in the system must sum to 1, we can say that

exp(=U;/kT)

Here, thei's label the different microstates. Singeis a constant, we can pull it out to get
Z = Z exp(—=U;/kT)
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11.3.4 What are Boltzmann weights?

We found that if macrostates have the same energy, then thepgrof a macrostate decides which
macrostate will dominate equilibrium. However, what sldowé do if the energies aren’t the same? In
order to consider the role of energy on the probability ofifuigca given state, we need to consider the
concept of a Boltzmann weight, named after Ludwig Boltzm#mnfather of statistical mechanics.
(Note that the discussion below assumes constant tempexatu

Simply put, Boltzmann weights say that relative probapitif finding two microstates is related

to their energy difference: b
é = exp[—(e1 — €)/T]
where P; and P, are the probabilities of finding states 1 and 2 in equilibriumande, are their

energies, and’ is the temperature.

Note that microstates cannot have entropy since entropeigtof how many microstates there
are — microstates are a fundamental unit of re-arrangenesdilplities. With this said, the above
should look very familiar. Recall, we said that

C

— = exp[— (G — Gy)/T]

Co
from arguments about chemical equilibrium between two wutzes 1 and 21(= 2). In the case
where we are working at constant volume and since micrashatee no entropy, we get

Gi—>€i

Also, let’s think about what we mean by “the probability ofding state;.” One way to think about
this is to imagine that we have lots of copies of a given systeathwe look to see what state these
systems are in. The fraction of systems which are in statteany given time is the probability of
finding the system in state This is analogous to the concentration of particles widest i.e.

¢ — b

Thus, we get Boltzmann weights from our original results bemical equilibrium.

Boltzmann weights are the fundamental building block of atatistical mechanical analysis —
they connect energies with probabilities. As we will segidglly we will start our analysis of a
problem by looking at the relevant microstates and thenidenshe probabilities of finding these
microstates.

11.3.5 A brief tangent: why are Boltzmann weights of this fom?
Why are Boltzmann weights of this form? In the discussiorWelve will see that this form is the
result of just a few simple assumptions, namely:

1. There is no absolute zero of energy that is meaningfull{atlis important is the relative energy
difference)

2. Relative probabilities are related to energy difference

©Vijay S. Pande 107 April 15, 2008



Thus, this very fundamental part of statistical mechanesssron very simple and pure roots (and is
thus very broadly applicable).

Let's say we have two microstatésand?2 with energied/; andU,, respectively. We expect that
this relative probability has to do with the energies of therostates. If something has really high
energy, we expect it to be unstable, much like in the mechariamples we discussed early in the
class. Certainly, we can write the relative populationshese two microstates as a function of their
energies

L ruy,0y)

ai

Note that one can think of the’s as a concentration, or as being proportional to the probability
a; ~ Pz

In general, the zero point of energy is arbitrary and in faitwe care about in life is energy
differences, so

LU - )

ai

Any change in the zero point in energy would cancel. Now theaéqn above should be valid for any
three microstates, i.e.

a a,
= = f(U, = Us) and = = f(Uy—Us)
a1 a2
Mathematically, we can write
s _ %2, U3

aq aq ag
And thus, our unknown functiofi must satisfy

f(UL = Us) = f(Ur = Uz) x f(Uz — Us)

What types of functions have this form? Exponentials doati,frecall that

e*TY = %Y

If we say that
1) =

whereg is a constant. To verify that this form fgrdoes indeed satisfy our requirements, we can plug
itin
PU1=Us) _ BU1=U2) ,B(Uz2~Us)

and thus, we find that

Q2 — PU1-U2)
a1

Finally, we see that this allows us to write the populatioafarbitrary microstatg as

. — B
a; =e "7

Thus, from these simple assumptions, we have arrived azBaln weights.
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11.4 The statistical approach

Now that we have made some connections between the miciossapmacroscopic world, it is time
to get down to business and do some calculations.

11.4.1 Partition functions

We have found that the number of molecules in a given stateéndpy

g exp(—e€;/kT)

no

We can use this to calculate the properties of interest. ¥amele, the total energy is
U= Z n;e; — Z €; exp(—el/k:T)

and the average energy per molecule is

U Yine  Yieexp(—€/kT)
N S Y exp(—e/kT)

It is convenient to identify the denominator as geetition function Z:

Z = Z exp(—¢;/kT)

We can regard it as theffective number of energy states accessible to the system. This makes sense
since in our average, it is the normalization (and the nomatbn in the average is typically the
number of things you are averaging).

There is another important relationship to keep in mind yiitition functions. Since energies
of a system are additive (@,ia1 = €irans + €rot + €vib + €ine) @nd often the states of a system can
be decomposed into translational, rotational, vibraticeta degrees of freedom, one can break down
the partition function

Z = exp|—(Etrans + €rot + €vib + €int) /K T]
into several parts

7 = Z exp(—€grans/kT) Z exp(—éror /KT Z exp(—éyin/kT) Z exp(—é€ine /ET)

and thus, we can write
Z = Ztrans X Zrot X Zvib X Zint

This is very useful since it allows us to break up our problato manageable parts.
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11.4.2 Entropy

To think about the entropy, let's consider that the systeaygarticles. Each of these particles are
in certain states. Indeed, theindicate how many of these patrticles are in stated the sum of these
>, n; = N is the total number of particles.

The entropy is the In of the number of rearrangements of thageles within these energy levels.
For example, if all of the particles are in the ground stdtent,; = N andn;~o = 0. In this case,
there is only one arrangement (all in the ground state). hewaf half are in the ground state
no = N/2 and half are in the first excited state = N/2 then there are a lot of ways of arranging
these particles. How many? Think of it as the number of wayar@nging particles in boxes. For

two boxes, this is
N

TLQ! X TLl!

and for many boxes this generalizes to

N!
Comg! Xyl X -

Since the entropy is related to the number of arrangenmié&nly
S=klnW
then we need to calculate
InW=InN!—-Inng—Inn; —---=InN!— Zlnni
If N andn; are large, we can use Stirling’s approximation
InN'~NInN — N

(which by the way is remarkably accurate and can give goadteefor even smallV). Thus, we find
that
InW=NInN—-N > (n;lnn; —n)

but sinceN = 3" n;, we get
ImW =NInN—Nlnn; = N(InN —Inn;) = NIn(N/n;) = —NIn(n;/N) = = > _n;In(n;/N)

and thus

S = —NkZ%ln% = —NEY pilnp;

We derived a similar result when we talked about the mixingogry. One way to think about this
very fundamental result is th&tS = Inn, for state: and the probability of finding stateis p; and
thus it is not surprising to find an entropy of this form.
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11.4.3 Partition functions and free energy

Finally, let’'s use our result for the energy and entropy toveethe relationship between the partition
function and the free energy. We know that= U — T'S. Let’s solve this for the entropyS =
U/T — F/T. Now let's write S in terms ofZ. To do this, we say that

S = —NkZpilnpi
and that the probabilities are given by Boltzmann weights
_exp(—&/kT)
pi = - 7
Taking the In we get

6,
—Inp, =—+1InZ
np kT+n

Substituting this in, we get
; 1
S=—=Nk> pilnp; =Nk p; <k€_} +1nZ) = Nk <k_T > pies +1nZZpi)
Sincey"p; = 1 andy_ p;e; = (e) = U/N, we get

S = Nk <L+1nZ) :%—FNk;an

NET
But sinceS = U/T — F/T we immediately see that
F=-NET'lnZ

Thus, we see thakt' is directly related to the partition function. We are now ipasition to think
about how all of this comes together. We can think of the partifunctionZ = exp(—F/kT) as
the weight of the system, just asp(—¢/kT") is the weight of a single microstate. In the case of the
system

Z = exp(—F/kT) = exp[—(U — T'S)/kT] = exp(=U/kT) exp(S/k) = exp(—U/kT)S2

where() = exp(S/k) is the number of arrangements € £ 1n (2). We see that the Boltzmann weight
(exp(—U/ET)) and the number of arrangementty oin together in the partition function just as the
energy and entropy join in the free energy. Thus, the syse&mbe likely to be found due to low
energy (and thus high Boltzmann weight) or high entropy (&g high(?).

Moreover, when we have talked about equilibrium, we said tha free energy reaches some
minima (eg with respect to some desired macroscopic prppadh as volume or magnetization). In
this case, we are comparing the free energies of differectastates (ed’ (1)) and seeing which
macrostate is more likely.

It is important to stress that hefeis thesingle particle partition function. In non-interacting
systems, we can write the total partition function of the {eh®ystem as the product &f single-
particle partition functions (just as we dividedinto translational, vibrational, etc parts)

IN=ZXZx- =2V

for an ideal solid and ] 1
e — * e e T — N
ZN_N!ZXZX _N!Z

for an ideal gas.
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11.4.4 Derivingeverything from the partition function

| said earlier that with the knowledge of just ande; we can calculate all thermodynamic proper-
ties. One of the easiest way to see this is via the partitioictian. Moreover, knowledge of the
partition function allows us to make even more connectibas e could with just thermodynamics.
This makes sense, since there is more information in théiparfunction — information about the
microscopic properties, which is lacking in a thermodyradescription.
For example, let’s consider some derivative tricks with plaetition function. We can writé&/ in
terms of the partition function by noticing that if we saytthva= k7 then
U 10 J(—InZ)

. ep(=Pfe) D1 -z
N—<€Z>—§i:€zﬂ—€z 7 - agZZeXp —fe) = Z@ﬁZ op

where we have used the mathematical idendityy)/dx = (1/y)dy/dx. Perhaps this is no big
surprise, since we can reldteto F'/T via derivatives ofl /T using thermodynamics.

We can use similar thermodynamic relationships to deriieroquantities. For example:

OF oU
S=-—75 Cv=7s

etc.

We will use these thermodynamic relationships to quicklgwate these quantities from the free
energy (which we will get from the partition function).

11.5 Examples and applications

11.5.1 Ideal gases: the translational partition function ¢lassical style)

Classically, we would say that since an ideal gas just mqukstscles wandering around a box, but
does not model their interaction, we could say that the gnafrthe ideal gas is just its kinetic energy:

1
€= ém(vz + vl 4 v?2)

wherem is the mass of the particle.

To calculate the partition function in this case, we needuto sver all of the microstates. When
we discussed microstates, we talked about how they incllidd the possible configurations. In
terms of entropy, we purely refer to configurations in terrhpasitions of particles. However, to
calculate partition functions, one must include all of tekevant degrees of freedom to describe these
particles. This must include the momenta of the particles.

Since the movement in the y, andz directions are not correlated, we can treat each indepen-
dently. We calculate the partition function as

Z = ZZexp (v, z)/kT)
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Now, we know that the energy only depends on the velocity aslthe form (in one-dimension)
e = 3mw?. Thus, we find

7 = /dv/dxexp[—mv2/2kT]

We have written the sums as integrals to make the math edsies.is physically reasonable since
there will essentially be a continuous spectrum of pos#tiand velocities. We find

TkT\Y?
Z::/EMGMﬂ—WW3@kTL/dx=j/dvemﬂ—nw%@kTu::<§;;>

Note that the integraf dz = [, wherel is the length of the box and we have used the integral

/dvexp(—vQ/a) = \/;r_a

l

wherea = 2kT /m above.
In three dimensions, we say that

7= 2,2,7. =

3
kT 1/2 kT 3/2
) o = (=) v
< 2m ) } < 2m >
wherel? = V is the volume of the box.

Ok, let’s calculate the free energy and dissect what we'tdngre:

F=—-NkT'mZ =—-NETInV — §Nlen ﬂ
2 2m

Well, there are some familiar terms. Recall that the entropyt something like- NT'In V' and we
see that here, but what about this other junk? Let’s caleula energy first:

d(F/T) dinZ 3 d k 3
U=aam = Yranm T 2 lv (Wﬂ EER

Moreover, this 3 comes directly from the 3 dimensions (or §rees of freedom). Faf degrees of
freedom ¢ = (Z,)?), we get

U= gNkT

Which is the result we talked about earlier with heat capeit
The entropy is a bit more strange. We can calculate the gnbpp
dF 3 kT 3
S——ﬁ_Nk;anJréNkzln( >+§Nk;

This equation is called th®ackur-Tetrode equation. We see the familiar teriik In V' but there are
other terms. These other terms comes from the kinetic ermgiributions — something that we
neglected in our thermodynamic calculations.

To finish the job, we can calculate

2m

kT

:———:———JWTmV—;%Tm(—J]:Eﬂi

v

2m

and thus we find thaPV' = NkT = nRT as we would have expected.
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11.5.2 Ideal gases: the translational partition function quantum style)

We can also do this calculation from a purely quantum meda&pbint of view. When done quantum
mechanically, there is no mystery about why we should irelslocities into the partition function.
We find that the translational energy can be written as
€= - (n2 4+ n2 +n?)
8mi2> Y F
Again, we can solve the problem in one-dimension and theriphupartition functions. Thus, we
need to calculate

Z =Y exp(—n2h®/8mI*kT)
Ng=1
However, since the energy levels are very close togethezawa@pproximate this sum with an integral
overn, .
7z = / dny exp(—n2h2/Smi2kT)
0

Note that this integral is remarkably similar to the clagbuwersion! Again, we use

vTa
2

/dv exp(—v?/a) =
where in this case = 8ml*kT/h?* and we find that

5 _ (@) <8ml2kT>1/2 B <2m7rkT>1/2l

2 h? h?
This form is very similar to the classical version. Indeesthbare of the form
7 = (AKT)"*1

This is the most important aspect. Indeed, theonstant will drop out of many thermodynamic
quantities (eg”, U, andC'y/) and we get the same answer. Why should there be a differaernvedues
of A? The quantum mechanical calculation is more accurate abeujuantization of momenta and
this is what leads to a difference in the constants.

In particular, since the equation of state is calculated’by —dF/dV, the most important part
of the free energy (in terms of the equation of state) is tHame dependence. This is independent
of A.
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11.6 Compuational methods for calculating thermodynamic gantities

We have spent much time talking about how to mathematicallgutate thermodynamic properties
of a system. In principle, this can be done for any systemraetpre, it is often difficult to calculate
partition functions or any other thermodynamic quantitgtéad, we often use computer simulations.

Simulations serve as a means to directly test whether odameajpon of reality (in terms of a
model) is correct. In particular, one can often measurehamgtone would want in a simulation
and thus one can both compare simulation result to expetjragnvell as use simulations to further
interpret experimental data.

There are several ways in which simulations are used in théymamic calculations. Here | will
present three common approaches.

11.6.1 Exact enumeration

In many systems, one can simply calculate the partitiontfan@xactly on the computer (even though
it may be hard to do this mathematically). For example, agrsa spin system witlv spins. We
could have the computer run through all of tHespin possibilities and directly calculate the partition
function

N

Z =1 >_ exp(—¢/kT)

i=1s;==%1
This method is in particular useful when we say that thererdegactions between the spins. Interac-
tion is difficult to calculate mathematically, but much meteightforward computationally.

Another example is in polymer systems. For a polymer chaitvVahonomers, one can try to
enumerate all of the possibilities. Often, due to particalspects of the chemistry of the polymers
under study, only particular bond angles and dihedral anggemerations) are possible. This allows
one to think of the space of polymer arrangements as beimgeties(due to the discrete number of
isomers) and thus enumerate all of the configurations.

Enumeration is a great means to do calculations since we diesetly included all of the mi-
crostates into our calculation of the partition functionoviever, since the number of microstates
exponentially increases with the system sizé®, enumeration is often only practical for small sys-
tems.

11.6.2 Monte Carlo

It would be great if would only need to sample some subset of #he microstates and still get good
thermodynamic results. This would be fine if we could sampierostates based upon their Boltz-
mann weights: states with high probability would be sampléat (since they are a major contribution
to the thermodynamic calculations) and states with low Ipabdity are sampled infrequently (which
should be ok, since these do not matter that much anyway} i$tmuch like trying to poll voters.

B\We know that this must be the case since entropy is extenbivihis case, we can writ§ = Ns, wheres is the
entropy per particle. Sincé = kIn W, we getW = exp(S/k) = exp(Ns/k), i.e. we get an exponential relationship
between the number of microstatésand the system siz¥.
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TV news predicts elections based upon smialt,representative subsets of the total electorate. If we
pick such as representative subset, then we can avoid daioignplete enumeration.

But how are we going to do this? Well, let’s try to use our knesige of thermodynamics to our
advantage. In particular, we know from thermodynamicsithatder to calculate state functions, the
path is irrelevant. For this reason, it makes sense to ch@@seh which is easy to calculate (why
make life tougher than it has to be?). Thus, a Monte Carloutation is broken up into two parts:
(1) choosing “moves” which define the path; and (2) calcatativhether the move is accepted or
rejected.

Let me illustrate this with an example. Consider trying todst a gas. We can say that in our
simple model of a gas, the gas “particles” stick to a latticethis case, our “moves” are naturally
chosen to be moving one lattice space in each possible idinect

In terms of evaluation of moves, one typically uses Metropolis criterion. This criteria goes
as follows: calculate the original energy of the systEgm Next, make a move (eg choose one of
the directions at random) and then calculate the energyeohéw configuratiorts,,. If F, < E,,
then we accept the move. H, > E,, we pick a random numbeR with 0 < R < 1. If R <
exp|—(E, — E,)/kT] then we also accept the move, otherwise we reject it. Whatevesing here
is choosing moves with a Boltzmann weight. This is impor&ante it is this property which ensures
that we are making moves which are thermodynamically ressen

What we get out from these simulations is thermodynamic, daizh as free energies, heat capaci-
ties, energies, entropies, etc. Since thermodynamicsraaetepend on the path (for state functions),
simple moves (and often simple models) can give good, quading results. This is a good example
of how thermodynamics concepts really helps in researan éwe aren’t using thermodynamics
directly.

11.6.3 Molecular dynamics

Finally, instead of appealing to thermodynamic argumentscan also just think about the natural
dynamics of our problem and try to simulate how our systemadlgt works. One way to do this is to
directly simulate Newtonian dynamics. By this | mean, we waite Newton’s equations of motion
for each particle: o
T
F:—VU:miW = ma
whereU is the potential energyy; is the mass of, 7; is the position of, andt is the time.

One can rewrite this differential equation in many ways idevrto numerically solve it. 1 won't
go into too much more detail on how this is done, but | will mentthat thermodynamics results do
come naturally from these calculations as well, since Naigtequations are certainly consistent with
the laws of thermodynamics. In many ways, the real challerighese simulations is to start with
particles and Netwon’s equations and to try to extract omesdeeper understanding, much like when
we found that it was entropy that “pushed” an ideal gas to edpa fill the entire volume possible.
Thus, reproducing nature is only (at best) half of the battle: understanding it isthe real challenge!
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A Review

To end the class, | want to review what we have learned. | thowkhave done a great job under-
standing most of the important concepts, so here I'll tryaioch on those aspects which seemed to
give people the most trouble on the problem sets and examslbasna few things which | think most
people have trouble with in general.

A.1 Top 10 confusions/surprises/difficulties with thermognamics

10. Legendre transforms
For example, we can define new potentials from the Gibbs byngdlgatdG = dw,qq then

dG' = dG — <§> X =da — (dw&dd> X

dX dX

9. Pairwise interaction: Since the density acts like a probability, we can say tHayV = ap?
8. Electrochemical equilibrium: u(«) = u(8) noty' (o) = 1/ ()
7. Statefunctions independent of path (reversible or irreversible)
6. Entropy can act as a force
_ﬂ — _@ + Tﬁ
v~ dv =~ av
Also: consider what “pushes” an ideal gas to fill the wholeuvoé?

pP=

o

Micoscopic interpretation of entropy: entropy () is related to the In of the number of mi-
crostatesl’) by S = kInW. A single microstate “has” only one microstate and thus tas n
entropyln 1 = 0.

4. Equilibrium is found by minimzing the appropriate statefun ction (egdF’/dxz = 0 for con-
stantN, V, andT) but we can always calculate that statefunction (just doéswe the same
meaning).

Minimizing meansiF'/dxz = 0 not F' = 0.

3. Reversible systems are always at equilibrium.

N

AU = 0 for an ideal gas only at constant temperature. In other words,U depends only
on temperature. In fact, we found thdt= (d/2)nRT whered is the number of degrees of
freedom.

H

. Work on the system vs work by the systemKeep the minus signs straight!
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A.2 Top 11 important equations

These certainly aren’t the only important equations, bybii can just remember these, you'll be in
pretty good shape throughout your career in chemistry.

11. 7 = Y, exp(—¢;/kT) = exp(—F/kT) (link between free energy and partition function)
10.p; = exp(—¢;/kT)/Z (Boltzmann probabilities)

9.5 =—-NEkY,p;Inp; (stat mech view of entropy)

(o]

.= p’+ RT In(P/1latm) (pressure dependence;of
. P=2xP* (Raoult’s law)
AU =q+w (1stlaw, conservation of energy)

.dS = dgrey/T > dq/T (2nd law)

.1; = (dG/dn;) (definition of chemical potentials)
.C =dq/dT (definition of the heat capacity)

7
6
5
4. AG=—-RTInK
3
2
1.G=H—-TS (definition of Gibbs free energy)
1

.F=U—-TS (definition of Helmholtz free energy)

A.3 Top 10 important concepts

It's hard to summarize a course into a top ten list, but heesgo
1. Equilibrium

Reversibility

Statefunctions and Thermodynamic potentials

Free energy

Entropy

Work and Heat

First law: best you can do is break even

© N o 0 bk wN

Second law: You can only break even7at= 0, otherwiseAS > 0 and lose something to
entropy

9. Phases, phase transitions, and phase equilibrium
10. Statistical interpretation of thermodynamics
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