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Molecular transport in nanopores plays a central role in many emerging nanotechnologies for gas separation and
storage, as well as in nanofluidics. Theories of the transport provide an understanding of the mechanisms that
influence the transport and their interplay, and can lead to tractable models that can be used to advance these
nanotechnologies through process analysis and optimisation. We review some of the most influential theories of
fluid transport in small pores and confined spaces. Starting from the century old Knudsen formulation, the dusty
gas model and several other related approaches that share a common point of departure in the Maxwell-Stefan
diffusion equations are discussed. In particular, the conceptual basis of the models and the validity of the
assumptions and simplifications necessary to obtain their final results are analysed. It is shown that the effect of
adsorption is frequently either neglected, or treated on an ad hoc basis, such as through the division of the pore
flux into gas-phase and surface diffusion contributions. Furthermore, while it is commonplace to assume that
cross-sectional pressure is uniform, it is demonstrated that this violates the Gibbs—Duhem relation and that it is
the chemical potential that essentially remains constant in the cross-section, as near-equilibrium density profiles
are preserved even during transport. The Dusty Gas model and Maxwell-Stefan model for surface diffusion are
analysed, and their strengths and weaknesses discussed, illustrating the use of conflicting choices of frames of
reference in the former case, and the importance of assigning appropriate values for the binary diffusivity in the
latter case. The oscillator model, developed in this laboratory, which is exact in the low density limit under
diffuse reflection conditions, is shown to represent an advance on the classical Knudsen formula, although the
latter frequently appears as a fundamental part of many transport models. The distributed friction model, also
developed in this laboratory for the study of multi-component transport at any Knudsen number is discussed
and compared with previous approaches. Finally, the outlook for theory and future research needs are discussed.

1. Introduction
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among scientists and engineers for over a century, due to its
importance to a variety of applications of industrial interest.
These include heterogeneous catalysis, gas—solid reactions,
adsorptive separations, electrochemical processes and a host
of other systems involving the infiltration of fluids in porous
materials. The topic has gained renewed attention in the last
two decades as a consequence of the explosive development of
a wide array of novel nanoporous materials such as carbon
nanotubes,’? metal organic frameworks,>> and periodic
mesoporous materials such as MCM-41 and its analogues,® °
as well as zeolite based membranes.!"'?> Complementing their
development, there has been a large on-going international
effort aimed at exploiting these materials in novel applications,
such as in hydrogen'*!* and electrochemical energy storage'’
and lab-on-a chip technology and nanofluidics,'®™'® besides
the conventional applications indicated above. All of these
applications involve the movement of fluids through highly
confined spaces, and success in designing and optimizing both
the materials and processes relies critically on the under-
standing of how the fluid molecules are transported within
the structure, under the action of concentration and pressure
gradients and the possible influence of an adsorption field.
Research on transport in confined spaces has a long
history, dating back to the works of Knudsen'*> and von
Smoluchowski**** during the first decade of the 20th century.
While the area has been active ever since because of its
numerous applications, only limited progress was achieved until
recently, with models and theories relying heavily on variations
of the early results of almost a century ago. Knudsen and
Smoluchowski focused their attention on the low density
hard sphere gases, thereby omitting the effect of fluid—fluid
intermolecular and gas—wall interactions on the transport.
An important feature of the original Knudsen model was the
assumption that hard spheres reflected at the wall lost all
memory of their original tangential momentum. This assump-
tion of ‘diffuse reflection’ in Knudsen’s original equation was
modified by Smoluchowski to account for the possibility
that a fraction of the collisions was purely specular (the rest
being purely diffuse), in a refinement of the Knudsen equation.
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The mechanism of wall reflection still remains largely
unresolved, especially for molecular species. A few decades
later this treatment was refined by Pollard and Present,”® who
extended the theory to higher densities, albeit retaining the
non-interacting hard-sphere gas and hard-wall assumptions.
The dusty gas model (DGM), later developed by Evans,
Watson and Mason?’ ? based on the Chapman—Enskog theory
of transport®® and subject to further re-derivations by Mason
et al.*"* has been the most popular approach to the modeling
of multicomponent transport in porous media, and has been
widely used in interpreting experimental results of fluids flow
through adsorbents and catalysts.>**> The DGM relies on the
assumption that the wall-mediated contribution to transport
can be described by the Knudsen model, thereby inheriting
the weaknesses of the century old approach. Furthermore,
the division of the flux vector into a diffusive and a viscous
non-segregative contribution has been recently called into
question.’™*” As a consequence, semi-empirical fitting para-
meters are often introduced in this model to obtain better
agreement with experimental data,*®>° explaining the apparent
success of the approach.

The introduction of intermolecular forces from rigorous
statistical mechanical considerations based on kinetic theory
of dense fluids has been attempted,***! although such models
become rapidly intractable when many-body systems are
considered and have found only limited application.*?
Generally, models derived from simplified forms of the
Maxwell-Stefan equations, such as the dusty gas model, have
been preferred,**** leading to more tractable approaches,
albeit at the expense of dispersive interactions between the
wall and the fluid, and of the fluid inhomogeneities. The role of
adsorption forces was recognized after the 1940’s, for example
by Wicke and Kallenbach*® and Barrer and co-workers*®*
who invoked the concept of surface ‘diffusion’ to explain the
extra flow (i.e. in excess of the Knudsen prediction) experi-
mentally observed in microporous compacts. In essence this
concept relied on the supposition that gas phase and surface
phase flows were separable; the former being treated as pure
Knudsen flow. Krishna and co-workers***’ have developed a
Maxwell-Stefan-type model for transport of mixtures at the
nanopore level, that includes surface transport. The terms
“activated diffusion” or “surface diffusion” are often found
in the literature to describe the diffusion in cases where the
presence of a strongly adsorbed phase clearly contributes to
transport, and the use of a Knudsen diffusion coefficient
empirically modified by an Arrhenius type factor to better
capture the effect of temperature is common place in the
description of this phenomenon.>®*>! The approach of Krishna,
based on the more rigorous Maxwell-Stefan approach, relies on
the empirical specification of the mutual-diffusion parameters
from the individual transport coefficients, while the fluid
inhomogeneities seen in mixture equilibrium adsorption simu-
lations are overlooked.

Molecular dynamics (MD) simulations on the other hand,
do not suffer from the uncertainties arising from the assump-
tions and simplifications introduced for tractability of the
theoretical models. In molecular dynamics, an approximate
solution to the molecular many-body problem is developed
using techniques such as the Gear or Verlet algorithms, based
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on truncated Taylor expansion of the molecular coordinates;
by a suitable choice of time step (typically of the order of a
femto second) it is then possible to obtain sufficiently accurate
phase space trajectories to represent the time evolution in real
systems.>>>* The description of physical reality is then only
limited by the accuracy of the force fields describing the
interactions in the system, the spatial representation of the
porous matrix, and the limitations imposed by finite computing
resources. The last constraint in particular restricts its use for
the analysis of experimental permeation data in macroscopic
solids, as well as for process design and optimization purposes.
While invaluable as a research tool, MD also serves as a
powerful basis to assess the validity of the theoretical models,
and of the underlying assumptions and simplifications. This is
of particular importance in those cases when experiments are
either impossible or inadequate.

In recent years, new models to deal with the problem of
transport in nano and mesoporous materials have emerged
from this laboratory, namely the oscillator model®*> and the
distributed friction model.>**” In these models, the fluid—solid
interaction potential is explicitly considered in the calculation
of the transport coefficients. While the oscillator model is exact
under diffuse reflection conditions in the low density limit, and
therefore represents an important advance over the Knudsen
formulation for hard-spheres, the distributed friction model
provides a novel framework for the analysis of transport
of multicomponent mixtures in narrow pores at any density.
As opposed to earlier approaches, the distributed friction model
takes account of the fluid inhomogeneities arising from the
interactions with the wall, and introduces the wall-mediated
contribution to transport through a phenomenological friction
coefficient that can be precisely estimated by means of the
oscillator model. The resulting model is fully predictive, and
provides a bridge between tractability and theoretical rigor.

In this article we survey the theories developed for the study
of transport in confined spaces, starting from the classical
work of Knudsen. It is shown that available experimental and
simulation data found in the literature do not support the
Knudsen hypothesis of a hard-sphere non-interacting gas, but
instead indicate that molecular transport is strongly affected
by the fluid—wall potential. This potential leads to a significant
reduction in the diffusion coefficient compared to that
obtained with the Knudsen formulation. The widely-used
dusty gas model is analyzed and key conceptual flaws in its
derivation are outlined. Other theories based on the Maxwell-
Stefan diffusion equations are also discussed. While problems
in the dusty gas formulation have been recognized,?”**® the
modifications put forth have overlooked fluid inhomogeneity,
and are principally appropriate for relatively large pores.
The extension of the Maxwell-Stefan equations to the study
of surface diffusion is also analyzed, and the advantages and
disadvantages of the oscillator and distributed friction models
with respect to the preceding theories discussed. Although not
all of the available theories are presented in depth in this
focused review, given the vast amount of literature on the
subject, it is hoped that the most influential approaches, in
particular those that are widely used and have provided the
framework for the development of many other models and
theories, are covered.

2. The Knudsen model

First derived in 1909, the Knudsen model of the diffusion of
a rarefied gas under confinement in a tube has formed the most
widely used point of departure in our understanding of transport
in narrow pores at low density. In his pioneering analysis of
the transport of non-interacting hard sphere molecules while
undergoing diffuse reflection on the tube surface, Knudsen
recognized that, at a density low enough for the mean free
path Z to be large compared to the tube diameter, the frequency
of molecular collisions would be small relative to that of
molecule-wall collisions. Molecule-wall collisions would
therefore govern gas diffusion under the action of a pressure
gradient along the tube. Knudsen’s original analysis, based on
momentum conservation arguments, was soon after refined by
Smoluchowski** through a detailed treatment of molecular
trajectories to provide the now classic equation
d [8kgT

Dy ==
k=3 m

(1)

for the diffusion coefficient in tube of effective diameter d,
where m is the molecular mass and 7T is temperature. This
diffusion coefficient differs from the original Knudsen result'
by a factor of 37/8, and permits the estimation of flux based on a
pressure gradient driving force, through the phenomeno-
logical model

Dy
J = —ﬁVp (2)

where J and Vp are molar flux and pressure gradient, respectively.
Pollard and Present? extended Smoluchowski’s analysis for
the case when the mean free path is smaller than the tube
dimensions. Their theory accurately predicts the self-diffusion
coefficient for non-interacting molecules at all densities, and
reduces to eqn (1) in the low density limit (large Knudsen
numbers, Kn = 1/d —» o) and the kinetic theory limit® for
the self-diffusivity at high pressures (Kn — 0), Dy = (1/3)74,
where v(= \/8kg T /mm) is the mean molecular velocity.

2.1 Momentum accommodation

Key to the above developments is the assumption of diffuse
reflection, which was vindicated by Knudsen’s experiments,19’2°
in his matching of theory and experiment using tubes of
0.0033-0.0145 cm diameter. As a result it has become
common to use this assumption even in molecular dynamics
simulations.>* 762 In practice, this assumption may well be
reasonable for disordered carbons, where diffusivity values
estimated from fits of experimental uptake kinetics,**%* of the
order of 10781077 m? s™!, are of similar range of magnitudes
as simulation results for the transport coefficient in slit carbon
nanopores based on diffuse reflection.®® Similarly, permeabilities
for various gases in a DDR zeolite membrane'! have also been
matched by theory considering diffuse reflection,® and transport
coefficients for gases in various zeolites®® are of the order of
1078-107'° m? s7!, and in the range of values predicted by
theory and MD considering diffuse reflection in nanopores.>
Such results suggest the diffuse reflection assumption to be
reasonable for oxide surfaces (where gas—solid interaction is
dominated by the surface oxygen). However, for ordered
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carbon surfaces such as those of graphitic slit pores and carbon
nanotubes, atomistic simulations®” ® have yielded extremely
high diffusivities, of the order of 107°-107* m? s™!, suggesting
nearly specular reflection, attributed to their smooth energy
landscape. The momentum accommodation (fraction of tangential
momentum lost to the wall) in such cases is small, leading to
rapid transport. Partial momentum accommodation on wall
collision was first considered as early as 1879 by Maxwell,”® and
later incorporated in his trajectory analysis by Smoluchowski**
by defining a fraction, o, of diffuse collisions with the remainder
(1 — o) being specular. This led to the corrected result for the
diffusion coefficient

2—u

D) = =2, (1) 3)
where Dy (1) is the diffuse reflection result in eqn (1), arising
when o = 1. Recently, Arya and co-workers’' extended
Smoluchowski’s treatment by analyzing the trajectories of hard
spheres in rough slit-shaped pores, obtaining,

_2n(1 —a)
alneg

Dy (o) = {l } IneD (1) 4)
where ¢ = mvg/ZkBT and v, is a cut-off velocity that must be
introduced due to the fact that, in ideal slit-shaped pores,
infinitely long trajectories for molecules travelling parallel
to the walls are possible, leading to unbounded diffusion
coeflicients in the low density limit. Such a cut-off is physically
reasonable since for large, though finite, Knudsen numbers the
probability of molecule—molecule collisions is not entirely zero.
Besides, in real systems with slit-like shapes the pores are finite
and may not be straight. These issues were also discussed earlier
by Hiby and Pahl.”*> Cylindrical pores, on the other hand,
impose a natural geometrical cut-off.

The Knudsen theory was rapidly adopted in vacuum techno-
logy applications, such as the development of diffusion pumps,”> ¢
molecular beam research’’ or viscosity gauge theory.”>” In the
majority of these applications the gas container critical dimen-
sion is usually of the order of a few micrometres, and eqn (1)
offers a good estimate of the diffusion coefficient since
wall-fluid interactions are negligible for most of the tube
volume. The Knudsen model has also been widely adopted
for the analysis of transport in porous catalysts and reactive
porous solids,** as well as the permeation of membranes and
adsorbents with pores above the IUPAC limit of microporosity
(>2 nm).* Nevertheless, most of the modern applications of
Knudsen theory on transport in porous media are usually
embedded into the framework of the dusty gas model.?”*

2.2 Failure of the Knudsen model due to adsorption-related
effects

Although the Knudsen equation has shown good agreement
with experiments carried out under vacuum conditions in
relatively wide cylinders of a few micrometres diameter,'®””
direct experimental verification of its validity at the mesopore
level (2 nm—50 nm) has proven elusive. This is largely because
common mesoporous solids such as silicas and aluminas are
highly disordered and may possess a complex multi-scalar
structure® that makes it difficult to isolate molecular trans-
port at the single pore level. Nevertheless, for mesopores,

one expects that, below a certain temperature which increases
with decreasing pore size and increasing gas—solid interaction
strength, the molecular trajectories will not be rectilinear, as is
inherent to hard sphere systems envisioned in the Knudsen
and Smoluchowski analyses, since the molecules will not have
enough kinetic energy to escape from the wall attraction field
in the vicinity of the pore wall. Thus, adsorption is expected to
lead to deviations from the Knudsen model, especially for
gases with a strong affinity for the solid, at low temperatures
and under stringent confinement.

The role of adsorption strength at low pressure can be
readily visualized through the Henry law equilibrium constant.
Consider for instance a cylindrical pore with the wall-
fluid interaction following the well-known hypergeometric
potential,®!

ST = 4ps[0'}52[1 - 0—1(2512] (5)
s

P (1)

where

6371

L =————  _F(—4.5,-4.5,1; 6
I 12840(1 — ) ( B) (6)

3n
S F(—1.5,-1.5,1; %) 7

Lh=— 2
T ad(1- p)

Here ¢g(r) is the fluid—solid potential, r is the radial coordinate,
&g and oy are the Lennard Jones (LJ) fluid—solid well depth and
collision diameter, respectively, d.. is the (center to center)
diameter of the pore, ps is the surface atomic density and
p = 2r/d... The equilibrium constant is given by

dec / 2

K re~Ps()/kBT 4, (8)

=
dCC

and can be expressed as a function of an energy parameter,
0 = kyT/erpso?, representing the ratio of kinetic to potential
energy for a fluid molecule, and a size parameter s = d. /0.
Fig. 1a depicts the variation of K with 6 at different values of s.
For sufficiently wide pores, K approaches unity as 0 increases.
This is because in systems with high values of 0 (0 =3.2),
molecules will have sufficient kinetic energy to overcome the
strength of dispersive van der Waals forces exerted by the wall,
thus retaining the bulk density inside the pore and making
adsorption negligible. The region in which Knudsen-like
diffusion occurs must then be embedded within the interval
(3.2 < 0 < o). On the other hand, for small values of 0 (0 <1)
adsorption is significant and molecules tend to be concentrated
in the vicinity of the pore wall, with their trajectories restricted
to a region around the minimum of the potential field. In that
case, the Knudsen hypothesis of hard-sphere solid—fluid inter-
action will no longer be a good approximation and eqn (1) will
surely fail. In the intermediate region (1 < 6 < 3.2) the
adsorption strength depends on the size parameter s. For
example, for & = 1.5, adsorption is weak in a system with
s = 30 but very significant in a system with s = 8, from which
one expects the Knudsen model to perform poorly in predicting
the transport coefficient of the latter and relatively better in
predicting the diffusivity of the former. Let us take as an
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s=dla, =8
s=dlo, =10
—————— s=dlg, =20
s=dlo, =30

s=Hlo, =8
s=Hlo, =10
s=Hlo, =20
s=Hlo, =30

o= kBT/gﬁpso;gz

Fig. 1 Equilibrium constant as a function of the energy parameter
0 = kpT/eqp,0a for (a) a cylindrical pore at different values of s = d.o/oy,
and (b) a slit-like pore at different values of s = H/oi. When
K deviates significantly from a value of 1 the Knudsen equation is
not recommended. For 0 = 3.2 the Knudsen equation is likely to provide
a reasonable first-estimation of the low density diffusivity for pores larger
than the considered pore size.

example the adsorption of He and CH4 in MCM-41 silica,
with solid—solid LJ interaction parameters estimated from
Neimark er al®® as o = 0.28 nm, ess/kp = 492.7 K, and
ps = 10.47 nm 2. The fluid-solid parameters are calculated
from the Lorentz—Berthelot rule, using for the fluid—fluid inter-
actions o = 0.381 nm and ¢y = 148.1 K in the case of methane
and o = 0.2551 nm and ¢y = 10.22 K in the case of helium.
For He at 298 K, 0 = 5.3 and the Knudsen model is likely to
provide a reasonable estimation of the low density diffusion
coeflicient at any pore size in the mesopore region. On the other
hand, for a more strongly adsorbed species such as CHy, for
which 0 (298 K) = 0.973, even for pores as large as 12 nm
(about 30 times the molecule LJ size) the Knudsen model is
likely to fail. In order to reach the point of negligible adsorption
strength the temperature should be about 650 K for a 12 nm
diameter pore and 960 K for a 3 nm pore. For a single walled
carbon nanotube (SWNT) the parameters given by Nguyen
et al® are o, = 0.34 nm, p, = 38.2 nm 2 and e./kg = 36 K,
where the value of ¢./kp reflects the interaction enhancement

due to curvature effects. At 298 K, we have 6 = 0.82 for
CH,4 and 0 = 1.85 for H, where, for H,, o = 0.2551 nm and
ex = 38.0 K have been taken.®? That is, even for the weakly
adsorbed H, the adsorption strength is not negligible at all pore
sizes in the mesopore region at 298 K. Only for s > 20 is
it reasonable to neglect the wall adsorption field. A value of
0 > 3.21is reached at 1150 K for CH4 and 550 K for H», so that,
below these threshold temperatures, the analysis of transport
in mesoporous carbon nanotube membranes through the
Knudsen theory can lead to serious error.

Fig. 1b depicts the Henry law constant for a slit-like pore
comprised of one atomic layer, calculated by

B

k-1 / o O 0)/knT gy )
S
0

where s = H/og, with H the pore width. The fluid-solid
interaction is assumed to have the form of the Steele potential®*
for a graphitic slit pore with single layer walls,

w3 (B OO B )]}

(10)

The plot resembles that obtained for cylindrical pore, although
it is slightly less steep. As a consequence, the same basic
conclusions will apply to the slit-like shape, albeit requiring a
velocity cut-off in estimating low pressure diffusivity when
adsorption is neglected.”!

The failure of the Knudsen model in the presence of
adsorption is evident from a multitude of available experi-
mental and theoretical results. A suitable point of departure
for investigating adsorption effects is the corrected flux model

KD,

— P (11)

J=-D,Vp, = R

where D, is the low density transport coefficient, p, is mean
molar density of the adsorbed phase and p is the pseudo-bulk
pressure at which the bulk fluid would be in equilibrium
with the adsorbate at density p,, assuming a linear isotherm
(i.e. sufficiently low pressure). In practice, however, it is the
macroscopic permeability of the adsorbent that it is extracted
from permeation experiments. Since the detailed topology of
the pore network is often unknown, the results are usually
correlated through a phenomenological equation of the form
of eqn (11), replacing the local values of K and D,, by effective
values and introducing the factor ¢,/y, where ¢, is the particle
porosity, typically extracted from independent sorption experi-
ments and y is the tortuosity, which is frequently left as an
adjustable parameter. In general, the effective values of K and
D, are obtained from the corresponding single pore relations,
such as in eqn (1) and (8), evaluated at a representative pore
radius 7. In that case, the permeability b is given by,

__ gmac _ ¢ K(f )Do(f)
b= gme(-p/ ) = R0

(12)

where J™ is the macroscopic measured flux and L is the
sample thickness in the direction of the macroscopic pressure
gradient. Eqn (12) is often employed to extract the system
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tortuosity, with 7, estimated from the ratio of the void volume
to the surface area. When D,(r},) is evaluated by the Knudsen
model in eqn (1), K(rp) is most commonly taken as unity,®>%6
equivalent to assuming that the fluid is an ideal gas, and that no
adsorption occurs.

Qiao and Bhatia®”®® have measured the low pressure diffusi-
vities of a series of paraffins (nCs—1C)() in mesoporous MCM-41
silica of pore diameter 3.79 nm, over a range of temperatures,
using the zero-length column (ZLC) method. For the straight
parallel channels of MCM-41, y = 3% as the crystallites are
randomly oriented®® and eqn (12) predicts the Knudsen
permselectivities (neglecting adsorption, i.e. using K = 1)

Dot _ M2 (13)

(bl/bz)Knudscn = D_o2 - M,

Fig. 2a depicts the Knudsen permselectivity (relative to hexane)
versus the square root of the molecular weight ratio, (Mpe/M)"?,
for the various paraffins, based on the data of Qiao and Bhatia.
The temperature range in the parenthesis indicates the maximum
and minimum temperature of the measurements. The highest
temperature corresponds in all cases to the point closer to
the Knudsen limit, whereas the lowest temperature is associated

with the furthest one. It is clear that Knudsen theory fails to

a)
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Fig. 2 (a) Do/D, nex for different linear alkanes in MCM-41 based
on the data of Qiao and Bhatia.?”%® The values are measured over
the temperature range indicated in parenthesis. The straight line
represents the Knudsen limit. (b) KDy/KDg yex for the same data set.
It is clear that at sufficiently high temperature this ratio approaches the
Knudsen limit.

explain transport of these paraffins in the silica sample. Further,
n-decane and n-octane, which are more strongly adsorbed than
n-heptane, exhibit a more pronounced deviation from the
Knudsen line. As temperature is increased, a larger fraction of
molecules can overcome the potential barrier near the wall
and the Knudsen model becomes a better approximation.
Qiao and Bhatia®”® also determined the equilibrium constants
of the different alkanes at the temperatures used. Following
eqn (12) the apparent permselectivities, KDo/KDqhex, Which
correspond to the actual low pressure permselectivity /by, With
respect to n-hexane when the tortuosity is the same for all
species, may then be plotted against (Mpey/M)"?. Fig. 2b depicts
the result for the same temperature intervals indicated in Fig. 2a.
At high temperature, the apparent permselectivities for
n-heptane and n-octane are in agreement with the predicted
Knudsen permselectivities given by the (Mpe/My)"? relation-
ship, where x represents either heptane or octane. However, as
temperature decreases and adsorption effects become more
significant, the data for n-heptane and n-octane begin to deviate
from the Knudsen value towards higher apparent permselecti-
vities. In contrast, the apparent permselectivity data for n-decane
reveals that adsorption effects are so considerable for this
species to produce a substantial deviation from the Knudsen
prediction at any of the investigated temperatures. Nevertheless,
a tendency in the direction of the Knudsen permselectivity is
evident as temperature is increased. The predominantly positive
deviation in the apparent permselectivity with respect to the
Knudsen estimation lies in the fact that, as temperature is
lowered, the adsorption equilibrium constant increases at a
faster rate than that at which the diffusion coefficient decreases,
and such tendency is more significant for the more strongly
adsorbed species.

Similar conclusions are evident from numerous experimental
results in the literature, for mesopores as well as micropores.
In recent work, Huang er al’® investigated the transport
of toluene and n-heptane in SBA-15 silica at low pressures.
Despite having similar molar masses ((M[()I/Mhept)l/2 = 0.92)
the diffusivity of heptane was twice as much the diffusivity of
toluene at room temperature. The isosteric heat of adsorption
of n-heptane and toluene were quite large, at 48 kJ mol~! and
59 kJ mol ™!, respectively, which supports the hypothesis that
adsorption reduces the mobility of the gas molecules signi-
ficantly. Similar results have been obtained in other materials
with ordered morphologies, where transport behavior at the
single pore level is somewhat less obscured by the topological
complexities of the solid. For instance, Cavalcante et al.’!
reported low pressure diffusivities of the order of 107! m? s~
for several linear paraffins, in mesoporous zeolite Y with an
average pore size of 7 nm. These results are far below the
Knudsen theoretical value, indicating once more the strong
influence of adsorption in confined transport. The effect of
adsorption is more evident in micropores. Chong and
co-workers”> measured the diffusivity of ethane in silicalite by
means of neutron scattering. At room temperature, the diffusi-
vity at infinite dilution was 6 x 107> m> s~ for an average pore
size of 0.5 nm, two orders of magnitude below the predicted
Knudsen diffusion. In other work, Kérger et al.”? obtained low
concentration self-diffusivities of methanol in the zeolite
ferrierite of the order of 1072 m? s~! at 298 K using infrared
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microimaging and interference microscopy. Ferrierite is composed
of perpendicular 8 and 10 rings nanochannels that permit
diffusion in two dimensions. However, flow along the 10 ring
channels proved to be highly restricted and essentially only
one-dimensional flow through the 8 rings channels was
observed. The measured values are at least one order of
magnitude below the Knudsen estimate, due to the effect of
significant adsorption in the single file diffusion regime. Jobic
et al.®* and Heink et al.”> have measured the low density self-
diffusion of n-alkanes in MFI-zeolite by quasi-elastic neutron
scattering and pulse field gradient (PFG) NMR, respectively,
with both techniques obtaining values of the order of 10~ m?s~!,
much smaller than their Knudsen counterparts.

For disordered materials, the issue of testing the validity of
the Knudsen model is obscured by the unknown tortuosity
factor, which can no longer be taken as 3. In such materials,
the tortuosity will also depend on the pore size distribution
and connectivity features of the porous network. A convenient
way to model the behavior in such systems is offered by the
combination of effective medium theory (EMT) of Kirkpatrick®®
and the correlated random walk theory (CRWT) of Bhatia,%
the hybrid EMT-CRWT model,”” which has been shown to
yield an apparent tortuosity®
3n(N + 1) (ra) K (Fp) Do (7)

= R (14)

"

for a network of coordination number N. Here 7, is a suitably
defined mean pore radius, / is pore length, and x. is an effective
network conductance given by the solution of

K(rp) — Ke _
<K(l‘p) + & - I)Ke> 0 (15)

where the x () is the conductance of a pore with radius r;, and is
given by

K:nrliK(’”pl)DO(”p) (16)

(*) represents a number average over the pore size distribution.
When the Knudsen model in eqn (1) is applicable, K = 1,
and eqn (1), (14)—(16) yield a tortuosity of 3(N + 1)/(N — 1) that
is independent of species molecular weight and temperature, and
is purely a structural constant.®> For most porous solids, one
obtains values of N in the region of 3-4,%® leading to tortuosities
of 36 for uniform networks. Since real solids exhibit a pore size
distribution and a complex morphology, the actual tortuosity
can reach higher values, normally in the range of 3 to 10.%°
A detailed examination of the recent data of Markovic et al.®®
for the permeability of various gases in mesoporous glass
membranes has yielded®® abnormally high tortuosities in the
range of 15-20 when the Knudsen model in eqn (1) is used for
D,, with K = 1. These tortuosities were also found to be
dependent on the diffusing gas, increasing with increase in
adsorption strength, contrary to the expectations that the
tortuosity is purely a structural constant if the Knudsen
model is valid. The trends were found to be consistent with
those predicted® using the Oscillator model from this
laboratory,>**> which takes account of adsorption through
van der Waals interactions. Furthermore, ignoring adsorption
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Fig. 3 Variation of In(1/ART) with 1/T in permeation of Ar, He and
N, through a mesoporous glass membrane with 2.3 nm average pore
size.%5 The negative slope for the linear fittings of Ar and N, data
reflects the importance of adsorption. For He, the positive slope is
almost half of the corresponding Knudsen theoretical slope.

leads to serious inconsistencies with the temperature variation of
their experimental data.® Indeed, considering K oc exp(—AHp),
where AHp is the adsorption enthalpy change, and D, oc
exp(—Ep), where Ep is an activation energy, eqn (12) leads to
a linear relationship between In(1/ART) and 1/T, with slope
AHp + Ep. Therefore, in the absence of adsorption (AHp = 0)
the slope of the In(1/ART) vs. 1/T line should be positive, with
the theoretical value for the Knudsen model approximately
1.47 kJ mol™'. Fig. 3 depicts the variation of In(1/pRT) with
1/T for Ar, He and N, based on the data of Markovic et al®in
a 2.3 nm average pore size membrane. Strikingly, the slope of
the linear fit of the Ar and N, data is in fact negative. For the
weakly adsorbed He the slope is only slightly positive, and its
value is only about half of the theoretical one. Similar results
were obtained for the 3.1 nm and 4.2 nm average pore size
membranes, demonstrating the importance of considering
adsorption in modeling transport.

At the micropore level (<2 nm), the importance of adsorp-
tion in transport has in fact been widely recognized.**>’
However, it has usually been incorporated in the traditional
Knudsen formulation through an empirical Arrhenius-type
term®>*® or by an empirical temperature dependent effective
pore size.3® Alternatively, the oscillator model developed in
this laboratory,>*> which is exact for soft spheres under
diffuse reflection conditions at the low density limit, incorpo-
rates adsorption in a rigorous way and performs equally well
at the micro and mesopore levels. This model will be discussed
in a later section.

In a recent defence of the Knudsen model, Ruthven and
co-workers'% report a tortuosity of 3.2 when their permeation
data for light gases in supported silica membranes is correlated
through the Knudsen equation. Their approach has been
criticized ! based on the fact that flow through the support
is arbitrarily assumed to be viscous, while an elementary
comparison of the relative magnitudes of Poiseuille-viscous
and Knudsen-diffusive resistances indicates that the viscous
contribution is negligible, even for pore sizes 10 times larger
than the reported average pore size. The assumption of dominant

15356 | Phys. Chem. Chem. Phys., 2011, 13,15350-15383

This journal is © the Owner Societies 2011


http://dx.doi.org/10.1039/C1CP21166H

Downloaded by New Mexico State University on 24 August 2011
Published on 12 July 2011 on http://pubs.rsc.org | doi:10.1039/C1CP21166H

View Online

viscous flow through the support leads to significant over-
estimation of its resistance, thus transferring part of the active
layer resistance to the support. As a result, the tortuosity value
extracted from the correlation artificially falls within the reason-
able tortuosity range for these materials.

2.3 Comparison with molecular dynamics simulations

MD offers an alternative route to test theoretical results, without
the unavoidable uncertainty associated with experiments on
real samples. Topological defects, blocked pores, pore throats
or surface heterogeneity may create unexpected transport
resistances which make it difficult to assess fundamental
diffusion models. MD on the other hand, permits the isolation
of specific transport resistances in a very realistic manner,
limited only by quality of the assumptions made about the
molecular geometry, the surface topology and the force fields.
Clearly, MD simulations cannot replace experiments, but
provides valuable insight into whether a theoretical approach
is headed in the right direction. Since we do not review MD
methods in detail in this article, which is focused on theoretical
methods, the reader is referred to Allen and Tildesley®* and
Frenkel and Smit> for an elaborate discussion of the subject.
Reviews of MD techniques and applications to nanoporous
materials are available elsewhere.!>7103

Transport coefficients can be extracted from MD simulations
in a variety of ways. Both equilibrium and non-equilibrium
methods are possible.” In the latter the fluid is driven either by
a force field or by a chemical potential gradient. In the former
no driving field is applied, but it can be observed that the fluid
nevertheless streams back and forth with respect to a reference
frame anchored in the solid adsorbent. It has been demon-
strated that all these techniques yield equivalent results.!%6-1%7

From equilibrium molecular dynamics (EMD) two diffusion
coefficients can be extracted. The better known is the self-
diffusion coefficient which is derived from the decay of the
single particle autocorrelation function:>*1%>

D= g [ S wiar ()
0

Here d* is the dimensionality of the system and u; is the
molecular velocity vector of molecule i out of a population
of N molecules. In a cylindrical system for example, d* = 1
and only the axial component of the vector is used in the dot
product (diffusion in the other two directions decays to zero).
Dy can also be calculated from the long time limit of the mean
square displacement via the Einstein relation:

11 5
Dy _N—d*llir?oygﬂr,) (18)

The collective or transport diffusion coefficient D, can be
calculated from similar expressions for the streaming velocity
v and the centre of mass displacement R, where

V:ZU[/N and R = Zr,-m,»/Zm,- (19)
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Fig. 4 Variation of the low-density transport coefficient with pore
diameter, for methane at 450 K in cylindrical silica pores, estimated
through MD and various theoretical methods.*

For example,

=2 [ 10) vy (20)
0

D,

It is readily shown from the last two expressions that D, can be
decomposed into the sum of two terms:

D, = Dy + D¢ (21)

where Dy comes from the diagonal self-correlation terms and
D from cross correlations between distinct molecules. Clearly
D, becomes equal to D in rarefied systems where cross
correlations decay to zero.

Comparisons with MD have indicated that the Knudsen
equation significantly overestimates the low density diffusion
coefficient in nanopores by as much as an order of magnitude,
depending on the strength of the fluid—wall interaction.>>1%
As an example, Fig. 4 depicts the variation of the low-density
transport coefficient with pore diameter for methane at 450 K in
silica cylindrical pores,® showing considerable overprediction
compared to both equilibrium and nonequilibrium molecular
dynamics (NEMD) simulations even at a pore diameter as large
as 7 nm. On the other hand the Oscillator model from this
laboratory, to be discussed later, which considers the fluid—wall
interaction, gives excellent agreement with the simulations. The
overprediction by the Knudsen model is significantly reduced at
very small pore diameters, by empirically modifying the effec-
tive pore diameter to d = d.. — 2(0.920), in eqn (1) to account
for the repulsive region. Nevertheless, considerable overpredic-
tion remains at pore sizes above 1 nm due to neglecting the
dispersive solid—fluid interactions.

Krishna and van Baten'%''° have independently found the
Knudsen approach to overpredict significantly the MD simu-
lation results for the low density diffusivity. Fig. 5, from Krishna
and van Baten,''® shows the variation of the MD low density
diffusivity with the Knudsen diffusivity at several temperatures
for methane and argon in silica pores of 2 nm and 3 nm.
The plot shows that deviations are more significant at low
temperature, but as temperature increases the MD diffusivities
converge to the Knudsen values, in agreement with the
discussion of Fig. 1. A similar analysis has been made by
Fernandes and Gavalas''! who performed MD simulations of
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Fig. 5 Correlation between the MD low density diffusivity and the
Knudsen diffusivity at several temperatures for methane (C1) and
argon in silica mesopores.''”

nitrogen and isopropane in silica pores at large Knudsen
numbers. Some of their results are depicted in Fig. 6.
In Fig. 6a the variation of the normalized diffusivity Doy~ is
shown, where v is the average molecular speed, with temperature
in a 2 nm pore. It is again clear that only in the high temperature
limit do the Knudsen and the MD diffusivities coincide; for
the more strongly adsorbed isopropane that limit is not reached
in this material even at temperatures as high as 800 K, whereas
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Fig. 6 (a) Variation of the normalized MD low density diffusivity
Dyv~! with temperature in a 2 nm silica pore. (b) Ratio of the MD low
density diffusivity to the Knudsen diffusivity as a function of pore
radius. From Fernandes and Gavalas.'"!

for nitrogen the limit is reached at around 500 K. In Fig. 6b
the variation with pore radius of the MD low density diffusivity
to Knudsen diffusivity ratio at 393 K for the same two gases
is shown. Interestingly, although the ratio is always below
unity for the pore radii studied, a peak is observed at about
0.4 nm for both species. This is associated with the so-called
levitation effect''> which occurs when there is a transition
from two to one minima in the wall potential field as the pore
width is decreased. This effect is readily explained through the
oscillator model,''® but is of course out of the reach of the
Knudsen description. At the micropore level, Skoulidas and
Sholl®®!"* have calculated room temperature MD low density
diffusivities for several light gases in silicalite, ITQ-7, ITQ-3 and
7ZSM-12 zeolites of the order of 1078 m? s™'; that is, an order of
magnitude below the corresponding Knudsen value. Only when
the Knudsen formula is corrected by 0.920y do the values
approach the order of magnitude of the MD results, although
the quantitative agreement is still unsatisfactory.

In summary, experimental and simulation data on diffusion
of low density gases in nano and mesoporous media indicate
that the century old Knudsen approach leads to over-
prediction of D,, particularly when significant adsorption
occurs. In the case of experimental data, the deviation from
the Knudsen formula is usually masked within the tortuosity
factor, which turns out to be significantly above the theoretically
expected values.

3. Bulk and wall-mediated diffusion in macro and
mesopores

In most practical applications, fluid densities exceed the
Knudsen limit (Kn > 1) and locate the system in the
bulk-diffusion regime (Kn « 1) or in the transition regime
(Kn =~ 1), where viscous effects may also be of importance.
Much effort has been devoted to the development of a theory
for multicomponent transport in porous materials valid at
any Knudsen number and applicable under the potential
influence of pressure gradients, the origin of viscous flow.
In general, the most successful approaches have followed
the lines of the Maxwell-Stefan (MS) description of mass
transfer rather than those of Fick’s law, which cannot explain
some phenomena such as reverse (“uphill”’) or osmotic
diffusion, experimentally observed in many systems of
practical interest.’® By far the most widely used MS-type
“unifying approach” is the dusty gas model>* and for
that reason the majority of this section is dedicated to the
analysis of this model. Some other Maxwell-Stefan type
modeling approaches adopting a “frictional approach” are
also discussed, emphasizing in all cases the strengths and
limitations of the models arising from the assumptions
and conceptual framework employed in their derivation.
The Onsager description of multicomponent transport
has been shown to be equivalent to the Maxwell-Stefan
approach,!'>"1173% although the latter has generally been
preferred as the starting point in engineering analysis, while
the former is relevant for theoretical and computational
purposes. We will focus our attention on the Maxwell-Stefan
type models only in the absence of external body forces, as the
inclusion of these forces is not generally problematic because
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they are very naturally included in the diffusion and momentum
equations.

The generalized Maxwell-Stefan diffusion equations have
been derived by Chapman and Enskog®® and Hirschfelder—
Curtiss—Bird'"® from kinetic theory and irreversible thermo-
dynamics principles, respectively. Their initial derivations
do not allow for shear forces because, in the former, the
Boltzmann equation was solved considering only first order
fluctuations with respect to the mass-averaged velocity and, in
the latter, because of the restrictions imposed by Curie’s
theorem.''® Zhdanov et al.''® later introduced the shear term
through the thirteen-moment approximation to the Boltzmann
equation, although this term is very commonly dropped arguing
that its contribution is negligible compared to that of other
terms.>> Alternative forms of the equations were later derived
by several authors'?% 2% and all are, in general, equivalent,
except for the particular expressions for the shear term and
the constitutive equations for the diffusion coefficients. The
complete form of the generalized Maxwell-Stefan equations
for an n-components mixture reads,

n

xixi (Vi =) | b/ Dl .
N x| - | VT =di=1,...,n
Z By Z A '

i#] i#]
(22)

where x; is the mol fraction of i, v; its mean local velocity,
DT its thermal diffusion coefficient, pit its mass density, and
D; is the Maxwell-Stefan binary diffusion coefficient of
species i and j. The first term in the left hand side is called
the “mutual diffusion” or “Maxwell-Stefan” term and represents
the drag exerted by the molecules of species j on the molecules
of species i. The second one is the “thermal diffusion term”
and accounts for thermal segregation phenomena (“Soret” and
“Dufour” effects) related to temperature gradients in the fluid.
Finally, the term on the right hand side is the so-called ““diffusion
driving force” which can be written, ignoring inertial effects, as

pRTdi = p;Vrp1; + (¢; — 0)Vp— (V-1 — 0,V - 1;)

— (piF,-—w,-ijF,) i=1,...,n
i=1
(23)

Here p; is the molar density of 7, y; its chemical potential, V; its
partial molar volume, w; its mass fraction, 7, is the shear stress
tensor associated to viscous momentum exchange with molecules
of i, F; is the force per unit mol acting on species i and p, is
the mixture molar density. The first term on the right hand side
represents the so-called ordinary diffusion, the second term
represents the pressure diffusion, the third one is the stress-
gradient diffusion'? and the last one is the forced diffusion term.
It is worth mentioning that the above equations can be derived
from purely linear momentum and mass conservation
arguments,' although the particular form of the mutual and
thermal diffusion terms can only be obtained through the
statistical-mechanical or irreversible thermodynamics deriva-
tions. The constitutive expression relating t; to the velocity
gradients is also beyond the domain of a continuum mechanical

derivation, requiring a statistical-mechanical treatment.'”' The
models considered below all result from simplified forms of the
above generalized Maxwell-Stefan equations.

3.1 The dusty gas model (DGM)

3.1.1 Gas phase transport. The DGM is probably the most
widely used approach for modeling of multicomponent trans-
port in porous media.>**>11® Initially developed by Evans and
co-workers®” % it was later refined by Mason et al.>! with the
goal of accounting within a unified framework for combined
wall mediated and bulk diffusion of gases in porous systems.
However, besides having the weakness of incorporating the
Knudsen model which, as shown above, fails under conditions
of practical importance, its formulation has fundamental
flaws, and the theory fails to accurately predict the behaviour
of even a simple diffusion experiment widely known as the
Stefan tube.’® While there has been some recent criticism
of the DGM, the discussion has been somewhat obscured
in a plethora of derivations,’”**3%125 and there is consider-
able lack of clarity on the issue. Its apparent success in
application is largely due to the presence of fitting para-
meters such as tortuosity, which mask model errors. Here we
present a fresh perspective on this classic model, illuminating
key flaws in the derivation that have hitherto been largely
unrecognised.

The principle behind the DGM is in fact quite simple and
originates from the concept of the Lorentz gas where one
component of a binary mixture is taken to the limit of
extremely heavy and therefore immobile molecules.*® Thus,
in the DGM, the pore wall is assumed to consist of uniformly
distributed giant “‘dust” molecules of infinite molar mass, held
fixed in space by some external ‘clamping’ force that counter-
acts the drag exerted by the fluid. This is equivalent to fixing
the frame of reference on the dust. This dust is then taken as a
pseudo-species in the Maxwell-Stefan diffusion equations,
which are employed to relate the fluxes and diffusion driving
forces. The final expression for isothermal diffusion of an ideal
gas mixture of n species, in the absence of external
forces reads,

! ij,'*xij/ j,' ldpl

=2 T " i=1,...,n
p,D?j p.DS, pdz nDS dz

J=1
i#]

(24)

where p; is the partial pressure of species 7, n is the mixture
viscosity, By is the viscous permeability coefficient and z is the
diffusion coordinate. The effective binary diffusion coefficient
Dy is given by (g,/7)D;; where (g,/y) is the common porosity to
tortuosity correction factor associated with the particular
medium morphology. D5, is an effective diffusion coefficient
arising from the drag exerted by the dust (medium) on species i.
It is customary to take D§, = (&p/y)Dx;, With Dy; the Knudsen
diffusion coefficient of i. J; is the pore cross-section averaged
molar flux, which, for a cylindrical pore of radius ry, is given by
p
-2
J :r—z/rp,-(r)v,-(r)dr (25)
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v(r) is the axial velocity of i and r is the radial coordinate.
To illustrate the shortcomings of the model it is pertinent to
briefly outline key steps in its formulation, identifying the flaws.
The reader is referred to Jackson®* for a more detailed
derivation.

The starting point is the generalized Maxwell-Stefan diffusion
eqn (22) and (23) applied to an ideal gas mixture comprising
n gas species and the solid as the (» + 1)th component
(the dust). The very assumption of an ideal gas mixture
including the solid “dust” particles would appear problematic,
as in real porous solids the gas and solid phases are segregated
in different regions of the particles—i.e. the gas molecules and
dust particles are not randomly mixed. Nevertheless, upon
using the condition that J,.; = 0 and that the total clamping
force on the dust particles per unit volume must match the
pressure gradient, a series of algebraic manipulations, detailed
elsewhere,** yields

& ‘ji - l'j' j[ 1 4 i
u+ —__ i (26)
p,D[j D,‘o RT dz

J=1

in which the diffusivity D;, relates to the binary gas—dust
mutual diffusion coefficient, and is taken as the Knudsen
diffusivity Dy,. Further, the gas phase pressure and the molar
densities of all species are assumed uniform over the pore
cross-section, ignoring inhomogeneities and density gradients
that arise due to gas—wall interactions. This places consider-
able restrictions on the applicability of the approach in
nanoscale pores, where adsorption and gas—wall interactions
play a strong role as discussed above. Besides these limitations,
there has been some controversy regarding the nature of
the fluxes in eqn (26). Evans and co-workers divide the total
flux, i.e., the flux with respect to a framework of reference
fixed to the walls (as J,+; = 0), into an additive viscous
(non-segregative) contribution J,;; and a diffusive contribu-
tion Jyifr;, according to

ji = jvis,i + jdiﬂ,i (27)

and then assert that fluxes in eqn (26) correspond to the
diffusive contribution only. That is, eqn (26) must be really
written as,

n

Z pilaici — pidaiirj  Jairri
p.Dj D,

1 dp,
= RT & (28)

J=1

The viscous part is given by Jyis; = XiJyis, Where Jyj is

assumed to follow a Darcy-type law,
T s _ /)rBO CLP

Juis = p,7™ = n dz (29)

The permeability B, is characteristic to the medium and, in
general, must be determined experimentally. For instance, in a
cylindrical pore, the classical non-slip Poiseuille flow relationship
provides B, = rl2,/8. 7" is the cross-section average of the
mass-averaged velocity v = Y pi"v;/p7", and the superscript ns
indicates that the mass-averaged velocity here is calculated
under the assumption of no wall slip. Finally, combining
eqn (27)+(29) leads to the DGM eqn (24). It must be recalled
that fluxes in the final result in eqn (24) are total fluxes and
include both the viscous and diffusive contributions.

Kerkhof** has criticized this treatment on the grounds that
expressing the total flux as the sum of a viscous and a diffusive
part is artificial. According to Kerkhof, eqn (26) is complete in
the sense that both viscous and diffusive contributions are
already included in the fluxes, which means that adding a
viscous term on the right hand side leads to double-counting
of the viscous effects. The rationale for Kerkhof’s arguments
is, however, not clear; nevertheless, the main problem with the
approach may be readily traced to conflicting choices for the
frame of reference in different steps.

The arbitrary replacement of the flux J; in eqn (26) by the
diffusive component Jyir;, to obtain eqn (28) would appear to
create an internal contradiction, and is in serious error. The
motivation for the substitution is that only velocity differences
are involved in the Maxwell-Stefan formulation in eqn (22),
the starting point of the analysis, hence the choice of reference
frame is arbitrary. However, on the one hand, the condition
J,+1 = 0 employed in the derivation automatically locates the
frame of reference for the fluxes on the pore walls (i.e. the solid
phase), while on the other hand eqn (28) implies that Jgg,
represents the flux measured with respect to a frame of
reference located at the fluid centre of mass. Replacing J; by
Jair.i in eqn (26) therefore yields the physically incorrect result
that the solid phase and the fluid centre of mass have the same
velocity, and therefore Jy;,; = 0, since the dust (solid phase) is
stationary (as J,+; = 0). Conversely, the substitution of J; by
Jair; leads to the extraordinary conclusion that the pore walls
are moving at a cross-section averaged velocity 7 with respect
to themselves!

Thus, it is clear that gas velocities, v;, in the DGM must be
measured relative to the pore walls, rather than the fluid centre
of mass; that is, the fluxes in eqn (26) are total rather than
diffusive only. Even though the foregoing argument is quite
elementary, it has not been discussed so far in the literature.
The problem, as some authors have pointed out,?”** lies mainly
in the abundance of terminology and definitions for the flux
contributions that is found in the literature. The lack of a
standard framework makes it difficult to judge and compare
the different available transport models from a theoretical
stand-point. In the present case, eqn (27) is no more than a
particular definition for Jy;z; which, as we shall see, does not
actually correspond to the usual statistical-mechanical definition
for the diffusion velocity.

The previous discussion is also valid for the more refined
derivation by Mason et al®' where the shear term in the
generalized Maxwell-Stefan diffusion equations, written as a
function of the mass-averaged velocity, is eliminated through
the mixture equation of change. In this work, Mason et al.*!
write for the single gas case,

D, dp

Jaitt = — —— 30
W T RT dz (30)
and the coefficient D, is subsequently taken to be the Knudsen
diffusion coefficient. Since the total flux corresponds to the
summation of the diffusive and viscous contributions, according

to eqn (27), they finally obtain,
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This corresponds to the well-known viscous slip equation for
diluted gases. Now, the usual statistical-mechanical definition of
the diffusion velocity of species i, vgil}/},,- is given by

vi=v + vgf}%i (32)

That is, vﬁ%i is simply the velocity with respect to the
mass-averaged velocity. The benefit of such a definition is that
S oTVENM, = 0, since Y ;p™y; = p™v. Consequently, the total
“diffusive flux” derived from the statistical-mechanical definition,
JEN = S0 pMVaN is always zero. Tt is this definition that is used
in both the Chapman-Enskog and Zhdanov derivations of the
diffusion equations, from where the DGM is deduced. However,
Jairr 18 clearly non-zero in eqn (30) and therefore, Jyir cannot
correspond to J(Sii]‘é. If the statistical-mechanical convention is
followed and the correct flux used, eqn (30) provides the total
flux rather than its diffusive part, and one has,

- D, dp

J=- RT 2 (33)
Therefore, D, cannot correspond to the Knudsen diffusivity, but
is a coefficient combining Knudsen and viscous effects, as in
eqn (31). To see this, consider for simplicity a cylindrical pore of
radius r,. The solution of the Navier-Stokes equation under the
Maxwell slip and symmetry boundary conditions,

dv dv
V(rp) - _fa r=r, (E) r:O: 07 (34)
—'p
yields the following cross-section average of the mass-averaged
velocity'?
r 4¢ d
v=L 148 = a 35
! 8y { * Tp dz (35)

where & is the Maxwell slip modulus. In the derivation of
eqn (35) a radially uniform pressure was assumed. Combining
eqn (33) and (35) provides,

2
_ P [ L4
D, = & {1 + rp} (36)

Thus, when the flux in the DGM is taken to be the total rather
than the diffusive and the usual statistical-mechanical convention
in eqn (32) is employed, the resulting coefficient D, combines
viscous and wall-mediated diffusion effects, the latter embedded
in the Maxwell slip modulus &,. Maxwell'?” derived an expres-
sion for & in the case of hard sphere gases, assuming the pore
wall to be constituted by closely packed spheres

& = C (37)

where constant C =~ 1.4 according to the measurements
performed by Knudsen'® on transport of several light gases
through glass capillaries. In practice, C is a function of the
momentum accommodation coefficient and varies with the
specific material and diffusing gas. Taking this particular value
and expressing the mean free path in terms of other physical
variables, one can finally obtains

where Di = 0.89Dy. The 0.89 factor is required to fit the
Knudsen experimental data.>®

3.1.2 Fluids at high density. The extension of the DGM to
non-ideal and dense fluids was done by Mason and Viehland'?®
and Mason and del Castillo,** starting from the Bearman—
Kirkwood formulation for the microscopic momentum
balance,'?® but again suffers from the weaknesses of its low-
density predecessor. For an isothermal system in the absence of
body forces, the resulting DGM equation is,

ix_,-J,-—x,-L Ji (dﬂi> L
2Dy D, RT \\dz ), " "z
i#j (39)
/
_apiBodp
nDs, dz

where y; is the chemical potential of i, V; its molar volume and
o} its viscous selectivity factor, introduced to allow for the
possibility of “‘segregative viscous flow” in semipermeable
membranes. This coefficient can take values greater than or less
than unity, and depends on both the species and the particular
medium. A value below unity applies for example to molecules
that “‘stick” to the wall and slip, whereas a value greater than
unity applies to relatively large molecules of size near to the
pore diameter; such molecules tend to move along the pore
center-line.>® Kerkhof** has carried out a careful deconstruction
of the derivation of eqn (39), finding again that the addition of a
viscous term in the right hand side leads to some inconsistencies.
For example, the single component version of eqn (39) for a

liquid-medium system with o’ = 1 reads
- D, p,By\ dp
=== - 4
4 (RT * n )dz (40)

which is contradictory since, for a single Newtonian liquid, no
viscous slip at the wall is anticipated. On the other hand,
elimination of the viscous term in the right hand would lead,
upon solution of the Navier—Stokes equation with non-slip
boundary condition, to

- Dodp
S (41)
with
P Bodp
D, = RT p = (42)

showing that the correct selection of the flux in the
derivation (total instead of diffusive) along with the statistical-
mechanical convention yields a fully viscous transport
coefficient. Although the ratio of the viscous to the slip term
(assuming that D, = D,) in eqn (40) is in general large
for liquids, i.e. ~50 for water and ~73 for acetic acid at
298 K in a | pm capillary, there are cases in which the two
terms are comparable, ie. ~13 for phenol and ~2 for
propylene glycol at the same temperature, even though the
density is high enough in all cases to hold a large amount of
intermolecular collisions near the wall and guarantee the
non-slip condition.
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3.1.3 Alternate perspective on the DGM. It is clear from the
above discussion that as usually derived the DGM suffers from
conflicting choices of the frame of reference used for different
terms in the analysis. A second equally serious error lies in
the frequent use of the expression B, = rf,/S for the intrinsic
permeability, which is based on simple Poiseuille flow in a
tube; as it conflicts with the spatial averaging behind eqn (24),
in which it is assumed that the solid particles are intimately
mixed with the fluid rather than being confined to the tube
surface. In this section we analyze the DGM from a new
perspective, avoiding the above inconsistencies, but with a
different assumption, and find that unphysical consequences
still arise. The starting point of our analysis is the micro-
scopic momentum balance,'?® or equivalently the generalized
Maxwell-Stefan equations

< pjpi(vi — ) <dﬂi)
Y Pl LA—
,-:Zl pDjj dz )
4 (43)
1d(rt,.;) .
———i=1,...
rodr el

written for a cylindrical pore of radius rp, where v; is the local
axial velocity of i and t,.; is the rz component of its shear
stress tensor, representing the rate of z-momentum transferred
in the r direction due to radial gradients of the axial velocity
of i. Upon defining a wall friction coefficient, ¢, ;, such that
T Arp) = &g ipvi’, and performing a cross-sectional averaging
over eqn (43) while considering the species densities and
chemical potential gradients to be radially uniform, we obtain

i) vy 1
dz ) ;

- =1, 44
pDj "Dy TRT i=lon (44)

j=1

i#]
where 7, is the cross-section averaged velocity of species i, v} its
velocity at the wall, and D,, RTrp/2¢, ;. The friction
coefficient &, ; is expected to be specific to component i and
the medium, as will D;,. Comparing the definition of & ; with
that of the Maxwell modulus in eqn (34), and taking the latter
to be 1.4/, one finally gets D;, ~ 0.89D,. We can rewrite
eqn (44) in terms of the molar fluxes,

n

Xili—xidy JYpy (dw
) D; ﬂ%_Rszﬁ_”””(m

J=1
i#]

where J}' represents the molar flux of i at the wall. J} is
obtained by an approximation, in conjunction with the
Navier—Stokes equation, by first solving for the mass-averaged

velocity, following
nd ( dv\ _ d_p
rdr (r dr) Cdz (46)

with boundary conditions dv/dr = 0 at r = 0 and v = v" at
r = 0. The mixture viscosity 5 is taken to be uniform in the
radial coordinate r. Assuming a radially uniform axial
pressure gradient (which is consistent with the assumption of
radially uniform density and axial chemical potential gradient,

used in the averaging behind eqn (45)), solution of eqn (46)
yields the cross-sectional averaged velocity

r2d
= A P p
w2 47
ey 8n dz (47)

To obtain the flux of component i at the wall, consider,
J{r) = pwir) = py(r) + Jaim A1) (48)

where Jy;ir; is a local diffusive flux relative to the local centre of
mass velocity, v, such that > M;Jqir; = 0. Now, if the diffu-
sive part of the flux of each ispecies is assumed to be uniform
over the whole pore cross section, i.e. Jiig, = Jaimdr) = Jaimi
eqn (47) and (48) provide

J}V = ji - jvis,i (49)
where J,;; is given by the no-slip Poiseuille equation,
2
= Pily dp
vis,i — T o 7. 50
8n dz (30)

in agreement with the DGM definition of Ji ;. Inserting
eqn (49) in eqn (45) yields

n

= Di/ Dio RT \ dz T

i#]

(s1)

Upon substituting
d; dy; = dp
— ) == Vi— 52
(dZ)T (dZ>T,PJr dz 52

and using By = r]23/8 for a cylindrical pore, eqn (50) and (51)
yield the DGM eqn (39), with o] = 1.

There are several interesting aspects of the above formula-
tion. First of all, it was necessary to suppose that the species
densities are radially uniform, as in the traditional derivation
in Sections 3.1.1 and 3.1.2. On the other hand, simulation
results, for example for methane in silica pores,l%’]29 show
layering effects and strong density gradients in nanopores as
large as 5 nm diameter, with significant localization of the
adsorbate near the potential energy minimum even at tempera-
tures as high as 450 K, as shown in Fig. 7. Thus, the DGM can
only be applicable to sufficiently large nanopores where adsorp-
tion-induced density gradients have an insignificant influence.
This holds even if the wall coefficient D;, is modified, for
example, through an activation energy factor to empirically
capture adsorption effects on the diffusivity. The introduction
of the viscous selectivity « coefficients by Mason and del
Castillo™* seems to be more of an artifact to expand the scope
of the model to those cases where dispersive interactions
between the fluid and the wall are of importance. In fact,
the statistical-mechanical origin of «; has been challenged.**
Finally, the assumption of uniform diffusive flux, and therefore
of separative effects, over the cross section would appear to be
an internal contradiction. On the one hand the Navier—Stokes
equation is used to determine mass-averaged velocity profiles
for the mixture, while on the other the diffusive part of the
velocity of any component is assumed uniform over the cross
section. Such an assumption leads to the rather unusual
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Fig. 7 Radial density profiles at 450 K for various pore sizes and
densities for methane in silica cylindrical pores. Solid lines represent
GCMC-determined equilibrium density profiles, while dashed lines
represent profiles from EMD and dotted lines those from NEMD. The
silica was represented as having infinitely thick walls of closed packed LJ
sites, with ¢, = 290 K and o, = 0.29 nm. In the NEMD simulations a
constant axial acceleration is exerted on all particles. From Bhatia er al.>

conclusion that the velocity profiles of all species are parallel to
each other, i.e. the velocity gradients of all species are identical,
since for radially uniform densities

Jaifr,i Jaitr,j
N dtf,> = () 4 i
Pi Pj

Jaii Jaifr
Pi Pj

() = wr) = (v(r)
(53)

= const.

Such behaviour is unlikely in the general case, casting serious
doubts on the validity of the DGM even under conditions of
negligible adsorption.

3.2 Interfacial friction-based models

Frictional models also have their basis in the Maxwell-Stefan
diffusion equations. However, the fluid-wall momentum
exchange is usually approached through an interfacial friction
coefficient active at the pore surface and introduced directly
into the diffusion equations, or through the slipping modulus
in the solution of the equation of change with slip boundary
condition. The friction coefficient embeds viscous and wall-
molecule collisions effects, although the final form of the
equations is sometimes put in such a way that the friction
coefficient is not directly visible. The DGM can be in fact
derived from a frictional approach, as we have shown above.
Nevertheless, except for the Lightfoot model,* the models
described below are not equivalent to the DGM.

The starting point for the Lightfoot model*’ is the irreversible
thermodynamics formulation of the diffusion driving force.

For the isothermal case, in the absence of external body forces,
Lightfoot’s model reads

1

4 ij,'*xijj j,‘
Ej Eo,  RT

dz "dz

du; 4
(ﬁ) 72l
T,P

(54)

The fluxes here are total rather than diffusive only. Lightfoot’s
derivation is in spirit similar to that of the DGM, in the sense
that the membrane is taken as a pseudo-component held in
place by a clamping force. The main difference lies in the fact
that it is the membrane that is taken as the frame of reference,
rather than the fluid centre of mass. The binary and unary
diffusion coefficients E; and E;, obviously do not correspond to
D5 and D5, in eqn (35). According to Mason and del Castillo,'*
the Lightfoot coefficients, commonly referred to as “augmented
coeflicients”, embed both diffusive and viscous contributions.
The two models are however algebraically equivalent;
i.e. well defined functions f and g exist such that E;, =

f({D?O}, {DZ}7 {CL;}, BO) and E; = g({Dle'o}v {D;c/}v {O(;}, BO)'130

It can be proved that, when the viscous term is dropped
(By = 0) the Lightfoot and DGM coefficients become equivalent. ™
Mason and co-workers assert that Df; are the real effective
Maxwell-Stefan coefficients, while Ej; contains both binary
momentum exchange and viscous contributions, making the
Lightfoot model less convenient since Ej cannot be directly
determined from binary diffusion measurements. Following
the previous analysis, and in agreement with Kerkhof’s
discussion,** we conclude that the Lightfoot binary coefficients
are in fact diffusion coefficients rather than ‘“‘augmented”
expressions. The DGM coefficients on the other hand are
altered because they must absorb the effect of the extra viscous
term. However, in the majority of applications both models
require empirical specification of the transport parameters to
fit the experimental or molecular simulation results. Examples
include: Hejtmanek er al.'*! on transport of binary and ternary
mixtures of light gases in mesoporous commercial catalysts;
Moon et al.'* on separation analysis of H,/CO mixtures in
mesoporous silica/alumina membranes; Chang and Lee'** on
the determination of DGM parameters for diffusion of light
gases in silica by MD; or Todd et al.'** on the determination of
DGM and structural parameters through uptake experiments
in zeolites; interpretations of experimental data through the
Lightfoot model have been carried out by Keurentjes ez al.'*
in the study of dialysis membranes using water/2-propanol
solutions and Scattergood and Lightfoot'*® in ion-exchange
membranes. In summary, the need to resort to empirical
parameters, in addition to their algebraic equivalence, makes
these two approaches equally convenient (with the same
strengths and weaknesses) for the interpretation of experiments.
The two models are not suitable for predictive purposes due to
the ultimately empirical nature, and therefore non-transferability,
of their parameters, neither are they appropriate for the analysis
of nanopores, where fluid inhomogeneities are of paramount
importance in the description of transport.

A different approach known as the mean transport pore model
(MTPM) was developed by Rothfeld'*” for binary gas mixtures,
and later extended by Schneider'*® to the multicomponent case.
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In this model the pore is assumed to be cylindrical and the flux is
also arbitrarily partitioned into a viscous and a diffusive part, as
in eqn (27). The viscous term is determined by the solution of the
Navier-Stokes equation with slip boundary condition for each
species, writing the shear stress as

Trzi = _'/]7 (55)

Thus, the shear stress is proportional to the species velocity
rather than the mass average velocity. The species ‘partial
viscosity’ is taken to be equal to the mixture viscosity, 7.
The slip velocity is determined through the calculation of the
rate of momentum transferred to the wall, which is in turn
obtained by interpolation of the momentum transfer rates at the
low density and continuum limit, taking the Knudsen number
as the interpolation parameter. The final expression for this
model is,

n

ijji -xiJ; | Ji

De D

j=1 ij ki

dx; B; "~ B; dp, .
= LS (- BB [ =1
pt dZ D[i[_‘—/-:l Diivj( / ]) RY 1 n
i#]
(56)

The B;’s are species specific permeability coefficients given by,

i/ M/ M+ Kn g, (i?
By — pf, OV MM K o 0y (1)
1+ Kn y 8y

The superposition of the viscous and diffusive contributions used
in the derivation of eqn (56) and (57) is, however, arbitrary.
Furthermore, assuming the partial viscosities to be equivalent
to the mixture viscosity is incorrect, as it violates the condition
that the sum of the shear stresses on all the components must
match the total shear stress on the mixture. In spite of its
weaknesses, the near-wall kinetic theory analysis in the MTPM
has inspired the development of more physically sound models,
such as the binary friction model (BFM),* the velocity profile
model (VPM)'* and the cylindrical pore interpolation model
(CPIM).Y’

We will refer now to the VPM, as this model is an
improvement over the previous BFM approach. The starting
equation is, for a cylindrical capillary,

m0 (0 _ O NSl v)

s (rar) =piy +p; B o 1,....n (58)
i#]

Eqn (58) is equivalent to the momentum balance in eqn (43)

with the component rz of the shear stress tensor for species i

defined as

av,‘
pei = — M —— 9
i g, (59)

T
As in the MTPM, '#° the species velocity rather than the mass-
averaged velocity is considered in the specification of the
shear term. The physical justification for this is as follows:
consider a cylindrical volume element 8V(r) with a mean
streaming velocity v{(r) for species i, as depicted in Fig. 8.

Net flux of momentum due to
gradients inv;, 7. =-mdv/dr
Molecules of i
moving from high to
low velocity regions

Molecules of i
A moving from low to
' high velocity regions

_______________________________ --p

Fig. 8 Illustration of the momentum transfer mechanism due to
species velocity gradients. Since there is not radial velocity component,
the number of molecules of i moving from the pore center to the wall
and vice versa is the same. However, the existence of gradients in v,(r)
leads to a net flux of momentum in the direction of (—dv,/dr).

Under steady-state conditions, and in the absence of a radial
partial pressure profile and external body forces, the change in
the z-momentum of / within 6V(r) produced by the joint effect
of the pressure force —dp;/dz and the i — j (i # j) collisions,
must be balanced by the rate of momentum lost/gained due to
the exchange of molecules of i with the adjacent volume elements
SV(r + dr) having mean streaming velocities v{(r £+ dr). Such
exchange is represented by the shear term and will on average
lead to a net z-momentum flux of species i from the regions with
high z-velocity of i to those with low z-velocity of i. The shear
term should then logically be proportional to the gradient in the
velocity of i rather than the gradient in the mass-averaged
velocity, as the momentum exchanged in i—j collisions is already
accounted for in the mutual diffusion term. This is similar to the
idea behind the early work of Schneider,'* though the latter
does not provide any physical justification.

An analytical solution of eqn (58) was derived by Kerkhof
and co-workers'*® for a two component mixture using a slip
boundary condition, similar to that in eqn (34). Averaging of
this solution over the pore cross section gives,

du; X1 X2
—Lt = —p RT:
Pi dz P gD Bzf/'

(Vi =) = p RT Bjgvi i = 1,2 (60)

where the friction coefficient f;, is a function of the partial
viscosities and the Maxwell slip modulus. The correction
factor gp arises because, apparently, the average of the
difference in velocities is not exactly equal to the difference
in the average velocities. However, this correction was found
to vary between 1 and 1.3 for liquids and it is approximately
unity for gases. Kerkhof and Geboers®'* have generalized
the idea behind the VPM by solving the Boltzmann equation
around the average velocity of each species, as opposed to
the common solution around the mass-averaged velocity.3*!1°
In effect, when the mixture components have very different
mobilities, the velocity profiles of the separate species may
differ significantly from that of the mass-averaged velocity.
In that case, the assumption that the species’ diffusion velo-
cities are small fluctuations around the mass-averaged velocity
leads to incorrect results. This problem is avoided when the
expansion of the velocities is performed around the species
average velocity; when this is done, eqn (59) for the shear-
stress arises naturally from the analysis. The drawback of the
VPM approach is that an equation of change for each species
arises, and the resulting system must be solved simultaneously
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in order to find the velocity profiles. Moreover, no simple
expression is provided by Kerkhof and Geboers for the
calculation of the partial viscosities.

In summary, the different approaches to describe in a
unified framework bulk and wall-mediated diffusion in porous
media are not fully satisfactory from a theoretical standpoint.
Some errors in the derivations arise from ad-hoc superposition
of the viscous and diffusive contributions to the total flux,
where the definition of the latter is not always in agreement
with the statistical-mechanical convention. In addition, some
of the models assume uniform diffusive flux, which seems to be
a rather convenient but unlikely situation. The VPM, which is
probably the theoretically neatest approach, introduces partial
viscosities which are difficult to access from theoretical or
experimental methods. Moreover, the cross-section averaged
form of the equations, rely on the assumption of uniform
pressure and composition in the cross-section, which is not the
case when adsorption is present.

4. Transport in the presence of adsorption fields

The models discussed above introduce the effect of the pore
walls through the Knudsen diffusion coefficient that considers
a hard sphere system, and consequently neglect the effect of
adsorption. At the nanopore level adsorption cannot be
ignored. The fluid molecules can never escape from the force
field of the pore walls, and transport is often empirically
treated as an “activated process”.*® In the discussion of the
Knudsen model in Section 2 it was clearly shown that, at this
size scale, ignoring adsorption leads to diffusion coefficients
usually orders of magnitude above those determined by
experimental and simulation methods. However, to argue that
adsorption is important only at the nanopore level (d < 2 nm)
is certainly incorrect, as the definition of ‘“‘nanopore” is
arbitrary. The discussion of this section also applies to larger
(often much larger) pores where adsorption effects on transport
can still be significant.

The consideration of more realistic van der Waals inter-
actions at low density, to overcome limitations of the Knudsen
model, was performed by Nicholson and coworkers, 1417144
who numerically solved the equations of motion for a Lennard-
Jones particle moving under the action of the adsorbent field
in a slit pore. In their ‘molecular path tracing’ method the
trajectories yielded path lengths which were incorporated into
a statistical mechanical averaging to obtain self-diffusivities.
The theory was successful in explaining experimentally
observed temperature minima in the relative permeability.'#
Several attempts have been made to derive a rigorous statistical
mechanical description of the transport of fluids in nanopores
at high density, while allowing for van der Waals fluid—fluid and
fluid—wall intermolecular interactions. However, they have
largely been intractable due to the complexity of describing
the dynamical evolution of a many body system, and have
not yielded models that can be routinely applied in interpreting
experimental data. Pozhar and Gubbins'*® developed a
kinetic theory approach based on the generalized Langevin
equation, and later'” a more refined version based on the
Enskog theory. Starting from the Liouville equation and utilizing

the Zwanzig-Mori'**1% projection operator technique, Pozhar'>

and Pozhar and Gubbins*' developed a master equation for
the set of collective variables that is sufficient for a complete
characterization of a system’s behavior. However, besides
being computationally intensive, the final equations for the
kinetic coeflicients rely on gas—solid contact pair distributions
that are obtained by molecular dynamics simulations, as a
result of which the method is not predictive. The agreement
with simulation results is also modest, with errors in predicted
self-diffusivity of methane in carbon slit pores as large as 60%
in some cases,** while viscosities can be similarly inaccurate,
particularly near the wall.!>! A similar issue of intractability
and requirements of estimating contact distributions is
inherent to other kinetic theory based approaches.*® Some of
these problems are avoided in recent treatments by Guo and
co-workers'*>!3* and Marconi and Melchionna,'>* based on
the Boltzmann equation, with the collision term being repre-
sented by the well-known Bhatnagar-Gross—Krook (BGK)'>
relaxation approximation. However, the BGK approximation
is known to be crude, in which the relaxation time is taken as
the reciprocal of the collision frequency, and is therefore
inaccurate for a nanoscale system where strong density gra-
dients exist and mean free paths are density-dependent and
not small in comparison to the pore size. No quantitative
comparison of the transport properties with those from MD
simulations in nanopores is reported in these papers, and
the results of Guo er al.'® show only rough qualitative
consistency in trends of the change of slip-length with inter-
action energy parameter. In an attempt to overcome the
problem of a centre of mass-based frame of reference
Kerkhof and Geboers'?® modified the Enskog solution of the
Boltzmann equation for dilute gases by expanding around the
species average velocity based frame of reference. However,
their solution is only valid for a uniform bulk gas, as it does
not account for inhomogeneities that occur in nanopores,
or for the influence of finite Knudsen number. Indeed, any
analysis treating binary collisions in a manner similar to the
conventional Kkinetic theory,59 must be inaccurate in nano-
pores, even at low density, because the a priori assumption of
molecules approaching each other from infinite separation is
no longer valid at the length scales involved.

In recent years new approaches based on modifications of
the Maxwell-Stefan (MS) theory in eqn (22) and (23) have
arisen, providing tractable models for transport under condi-
tions when adsorption is important. These are the generalized
MS theory of Krishna and co-workers at Amsterdam, and the
statistical mechanics based approach from the Bhatia group at
the University of Queensland. In what follows we discuss these
approaches and their merits and limitations.

4.1 Generalized Maxwell-Stefan approach

Krishna and co-workers*®*%1%¢ extended the Maxwell-Stefan

formulation in the spirit of the DGM by introducing a model
for surface diffusion. An important aim of the approach
is to be able to determine individual species fluxes in multi-
component system, based only on information on pure
component diffusivities. Thus, the approach does not explicitly
incorporate adsorption fields; however, these are indirectly
considered through the pure component transport coefficients,
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which may be obtained from experiment or MD simulation.
In the same spirit, the approach also implicitly considers
inhomogeneity, whose effect at the pure component level
of description is inherent to diffusivity values used as input.
In their derivation, molecules are assumed to hop from one
adsorption site to the other, and the adsorption site to which
a molecule jumps may be vacant or occupied by another
molecule. Jumping to a vacant site leads to an exchange of
momentum between the ““vacant” site and the molecule which,
for species i, is characterized by a surface diffusion coefficient
D;. If a molecule of i jumps to a site occupied by a molecule of
j and displaces the latter, a net change in the momentum of /
will arise from this process. Such change is characterized by a
Maxwell-Stefan binary surface diffusion coefficient, Bj.
Obviously, if the site is already occupied by a molecule of i,
on the average no net momentum change for species i will occur
when the molecule is replaced by another molecule of i. When a
porous solid is considered rather than a single straight pore, it is
implied that B} and Dj; already contain the factor /.

If the vacant sites are assumed to be the (» + 1)th component
of a mixture containing n-adsorbates, the Maxwell-Stefan
equations produce, after some manipulation,

0;J; —0:J; 33 0 o
m D—?f—ﬁVTﬂflfl,...,n (61)

J=1
i#]

0, is the fractional coverage of i defined as

qi
qsat

0; = (62)
where g¢; is the concentration of / in the adsorbed phase, usually
expressed in mmol g~' and ¢, is the saturation surface
concentration. py, is particle density, ¢, is particle porosity and
J; is the “surface flux” given by,

Ji = ppqusaloivi (63)
where v; is the surface (diffusion) velocity of species i. It is
generally more convenient to rewrite the chemical potential
gradients in terms of the coverage gradients,

dlnf;

VT,U,
Z [;Vo; Ty = 50, (64)

where f; is the fugacity of i in the bulk fluid mixture.
The quantity I';; is the so-called ‘“thermodynamic factor”
and can be computed from the adsorption isotherm obtained,
for example, by grand canonical Monte-Carlo (GCMC)
simulation methods (see the recent review by Tylianakis and
Froudakis'®’). When the system pressures are not too high,
fi = p; and the thermodynamic factor is easily calculable from
classical adsorption isotherms, e.g. the extended Langmuir
equation,

bipi

O =——F—
1+ z%bjpj
P=

(65)

Through which the thermodynamic factor is simply given by

0, o
Ty =0y +— 0 5f/:{1 if i =

S 0 if i) (66)

Cage Cage

Sy

Window Window

Fig. 9 Diffusion in cage-type zeolites. A molecule diffuses through
jumps to the nearest vacant cages. When the window size allows one
jump at a time the rate of the process will be dominated by the species
with the lowest hopping frequency. From Krishna and Baur.'®

Krishna and co-workers have extensively employed this
approach for the study of several adsorbate—adsorbent systems,
particularly zeolites.'®1%871%0 [n the analysis of zeolites with
cage-type structures, such as faujasite or zeolite Y, “the active
sites” correspond to the crystal cages, which can hold one or
more molecules simultaneously. Molecules jump to the nearest
sites through narrow channels, or windows, interconnecting
the cages (Fig. 9). The windows may be narrow enough to allow
for the transit of one molecule at a time only, in which case
single-file diffusion occurs through the windows. In the original
formulation of the Maxwell-Stefan equations for surface
diffusion, it is implicitly assumed that only one molecule per
site is allowed. As this is not the case for zeolites and, moreover,
the saturation loading (maximum number of molecules per
cage) may vary from one species to the other, eqn (61) must
be modified (see Keil er al.,'®! for details):

n S S

43 — 4iJ;

e B = E r;vo;i=1,.
T €pPpYisatq), satD ql sat

l#./

(67)

where a particular saturation loading ¢; s, (taken as molecules
per cage in zeolites) is allowed for every species and the
fractional coverage is redefined as 0; = g;/q; . Much effort
has been devoted to find expressions for the mutual surface
diffusivities P in terms of the single component surface diffu-
sivities ;. Krishna and Wesselingh have proposed an extended
Vignes interpolation formula,*

Dy = ( DIS_)fli/(qi+ q/)(D;j)qj/(qi +a) (68)

The coefficient P} must in general be estimated experimentally
or through simulation techniques, although these authors
suggest,

D = Pj(0); forweakly confined adsorbates

(69)
(small molecules)

b = bi(0) (l -2 Qj); for strongly confined adsorbates
(small molecules)
(70)

A variation of eqn (68) was later proposed by Skoulidas
et al.'® considering the transport of CH,/CF, mixtures in
MFT zeolites:

S\qi/(qi Ds i
(qj’sat D?)" (q +q/)(qi,sat ?)q//(q +4q) (71)

S __
gjsaDyj =
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This formula apparently provides better agreement with
simulations than eqn (68) for diffusion of alkanes in some
zeolitic structures.'®

For one-dimensional transport in the z direction, eqn (67)
can readily be recast as a Fickian expression,

P = o0, (4)(D) 0 72)

where 0 = (0y,...,0,)", 3 = (/1. . [0, @sae = diag(q1 sa- - -+Ginsar)
and D is the nxn generalized Fickian diffusivities matrix. The
superscript 7'in the vector quantities indicates “transpose”. Matrix
D is given by the product of a diffusive and a thermodynamic
contribution, represented by the nxn matrices B and T,

respectively,
D =Bl (73)

Here, T' is the matrix of thermodynamic factors with

(I); = I', while B is given by
1 " 0; 0;
Bi=—+) + Bj=4 (74)
B M

i#]

An entirely equivalent treatment can be carried out to cast the
DGM equations in a compact matrix form.’>'"” Fig. 10
depicts the components of matrix D, calculated by Krishna'®
using eqn (68) and (73) for a CH4/CF, mixture in faujasite,
along with those obtained from MD. Fig. 11 shows essentially
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the same calculations using eqn (71) and (73) for the same
mixture in MFL'%? Both interpolation equations, (68) and (71),
provide qualitatively good results, although it is apparent that
the interpolation formula must be adapted depending on the
particular zeolite. As a matter of fact, the mutual diffusion
coefficient B}; must depend on the binary cross-interactions,
and expressing it as a function of the unary diffusivities D}
artificially reduces the transport degrees of freedom established
from irreversible thermodynamics principles,'®® indicating that a
physically sound basis for the determination of Py, is still lacking.

Many authors have employed the DGM formulation and
Krishna model of surface diffusion simultaneously for the
calculation of the total fluxes in mesopores, with the premise
that the former describes appropriately the transport in the
“quasi-bulk” phase located in the pore core whereas the latter
describes molecular transport at the surface (c¢f. Fig. 12).
In these works!3%1647166 the total flux is expressed by

Ji= JpOM g g (75)
where JPM is the contribution to the flux from the dusty gas
model, in which adsorption is ignored, and J°MS is the
contribution from the generalized Maxwell-Stefan model for
surface diffusion from Krishna. There is considerable ambiguity
in the way in which the total loading is partitioned between the
two transport mechanisms, while eqn (75) has no real funda-
mental justification. If the pore core is to be considered as
being a bulk-like phase, the introduction of the “dust” is not
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Fig. 10 Comparison of the elements of the Fick matrix D calculated by MD simulations (symbols) with those calculated through eqn (73) using
the correlation in eqn (68) for the estimation of the MS mutual diffusivity (continuous line), for a mixture of CH4/CF, in faujisite at 300 K and

different loadings (¢). From Krishna.'*®
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Fig. 11 Comparison of the elements of the Fick matrix D calculated by MD simulations (symbols) with those calculated through eqn (73) using
the correlation in eqn (71) for the estimation of the MS mutual diffusivity (continuous line), for a mixture of CH4/CF, in MFI zeolite at 298 K and

at different CH4/CF, proportions. From Skoulidas et al.'¢®

| Near wall Pore Core
Surface diffusion DGM region
region

potential energy of interaction

Distance from wall

Fig. 12 The surface diffusion model of Krishna is often used along
with the DGM to describe transport in nano and mesoporous materials
where viscous and bulk diffusion effects are thought to be considerable.
The idea behind this treatment is assuming that a fraction of the
molecules, moving in a monolayer near the wall, obey the surface
diffusion description, while the fraction in the core, where the potential
energy of interaction is negligible, obeys the DGM description. From
Krishna and van Baten.'”

justified as the wall effect would be included in the surface term
(unless the adsorbed layer moving along the surface is considered
as “the wall” for the bulk particles, in which case the nature of
D,, is uncertain). However, most of the theories using this
approach display very good agreement with experimental data.
The apparent success can be traced to the large number of
parameters to be adjusted. In fact, some authors introduce an
activation energy factor in the Knudsen diffusion in the DGM,
in this way increasing the chances for the model to fit the
laboratory results. A more consistent attempt to unify surface
and bulk diffusion in porous media has recently been given
by Krishna and van Baten.'” Their approach resembles the
Lightfoot model, described in the previous section, in the sense
that the fluxes draw together surface and bulk diffusion effects.
However, their model still relies on the empirical specification of
the binary surface diffusion coefficients Hj; based on the unary
coefficients P; and Dj.

It is pertinent to mention that the division of the pore flux
into separate contributions from surface diffusion and Knudsen
diffusion has a long history, with early work detailed in a
comprehensive review nearly two decades ago.'®” Over the
years the approach has continued to find much favor,”-!6-170
with the total flux being represented as a weighted average of
the surface and Knudsen diffusivities. The weighting factors for
a given phase are taken to be the fraction of molecules in that
phase, based on the adsorption isotherm and an assumption of
the surface layer thickness.'” This division of the pore fluid
between the surface and gas phases, while removing some
element of ambiguity present in many earlier works does
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require detailed justification based on a more fundamental
molecular approach. Moreover, layer thickness ultimately rests
on an equilibrium concept of a Gibbs dividing surface that may
have little relevance to dynamics and which in any case is
subject to uncertainties where phases do not have an infinite
extent on either side of the interface.!”’ Molecular dynamics
simulations!”? do reveal a monolayer region of high adsorbate
density and low diffusivity near the wall, corresponding to
molecules undergoing slow surface diffusion, with the bulk of
the flux dominated by molecules in the interior of the pore.
However, such simulations do not offer a recipe or precise
estimate of the partitioning of the pore fluid into gas and
surface phases. As a matter of interest, Argéniil and Keil'”
have numerically shown that when the surface flow is a
substantial fraction of the total flow, the approach of super-
posing independent gas and surface fluxes while using the
adsorption isotherm can yield improper estimates. They find
that under such conditions the assumption of local equilibrium
can be incorrect, and that instead models for rates of adsorption
and desorption should be introduced.

4.2 The oscillator model

The statistical mechanical ‘Oscillator Model’, developed in
this laboratory>*>>%? provides an analytical result for the low-
density transport coefficient of a LJ fluid in a confined space,
whose particles are oscillating between diffuse wall collisions
under the action of a conservative one-dimensional fluid—solid
interaction potential. This represents a significant advance
over the earlier Knudsen formulation which considers only
hard sphere interactions, and can be applicable only to
sufficiently large pores where adsorption effects are negligible,
as shown in Section 2. In this sense, it is also superior to other
approaches where adsorption effects are empirically added
through an activation energy factor. Not being limited by
any assumptions regarding the strength of the LJ fluid—solid
interaction, the new Oscillator model is valid for all pore sizes,
from nanopores to macropores, without requiring any empiri-
cal activation energy corrections. Since the method treats the
pore fluid as a whole it is also a major advance over the
approaches that divide the pore flux into gas and surface flow
contributions, avoiding the empiricism associated with this
partitioning.

4.2.1 Basic formulation. In the low density limit, the
molecular trajectories are subject solely to the force field from
the adsorbent wall and can be described by Newtonian
equations of motion. For example, in a cylindrical pore with
wall potential ¢g(r) the Hamiltonian for a single molecule is

A

H = ¢rlr) + 2m  2mr?  2m

—zF (76)

where p,, pp and p. are the cylindrical components of the
momentum vector, m is the molecule mass and Fis an external
driving force in the z direction. In the conservative force field
of the adsorbent the (r,0) part of the Hamiltonian is constant,
and for a particle having radial and angular momenta p, and
Do, Tespectively, at some position r, one obtains for the radial

Fe1

Fig. 13 Schematic of trajectories of an oscillating molecule projected
onto the pore cross section.>

momentum when the particle is at position /

Pr(r 1P po) = 2m(g(r) — g ()]
1 [1 - (}'—)2} +2}(0)

The radial momentum of a molecule becomes zero at positions
reor, pr, po) and re(r, p,, pg), where the molecule reverses its
radial direction in the external adsorbent field. Thus, the radial
bounds of the trajectory, r.o (r, p., po) and r. (r, p,, pg) can be
found from the solution of

' rprpe) = 0 (78)

Outside the interval [r.y 7.], the radial momentum will be
imaginary. As a consequence, the molecular motion will be
periodic in the radial coordinate, as depicted in Fig. 13.
The oscillation time 7 can be obtained from integration of
the reciprocal of p(r', r, p., pg) over the interval in which it
is real,

(77)

Tel (rvl)rvl’q) d ,

’
. =2 [
w(rpropo) = 2m pe(r' 7, pry o)

re0(rpr.pq)

(79)

Now, the average steady state axial velocity of the fluid can be
related to the external force through the phenomenological
relation,

LD
— DO

0 =7

(80)

where kp is the Boltzmann constant and DLP is the low-
density diffusion coefficient, implying that the equation is
now specifically applied to molecular streaming and takes no
account of intermolecular collisions. The driving force main-
taining the steady state regime can be a chemical potential
gradient (—Vpu) or alternatively a gravitational force, as in a
non-equilibrium molecular dynamics (NEMD) simulation.'”*
The force is related to the average axial momentum change
between reflections by F = m(v)/(t), leading to,

BT (81)

m
When the hopping time given by eqn (79) is averaged with
respect to a canonical distribution of the energy, given by the

LD _
Dy =
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conserved part of the Hamiltonian in eqn (76), the low density
transport coefficient is obtained as,

0 50 0
D(I;D = L/e*ﬁd’(")dl./e*[fﬂ%/Zmdpr/efﬁpg/Zmrzdpg
mmQ
0 0 0
Tel
dr’
X —
17"(”>”717r>170)
"o

- (82)
where f = (kgT)"' and Q = [re Ps()dr. A similar result
for slit-like pore geometries ‘can be found elsewhere.’
It is noted that the canonical averaging over the energy
distribution incorporates the exponential density profile,
p(r) oc exp[—fog(r)], expected at low density. In doing so it
overcomes the significant limitation of a uniform density
profile inherent to the Knudsen model and the DGM as well
its sister models discussed earlier.

The above derivation assumes that that the molecules
undergo diffuse reflection and are thermalised upon colliding
with the wall, as in the Knudsen analysis, so that only the
time spent between successive collisions contributes to the
streaming velocity. Thus, successive trajectories are uncorre-
lated. The idealized diffuse reflection model for the surface is
not necessarily a precise representation of a real solid pore
wall, as demonstrated in MD simulations of atomically
detailed surfaces.’”"'?*'7> Reflection from smooth surfaces
such as the graphene-like wall of a carbon nanotube is very
close to being specular, leading to almost frictionless flow of
small molecules.'”®'”” Even from rough surfaces, reflection
can be more than 50% specular. However, this assumption is
not a limitation since the theory can be readily extended
to accommodate partially specular reflection through the
tangential momentum accommodation coefficient, o, while
the idealised diffuse reflection condition is sufficient to illus-
trate the main ideas of the model derivation. As noted earlier,
the diffuse reflection hypothesis was also embedded in the
Knudsen theory of the transport coefficient in confined hard
sphere systems, and a correction factor for partial specular
reflection was introduced by Smoluchowski. The studies cited
above, using atomically detailed pore walls, have considered
defect-free surfaces, which is probably unrealistic in practice.
Most real porous carbons, for example, are highly defective
with a large degree of disorder, as confirmed in laboratory
analysis and interpretation of X-ray diffraction patterns of
heat-treated carbons.!”® 1% Moreover, carbon structures
determined by the reverse Monte Carlo method, based on the
interpretation of X-ray-scattering structure factors,'$1718 as
well as transmission electron microscopy studies, disclose the
presence of a high degree of disorder in carbons and suggest that
a large number of rings have less than six members. In such
materials, the fraction of specular reflections is expected to be
significantly less than that from defect-free surfaces, and
selection of suitable boundary conditions is to some extent
ambiguous. Even in defect-free surfaces the accommodation
coefficient is a strong function of the interaction energy and
the surface lattice parameter of the solid, and can be far from
specular (i.e. o is of the order of unity), as is evident in Fig. 14,
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Fig. 14 Variation of the accommodation coefficient with fluid solid
interaction parameter &r/kg7, for various values of the lattice para-
meter &x/L. From Arya et al.'®

which depicts the effect of lattice spacing and fluid—solid inter-
action energy on the accommodation coefficient determined by
Arya et al."® based on simulation of fluid solid collisions.

It has been shown that, in the high temperature limit,
DLP converges to the Knudsen diffusion coefficient,’> demon-
strating the consistency of this approach. Moreover, no
previous assumptions are made regarding the form of the
fluid—wall interaction potential other than that it is a function
exclusively of the radial coordinate (or the coordinate perpendi-
cular to the wall in the slit-shape pore), indicating the great
versatility of the model. For spherical molecules reflecting
diffusely from the wall the theory is exact in the low density
limit. For more realistic molecular geometries at high but finite
Knudsen numbers the theory certainly becomes an approxima-
tion, but its performance is still expected to exceed that of
the classical Knudsen model. This is indeed the conclusion
extracted from comparison of the low-density diffusion coeffi-
cients obtained from MD simulation with D, and with
DEP calculated from eqn (82). For methane in cylindrical silica
pores at 450 K this comparison has already been depicted in
Fig. 4. Recalling the discussion in Section 2, we note that the
Knudsen diffusivity represents an upper limit which can only be
reached when f¢(r) = 0. The oscillator model on the other
hand agrees very well with the MD results at all pore sizes,
in both the micro and the mesopore region. Further comparison
in slit-like nanopores is depicted in Fig. 15, where this
model is seen to accurately capture the variation of D5P with
pore size estimated by MD simulations, for methane adsorbed
at 300 K in graphitized carbon slit-pores. The inset in Fig. 15
illustrates that, for a 1.4 nm width carbon slit pore, the
streaming velocity profile predicted by the theory and that
estimated by MD agree very well, with the deviations associated
mostly with the statistical noise inherent in the simulations.

4.2.2 Levitation effect. MD simulations have revealed the
existence of a levitation (also called floating molecule) or
superfast diffusive regime in which the diffusivity shows a
maximum when the adsorbate molecular size approaches the
pore size.!'>!85187 Thjs has also recently found experimental
support from quasi-elastic neutron scattering experiments.'5®
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Fig. 15 Variation of transport coefficient with slit width for the
adsorption of methane at 300 K in carbon slit pores. The line
corresponds to model predictions and symbols to simulation data.
The inset shows a comparison of the velocity profiles predicted by the
model and generated by the simulation, for a pore of 1.4 nm width.
From Jepps et al.>*

The oscillator model provides a fundamental basis to explain
this puzzling phenomenon that had previously not been
well understood from a theoretical viewpoint. Fig. 16 depicts
MD simulation values and oscillator model calculations of
the transport coefficient of CF, in cylindrical silica pores.'"?
It can be noted that, at a center to center pore diameter
d.. ~ 1 a local maximum in the diffusivity occurs. The
maximum is accurately predicted by the oscillator model,
and occurs approximately in the region where the overlapping
wall potential fields merge from two to one minimum in as
the pore width is reduced. As a rule of thumb, it was
proposed that the pore diameter at which levitation occurs is
twice the equilibrium separation based on the LJ pair
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Fig. 16 Variation of diffusivity of CF4 with pore diameter at various
temperatures. The lines represent theoretical values and the symbols
molecular dynamics simulations. The dependence of the levitation
effect on the fluid—fluid interaction strength, &g, is shown in the inset.
From Anil Kumar and Bhatia.''?

However, this criterion does not account for the observed
temperature dependence of levitation, where it is noted
that the maximum in the diffusivity becomes progressively
weaker with increasing temperature and eventually disappears.
The inset in Fig. 16, where the interaction strength &g is varied
at fixed o, for a molecule of the same mass as CF,4, shows that
weakening the fluid—solid interaction strength has the same
effect as increasing the temperature. A shift in the levitation
diameter towards slightly higher pore sizes is observed as
temperature increases. This occurs because, as the adsorbate
molecules gain kinetic energy, a larger fraction of them can
escape from the local energy minimum near the pore surface at
larger pore sizes (in analogy with a rocket gaining sufficient
escape velocity to leave the earth’s gravitational field).
These molecules have longer trajectories because they traverse
the pore cross section during an oscillation, increasing the
hopping time and thereby the diffusivity.

4.2.3 Extension of oscillator model for finite density in
narrow nanopores. Since the Oscillator model is developed
for low density, any extension to transport at finite density
must consider the dynamics of a many body system, which is
rendered intractable by the large number of degrees of free-
dom involved. For nanopores that can accommodate at most
two molecules in their cross-section (i.e. a monolayer on the
pore surface), Bhatia and Nicholson'® have circumvented
this problem by performing a nearest neighbor analysis,
considering a 3-particle system in a cylindrical pore as depicted
in Fig. 17. In such a system multilayers cannot form, and the
conventional concepts of viscous flow do not apply. In strong
confinement the interaction between neighboring particles can
hinder their oscillations, leading to a decrease in diffusion
coefficient with density. The Oscillator model is applied to
obtain the collective diffusion coefficient, but with the
fluid—wall interaction replaced by the total effective interaction
potential ¢.a(r) given by

Pen(r) = du(r) + ¢slr) (84)

where the fluid—fluid interaction potential ¢g(r) includes the
nearest neighbor interactions for arbitrarily located neighbors,
as shown in Fig. 17, following

2n I'p 2n Ip d
()bff(r) :2/////r,rlld)LJ(b(r’Z?r,70’))]7(27/7elalﬂagl//r)
00 0 00

x dzdr'd0' dr" 40"
(85)

Here b(r,z,r',0’) is the distance between the target particle at r
and its immediate neighbour at (z,/”,0"), and p(z,r',0" 0" |r) is
the joint probability density for a particle at (z,//,0’) and
another at (d,/”,0"), given a target particle at r. This joint
probability density is related to the equilibrium pair distribu-
tions by a superposition approximation.>

Fig. 18a'®® depicts the variation of the collective diffusivity,
D,, with density, for CH4 and CF,4 in a 1.26 nm cylindrical
pore in silica at 300 K, obtained using eqn (82) with the
fluid—solid interaction energy replaced by the total potential
energy following eqs (84) and (85). Here the pore density
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(b)

Fig. 17 Illustration of nearest neighbor particles in cylindrical pore.
Dark circles represent solid atoms and empty circles the adsorbate
particles. (a) Side view showing three particles at radial positions of r,
" and #”, and (b) cross-sectional view showing the polar angle between
particles, measured relative to the particle at r. From Bhatia and
Nicholson.'®’

represents the overall cross-sectionally averaged value

rp(r)dr (86)

with the non-uniform density profile, p(r), obtained by Monte
Carlo simulation. Further, in eqn (82), the exponential density
profile, p(r) oc exp[—f¢s(r)], was replaced by the actual
simulation-based profile p(r). Alternatively, this profile
may be theoretically obtained by density functional
theory.'>19%191 Both the theory and NEMD simulation
results, while in excellent agreement, show a decrease in
diffusivity with increase in density, contrary to what was found
for larger pores® where an increase in diffusivity with increase
in density was reported. This behavior is due to the formation
of a repulsive core in the pore in which oscillating neighbors
undergo a repulsive interaction, as shown in Fig. 18b'®° for
CF, in a 1.26 nm pore (which accommodates exactly one
monolayer of CF,). Thus, the critical role of the non-
uniformity of the density profile in nanopores is clearly evident.
A further finding from the results is that agreement of theory
with MD simulations is found when the pair distribution
function between second nearest neighbors is periodic,
suggesting that the molecules are moving in a highly correlated
manner in the narrow confinement at this pore size.
Thus, multiparticle dynamics plays a significant role under
these conditions, though the simple 3-particle system used
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Fig. 18 (a) Variation of collective diffusivity of CH,4 with density, at
150 K and of CH,4 and CF, at 300 K, in pore of diameter 1.16 nm, and
(b) effect of adsorbed density on potential energy profile for CF, at
300 K in pore of diameter 1.26 nm. From Bhatia and Nicholson.'s’

in the nearest neighbor treatment represents a good first
approximation.

4.2.4 Permeation in adsorbents and membranes. The
Oscillator model offers a useful and rather elegant tool for
predicting the transport properties of membranes based on
their known structural characteristics. Bhatia® has used the
oscillator model along with the permeability model in eqn (12),
to interpret the data of Tomita e al.'' on the variation of the
permeability with molecular size of the diffusing species, for a
microporous DDR zeolite membrane of 0.63 nm average
critical window size (center-to-center between surface oxygen
atoms), at 301 K and 373 K. These authors investigated the
transport of various molecules, covering a range of molecular
size, and observed an unusual maximum in the permeability
with molecular size. Fig. 19a depicts their data, taken over the
linear region of the flux versus feed pressure relationship
(thereby ensuring that the Henry’s law region permeability
applicable to low densities was obtained) and the results of
Bhatia® using the Oscillator model. In the application of this
model the narrow channel connecting the cages of the DDR
zeolite which controls the flux was taken as a cylindrical pore
having the critical size. In interpreting the data only a single
unknown parameter y/e, was adjusted for the whole data set
covering all the molecules. While the crystal structure and
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Fig. 19 (a) Comparison of Oscillator model prediction with experi-
mental data of Tomita er al.'' for variation of permeability with
molecular size for DDR zeolite membrane, and (b) predicted variation
of the Henry constant and diffusivity with molecular size at 301 K in
0.63 nm diameter channel. From Bhatia.®’

therefore the porosity of DDR zeolite crystals is known, the
channel volume is only a small part of the unknown membrane
porosity. Further, in order to avoid leakage through inter-
crystalline pores the crystallites comprising the membrane are
highly inter-grown, leading to blockages and porosity loss.
Thus, the value of the parameter y/e, must be obtained by
fitting at least one set of permeation data. The excellent
agreement between the Oscillator model and data covering
the whole range of molecular sizes using just this single para-
meter is a strong indicator of the applicability of the theory.
An interesting feature of the data is the existence of a perme-
ability maximum, which is reproduced by the theory, and has
been shown by Bhatia® to be due to the combination of the
adsorption equilibrium and transport coefficients in eqn (12),
with the equilibrium constant having a strong peak for argon
as seen in Fig. 19b. Another interesting feature, evident in
Fig. 19a, is that small change in channel size to 0.63 nm or
0.64 nm leads to large variation in the permeability of the CHy,
illustrating the high sensitivity when the molecular size is
comparable to the pore size. In this case the centre-to-centre
channel diameter of 0.63 nm has an open diameter of about
0.37 nm (after accounting for a surface oxygen size of 0.37 nm),
which is comparable to the LJ diameter of 0.38 nm of CHy.
A rich variety of behavior is predicted for disordered
adsorbents and membranes, upon application of the Oscillator
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Fig. 20 Variation of the apparent tortuosity with temperature. (a)
Theoretical results for various gases in a silica pore network having a
Rayleigh pore size distribution of modal pore radius 1.3 nm, and
relative standard deviation of 0.4. (b) Results from application of
Oscillator model with the hybrid EMT-CRWT in eqn (10)—(12) to the
data of Markovic et al.%® for permeation in a 1.15 nm mean pore
radius membrane. From Bhatia.®

model,® and is found to be consistent with experimental data.

Such materials have a distribution of pore sizes, and large
pores offer short circuit paths which reduce the flux in narrow
pores. This increases the tortuosity and, most importantly,
leads to a tortuosity that depends not only on the adsorptive
but also on process conditions such as temperature. Fig. 20a
depicts the variation of apparent tortuosity, based on eqn (12)—-(14)
with temperature for various gases in a silica pore network
having coordination number, N, of 3, and with Rayleigh pore
size distribution having uniform length pores with modal pore
radius, rm, of 1.3 nm and a standard deviation, s/rm, of 0.4.%
The tortuosity is seen to vary with the adsorption strength,
with the most weakly adsorbed gas, He, having a high tortuo-
sity in the range of 10-12, while the most strongly adsorbed
gas, CF,, has a tortuosity in the range of 5-7. Such behaviour
cannot be predicted by the Knudsen model with K = 1, as
discussed earlier, since the factor of /7 /M which embeds the
effect of adsorptive and temperature cancels out on application
of eqn (12)~(14). Results similar to those of Fig. 20a were
obtained by Bhatia on interpreting the data of Markovic
et al® for permeation in disordered glass membranes using
the Oscillator model with eqn (12)—(14). Fig. 20b°° depicts one
such result, illustrating the variation of apparent tortuosity
with temperature for various gases for a 1.15 nm mean pore
radius membrane, showing much similarity with the theoretical
results in Fig. 20a. The increase in tortuosity with decrease in
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temperature at lower temperatures was attributed to the intru-
sion of additional resistances at narrow pore necks, which can
only be confirmed by more detailed structural characterization
than was available. Further, while both theory and experiment
show Ar and N, to have quite similar tortuosities, the change in
order between them in Fig. 20b was attributed to enhanced
adsorption due to electrostatic interactions of N, with the
silica, which were noted by Markovic et al.,%® but were not
quantified. In related work, molecular size dependent tortuo-
sities have also been predicted for carbons!®? and supported by
analysis of experimental results'®* on the permeation of various
gases in disordered mesoporous carbon membranes.

4.2.5 Apparent success of the Knudsen correlation. The
simplicity of the Knudsen model in eqn (1) and the linearity
of the low density diffusion coefficient with /7 /M, as pre-
dicted by this model, makes it very attractive for use in the
interpretation of experimental data. As a result there is a long
history of its use*** and remarkably, despite the hard-sphere
assumption underlying the Knudsen model and the neglect
of adsorption, linearity of the Dy versus \/T /M correlation
is frequently observed in experiments even in mesoporous
materials. This linearity is commonly®>3¢-1919 taken as evidence
in support of the Knudsen model. Recent work'®? has, however,
shown that the correlation is deceptive, and conclusions
regarding validity of the Knudsen model based on this can be
misconceived. The crux of the argument is that experimental
estimates of the diffusivity are invariably based on measurements
that depend on the flux and therefore on the permeability.
Consequently, following eqn (11) it is readily evident that any
estimate of D, while assuming K = 1, i.e. of Dy, is effectively an
estimate of KD,. Using the Oscillator model for D,,, Bhatia and
Nicholson'? have shown that KD, correlates linearly with Dy,
with only small deviation that is within the usual range of
experimental error, when adsorption is not strong.

Fig. 21 depicts the KD,—Dy correlation for a large number
of gases in a 2.6 nm silica mesopore and a 4 nm carbon
mesopore,'? obtained using the Oscillator model with the
solid—fluid interaction potential in eqn (5). It is clear that
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KD, and Dy exhibit an approximately linear relationship for a
wide range of conditions. Moreover, the results collapse into a
single almost-linear correlation covering all gases, except for
the more strongly adsorbed ones at low temperatures. The
points in the ellipses correspond to data for which adsorption
effects are so strong that the linear trend is lost. From these
plots, it is clear why the Knudsen equation has appeared so
successful in correlating experimental data.3>#¢1% [n all cases
a small but systematic deviation from linearity is observed,
and such deviation is commonly overlooked as experimental
error. The strong curvature in the low temperature data for
several gases is similar to that observed in the literature, where
such points are generally ruled out from the linear regression.
It must be noted however that the slope is not unity; for the
linear fitting in Fig. 21a the slope is 0.53, while in Fig. 21b it is
0.58. Therefore, the corresponding tortuosity will be over-
estimated by a factor of 1.88 for the silica and 1.72 for the
carbon, explaining the overestimation of tortuosity when
using the Knudsen model (e.g. Markovic er al.%%). Bhatia
and Nicholson'?? have shown that a similar explanation exists
for the apparent success of the Knudsen correlation in the
study of Gruener and Huber'** on the transport of He and Ar
in a silicon nanochannel, and that the reported 30% over-
estimation of the measured value of Dy by eqn (1) is consistent
with the slope of the KD,— Dy correlation for the 12 nm silicon
nanochannel used.

4.3 Transport at finite density—the distributed friction
approach

The difficulty of treating the many-body system while
considering the non-uniformity inherent to fluids in nanopores
has posed a significant challenge to statistical mechanicians,
and a rigorous but tractable theory has proved elusive. In the
pursuit of tractability the microscopic momentum balance in
eqn (43), based on the classic Bearman—Kirkwood'?° formula-
tion for bulk fluids, would appear to be a good starting point;
although strictly speaking it loses rigor for strongly inhomo-
geneous systems where the length scale of density variations is
comparable to the molecular size. A second, more vexing, issue

(b) 2000 .
Q Data Excluded dia. =4 nm
NE from linear
- ° correlation slope = 0.58
o =0.
© 1500 £
o <
Q .
X °
Z 1000 o
§ e He :300K
£ ¥ a H, :300K
S 500 {\ ¥ = Ar :400K
Q CH. -
2 & v CH,:800K
ks & Xe :700K
x o CF,:700K
0 T r :

0 500 1000 1500 2000 2500 3000
Knudsen diffusivity, D,,x10° (m?/s)

Fig. 21 Correlation of the value of KD, as predicted using the Oscillator model with the Knudsen diffusivity, Dy, for diffusion of various gases in
a (a) silica nanopore of diameter 2.6 nm, and a (b) carbon nanopore of diameter 4.0 nm. Data within the ellipses is not considered in the linear
correlation. The temperature in the legend for any gas represents the minimum temperature for which the data for that gas is considered in the

correlation. i-CsHj, represents neopentane. From Bhatia and Nicholson.
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is that of a local constitutive model for the shear stress, as the
usual choice of a Newtonian shear stress model, as in eqn (46)
would also appear to be inaccurate in the presence of non-
uniformity.'®® It has since been questioned based on results
of molecular dynamics simulations in the presence of
inhomgeneity'®® and strong variations in strain rate,'®” and
instead a nonlocal linear constitutive expression, based
on generalized hydrodynamics, has been suggested.'?®!’
However, an expression for the nonlocal viscosity kernel based
on molecular parameters is still awaited, and thus such a
model has not been possible in a predictive approach.
An alternate formulation, which allows for inhomogeneity,
albeit retaining the Newtonian expression, is the locally aver-
aged density model (LADM) of Bitsanis ef al.,'”>!° in which
the viscosity is estimated at a coarse-grained density locally
averaged over a sphere of molecular dimensions, following

p = [ pend @)
V| <ho;

=3
o

This provides a nonlocal viscosity, which was found to accurately
explain the couette flow MD simulations of Bitsanis ez al.,'”*'%
although it loses accuracy for very strongly inhomogeneous
systems such as nanoscale films.>® The approach of evaluating
the viscosity at a locally smoothed density has found independent
support.'**!%7 Bitsanis er al.'”® also recommend the use of the
locally averaged density in eqn (87) for diffusion coefficients,
and this allows eqn (59) to overcome the issue of its validity
in inhomogeneous systems (except for the very strongly non-
uniform systems in which the inaccuracy observed by Bitsanis
et al*® remains).

Besides the issue of treating inhomogeneity, any successful
approach for transport at non-zero density based on eqn (43),
while considering adsorption, must address the issue of the
boundary condition in a manner that permits an accurate low
density transport coefficient to be predicted. This becomes
somewhat unclear in the absence of a well-defined surface at
which molecule-wall reflections occur when soft intermolecular
potentials (such as the LJ potential) are used. An initial
approach by Bhatia and Nicholson'**!%7 for single component
transport, while adopting the LADM, arbitrarily considered
diffuse reflection at the radial location, r = r,, of the minimum
of the fluid solid potential, and the frictional boundary condition

. dv
EoPoVo = —1— at r =r, (88)

also used by de Gennes®! in explaining large slip lengths on

surfaces. This approach was heuristically used to extract the
friction coefficient by comparison of the transport coefficient
obtained upon solution of eqn (43) for a cylindrical capillary
with that from MD simulations. While yielding friction coeffi-
cients that were only weakly dependent on density, the arbitrary
assumption of reflection at the potential minimum location
overlooks the penetration of the repulsive region beyond
this position when a soft potential is used. A subsequent
approach™°>1% adopted a DGM type superposition

Do(p) = Ds” + Duis(p) (89)

of the Oscillator model low-density transport coefficient with a
viscous contribution obtained upon integrating eqn (43) in the

core region, 0 < r < rg assuming a no-slip boundary condition
atr = ro,

roi r

. 2ksT [ dr oy
Dv1s(pf)_ prrz) O/r’,l(p(r)) b/ p( )d (90)

Reasonably good agreement of single component transport
coefficients with MD results was obtained; however, the
arbitrary assignment of the viscous region to 0 < r < rg poses
difficulties in extending to mixtures, in which the location of
the minimum of the fluid-solid interaction potential will be
different for each species.

All of the above problems have been overcome in a recent
modification of eqn (43) to not only incorporate the LADM
with a Newtonian shear stress model, but also a distributed
friction coefficient, leading to the equation of change for

species i, 3657

1 (G020 )G = p0 4 p T

~ XX (v — )

* 2Dy (P (). )

+ &ipi(r)a(r —roi)
1)

in which ¢&; is a uniformly distributed wall friction coefficient
for species i, such that the last term on the right hand side of
eqn (91) represents the rate of momentum loss due to molecule
wall collisions in the repulsive region of the fluid—solid inter-
action potential, r,; < r < r,, where r,, represents the location
of the minimum of the fluid solid potential for species i, and
a(r — ry;) is the Heaviside function having the value of unity
for r > r,; and zero otherwise. Fig. 22 illustrates this zone of
friction in the steep repulsive region beyond the potential
minimum location, in which molecules of different energy
reflect at different positions, losing some or all of their axial
momentum. Bhatia and Nicholson®” showed that the species
partial viscosity, 1;, must be related to the mixture viscosity, 7,
by 1; = wn, since the sum of the shear stresses on the different
components must match the total shear stress on the mixture.
This overcame a difficulty with the Bearman—Kirkwood
equations that had persisted since their formulation in 1958,
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Fig. 22 Illustration of potential energy profile and region of friction
corresponding to the repulsive part of the potential energy curve.
From Bhatia and Nicholson.*®
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in which no simple prescription existed for the specification of
this partial viscosity.

As has been discussed earlier with reference to Fig. 7, the
density profiles during transport essentially match those at
equilibrium, and can be determined by density functional
theory or Monte Carlo simulation. Eqn (91) then represents
a coupled boundary value problem for the streaming velocity
profiles, v(r), with boundary conditions dv;/dr = 0 at r = 0
and r = rp. The first of these represents the usual symmetry
condition, while the second reflects the fact that at the center-
line of the solid surface, i.e. at r = rp, the fluid density and
hence shear stress must decay to zero. Solution of eqn (91) was
performed by converting it into an integral equation that was
solved by a Picard iteration method. Since cross-sectional
equilibrium essentially prevails during transport,>>!° the axial
chemical potential gradients du,/dz are kept radially uniform
during the integrations, as opposed to the usual practice
of integrating the Navier—Stokes equation with a uniform
pressure gradient over the cross-section. The latter, while
approximately valid for a large pore where the density non-
uniformity is confined to a relatively narrow region near the
surface, violates the Gibbs—Duhem equation for nanopores
where the length scale of the nonuniformity is comparable to
the pore size.>

A convenient way to represent the cross-coupling of the
different species in a multi-component system is the Onsager
formulation of irreversible thermodynamics,''®%%* following

Ji= z": Qi (=) (92)

J=1

Upon expressing the pore flux (¢f. eqn (24)) in terms of the
chemical potential gradients in this way Bhatia and Nicholson®*
showed that the Onsager coefficients, Q, for the pore flux could
be conveniently obtained from the solution of eqn (91). These
coefficients can also be evaluated from EMD simulations through
autocorrelation of the streaming velocities, and the Green—Kubo
relation'®
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Key to the above frictional model is the expression for the
distributed friction coefficient

ksT fp re~95i(/kBT g
G=——"F (94)
DLP fre_(/’fs.i(")/kBTdr

Toi

obtained upon matching the low density solution of eqn (91) with
the Oscillator model.***” This permits evaluation of the friction
coefficients based on intermolecular interaction parameters,
and makes the model fully predictive. It is also necessary to use
suitable theories or correlations expressing the bulk mixture
viscosity and the binary (i.e. mutual) diffusivities in terms of
the species densities and molecular properties, which may be
combined with the LADM for the inhomogeneous pore fluid.
A number of such correlations, specifically developed for LJ as
well as molecular fluids are available in the literature.?**%

An assumption in this friction-based approach is that the
friction coefficient, &, is density and position independent.
Although, in principle, &; will be affected by intermolecular
interactions and therefore vary with density and position,
the success of the predictions of pure component transport
coefficients, and binary Onsager coefficients, discussed below,
suggests that this is a secondary effect, which is overshadowed
by the wall repulsion. Thus, Bhatia and Nicholson®®*” showed
that the isothermal friction coefficient has a weak minimum
value at the diameter corresponding to levitation, at which the
low pressure transport coefficient has a local maximum value.
They also showed that the friction coefficient has a strong
minimum with respect to temperature, at about 300 K for CH4
and 130-140 K for H», in silica mesopores, suggesting optimal
temperatures are possible in nanofluidic operations.

4.3.1 Comparison with MD simulations. Fig. 23°*%7 depicts
the comparison of the density dependence of the transport
coefficients for H, and CH,4 at 300 K in MCM-41 silica pores
of various diameter, as predicted by this new frictional approach,
with that from MD simulations and from the superposition
approximation in eqn (90). The frictional approach performs
somewhat better than the approximation in eqn (89), capturing
the decrease in diffusivity with increase in density in the small
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Fig. 23 Variation of transport coefficient with density at 300 K for (a) hydrogen, and (b) CH, in MCM-41 silica pores of various diameters.
Symbols correspond to EMD simulation results, and lines to theory. From Bhatia and Nicholson.®
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pore size of 1.05 nm. This decrease originates from an
increased collision frequency and consequent momentum loss
arising from the presence of only one statistical monolayer on
the cylindrical pore surface at this pore size. It must be noted
that, at this level of confinement, the adsorbate is not truly a
3-D fluid and the bulk fluid-based viscosity is strictly no longer
appropriate. This explains the slight underprediction of the
diffusivity, even when the locally-averaged densities are used.
In this sense, the distributed friction model is more suitable for
transport in pores larger than those where only one monolayer
can be fitted (i.e. larger than 1.05 nm for CHy). In such
larger pores the intermolecular interactions can be described
reasonably well, since the bulk viscosity is meaningful when
momentum can be exchanged in all three dimensions between
fluid molecules. For smaller pores the Oscillator model
with the modified potential in eqn (84) and (85) is more
appropriate, and is recommended.

Fig. 24°° depicts the variation of the Onsager coefficients
with methane density for a CHy/H, mixture, in cylindrical
silica pores of diameter 1.57 nm and 3.84 nm at 300 K for an
adsorbed H, density of 1 nm~>, calculated by means of the
distributed friction model and by EMD simulations. Despite
the widely different mobilities of H, and CHy, the agreement
of the model with simulation is excellent when the density
distribution is accounted for (Fig. 24a and b), with the
Onsager coefficients spanning three decades in magnitude.
On the other hand, when the cross-section averaged density
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was employed instead of the density profile, considerable
deviations were observed with respect to the EMD results
(Fig. 24c and d), particularly for the more strongly inhomo-
geneous fluid of the narrower 1.57 nm pore, demonstrating the
impact of fluid inhomogeneities on the transport behavior.
Further, both simulation and theory yield Q;, = 1, as is to
be expected based on microscopic reversibility of the cross
interactions, indicating internal consistency of the model.

One of the key reasons for the success of the distributed
friction model seen above is that it seamlessly integrates
within a single theory, the exact low density Oscillator model
with the viscous flow model which becomes increasingly
more accurate at high density. Since viscous flow is vanishingly
small at low density, any inaccuracy resulting from using
the Newtonian model inherent to the LADM is negligible
in this limit. Thus, the approach has the attributes of
being accurate at both low and high density, and therefore
serves as a good interpolation medium at intermediate
densities.

While developed for the diffuse reflection boundary
condition, the Oscillator model has been used to interpret
MD results of rapid diffusion in carbon nanotubes,'* using
the superposition approach of eqn (90) modified to include the
Smoluchowski factor as in eqn (3),
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diameter (a) 1.57 nm, and (b) 3.84 nm. (c) and (d) depict the results when the densities are assumed uniform in the theory. From Bhatia and
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Fig. 25 Variation of momentum accommodation coefficient for
(a) Hp, and (b) CH4 in a (10,10) single wall carbon nanotube
at 300 K.

The estimated momentum accommodation coefficients for H,
and CH4 in a (10,10) single wall carbon nanotube (SWNT) at
300 K were in line with those directly estimated by NEMD,
and were of the order of 1073, indicating a very smooth
energetic landscape consistent with prior observations of
Skoulidas et al.*® These accommodation coefficients showed
an increase with increase in density, suggesting that interaction
of reflecting molecules with other molecules localized near
the pore wall contributed to an apparent roughening of the
surface. The reflection coefficient for H, was 5-7 times that of
CH,, showing that the smaller H, is more sensitive to the
texture of the carbon surface, on which the inter-atomic
spacing of the carbon of 0.142 nm is significantly smaller than
the van der Waals size of about 0.29 nm for H, and 0.38 nm
for CHy. It is this tight packing of the covalently bonded
carbons of the SWNT that leads to its apparent relatively
smooth surface to the approaching molecules. Fig. 25 depicts
the variation of the reflection coefficient for H, and CH,4 with
density estimated earlier'”® and that obtained from the
same MD data using the distributed friction model with the
Smoluchowski correction incorporated in the low density
transport coefficient in eqn (95). The distributed friction model
leads to a much smaller variation of the accommodation
coefficient with density after an initial increase, suggesting
that the pure component accommodation coefficients may be
used in modeling mixture transport. However, this has yet to
be tested against MD simulation results for mixtures.

4.3.2 Comparison with generalised Maxwell-Stefan approach.
In the generalized Maxwell-Stefan approach of Krishna and
co-workers,** viscous effects are treated as unimportant under
high level of confinement, or are indirectly considered through

the pure component transport coefficients which also carry
information on the effects of adsorption fields and the resulting
inhomogeneity. However, the accuracy of representing such
effects on the mixture through pure component data alone may
not necessarily be adequate for systems in which the different
components have widely differing adsorption properties and
mobilities.

Critical to the MS formulation is the recipe for the estima-
tion of the binary diffusivities, D}, which has taken on several
variations, discussed in Section 4.1. Most recently, Krishna
and van Baten''® have applied the MS approach to silica
mesopores, taking the binary diffusivity to be the bulk fluid
diffusivity following Bhatia and Nicholson.’*>” Subsequently,
a unified approach for application to any pore sizes has been
proposed!®” in which this binary diffusivity is taken as a
certain multiple, F, of the bulk fluid value. Based on MD
simulations of CH4—Ar and Ne—Ar mixtures in a variety of
zeolites and metal-organic framework (MOF) materials, this
factor, F, is empirically correlated with the degree of confine-
ment, defined as the ratio of the binary LJ parameter o
(arithmetic average of the o values of i and j) to the channel
dimension. Fig. 26'% depicts this correlation, in which F is
taken to be unity below a degree of confinement of about 0.2.
However, significant outliers are observed, with the points
within the ellipse termed as “rogue” behavior, obtained for
zeolites LTA, CHA and DDR, underscoring the issue of
uncertainty in specifying the binary diffusivity.

A comparison of the prediction of binary transport coeffi-
cients with MD results and the predictions of the distributed
friction model of Bhatia and Nicholson,>®>’ depicted in
Fig. 27, illustrates the complexity of the above issues. This
figure shows the variation of the Onsager coefficients with CH,
density for a H,~CH,4 mixture in silica pores of 1.57 nm and
3.84 nm at H, densities of 1.0 nm~? and 0.25 nm > at 300 K,
respectively, for which the MD results and distributed friction
model predictions were provided in Bhatia and Nicholson.’’
The distributed friction model (black lines) used the binary
diffusivities obtained from the LJ fluid correlation of Reis
et al.?® based on fits of bulk MD data, and is seen to match
the MD results very well. At the level of confinement of either
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Fig. 26 Variation of factor F with degree of confinement. From
Krishna and van Baten.!”
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Fig. 27 Comparison of predictions of distributed friction-based
model and generalised Maxwell-Stefan approach for variation of
Onsager coefficients with CH, density, for (a) H, density of
1.0 nm 2 in pore of diameter 1.57 nm, and (b) H, density of 0.25 nm >
in pore of diameter 3.84 nm. Symbols correspond to MD results,
black lines to friction model and red lines to MS model. Blue lines
correspond to MS model results when the binary diffusivity is taken to

be half its true value.

pore size, the factor, F, is expected to be unity based on
Fig. 26. However, when the MS model is used with bulk
binary diffusivity evaluated at the overall pore densities of the
components, as given by the Reis et al. correlation, it is found
to severely underpredict the values of the Onsager cross
parameter Q;, in both cases (red lines). In the case of the
1.57 nm pore good agreement with MD is obtained when F is
taken as 0.5 (blue lines), while use of this factor for the
3.84 nm pore leads to some improvement of the predictions
of the MS model for the Onsager cross-parameter but
deterioration of the prediction for Q;. Thus the factor F is
not necessarily unity even for mesopores with low degree of
confinement, and the case considered here, involving H, and
CH,4, which have widely different molecular weights and
mobilities as well as adsorption strengths, would also be
classified as “rogue” behavior. Such deviation is most likely
a result of confining all inhomogeneities and viscous effects in
the pure component transport coefficients, which breaks down
when the different components are significantly dissimilar in
properties.

5. Concluding remarks and outlook

For over a century the Knudsen model has established itself as a
key tool in our craft for the modelling of transport in narrow
pores and confined spaces. However, with the emergence of
molecular dynamics it is now possible to test theoretical
approaches for transport, and an overwhelming body of
evidence indicates that the Knudsen theory overestimates low
pressure diffusivities. The principal source of the overprediction
is the neglect of adsorptive fluid-solid interactions, which lead
to deviation from the rectilinear trajectories of molecules that
occur under the hard sphere interaction hypothesis inherent to
the Knudsen theory. Although the literature is replete with
apparently successful correlation of experimental diffusivities

with \/7T'/M this is not an indication of validity of the Knudsen
model. Such correlation is to be expected even under conditions
involving some adsorption, because experimental diffusivities
are invariably based on permeability-related measurements.
Thus, when diffusivities are determined with adsorption
neglected, they are really estimates of KD,, and this quantity

is found to correlate linearly with /7 /M except when adsorp-
tion is strong. The incorrect use of this correlation leads to high
tortuosities in disordered solids, which vary with adsorptive
gas and temperature, and are not a material property as is
universally assumed. This deficiency arising from neglect of the
adsorptive fluid—solid force field is inherited by the widely
used Dusty gas model, which utilizes the Knudsen theory
in modeling the momentum loss of fluid molecules on wall
collision. In addition, the DGM suffers from internal theoretical
inconsistencies arising from conflicting choices of frames of
reference at different stages of its derivation.

More modern theories such as the generalized Maxwell-
Stefan approach of Krishna and co-workers, and the statistical
mechanics-based Oscillator model of Bhatia and co-workers
combined with their distributed friction approach, offer more
promising techniques that incorporate the effect of adsorption
in a natural and rigorous way. Nevertheless, the MS-based
approach has considerable uncertainty in the way binary mix-
ture diffusivities, to which the results are highly sensitive, are
specified. Attempts to relate these to pure component diffusi-
vities at infinite dilution, as has been the method of choice,
create inconsistencies with irreversible thermodynamics princi-
ples, in which the degrees of freedom are precisely specified and
the binary diffusivities are to be independently determined based
on cross-interactions. The distributed friction based model of
Bhatia and Nicholson, while tested for LJ fluids, is extendable
to more complex fluids if the low density diffusivities required
for estimating the friction coefficient are available from MD
simulations or from experiment. For LJ fluids they can be
obtained from the exact Oscillator model, with the Smoluchowski
correction used to incorporate non-diffuse reflection.

In recent years computing speeds have increased many-fold,
and MD simulations for nanopores and mesopores are now
possible with modest computing times (10-24 h even without
the use of supercomputing facilities) for simple systems.
However, theoretical calculations for such systems are orders
of magnitude faster in execution (a few minutes), without
sacrificing accuracy, and can be used predictively. Thus, they
are much more readily integrated into process design practice,
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and will remain the main option for routine use, and in
applications, for some time.

Although our ability to model transport in nanoscale confine-
ment in a tractable manner has seen major advances in recent
years, significant difficulties remain that need to be addressed.
Among these is the development of a suitable constitutive model
for the shear stress that is applicable at the nanoscale, as the
use of a Newtonian model, albeit considering inhomogeneity
through the LADM, may not be appropriate at large Knudsen
numbers. A similar development with respect to the binary
diffusivities is also needed, to provide further advances over the
existing methodology using the LADM with the distributed
friction based model. Such developments will increase the
predictive power and accuracy of this model for pores where
only a monolayer or less can be accommodated. While the
extension of the Oscillator model as discussed in Section 4.2.3
addresses the modeling for such pores, its adaptation for mix-
tures is not straightforward, as the concept of periodic motion of
second nearest neighbors inherent to this development cannot be
directly translated to this case.

As developed, the Oscillator model is valid for simple
molecules that can be reasonably modeled as spherical LJ
particles. While the theory can in principle be extended for
more complex molecules, the additional degrees of freedom
that would need to be considered will make the theory
computationally impractical if not intractable. The estimation
of the friction factor in the distributed friction approach,
which is currently based on the Oscillator model, must there-
fore be done from alternate estimates of the low density
transport coefficient, such as from MD simulations. However,
this adaptation of the friction-based approach needs to be
tested. Such adaptation must also move away from the diffuse
reflection condition, which is ill-defined for non-spherical
molecules. The application of the approach for non-spherical
molecules and atomistic as well as rough surfaces must be
therefore simultaneously addressed in the next stage of develop-
ment of the approach.

Moving beyond the single pore level to that of a realistic
material with a disordered structure will also require much
further development, particularly for mixtures. Even with the
obvious drawback of an idealized structure such as that of
cylindrical or slit-like pores, the treatment of mixture trans-
port in networks requires theoretical advances, as existing
approaches®®-?!° based on the effective medium theory are only
applicable for non-adsorbing conditions in which the model
equations can be cast in a form in which pore size and density
are decoupled. Work is already underway in our laboratory
extending the EMT-CRWT approach of eqn (10)-(12) to
multi-component transport, and will be reported in due course.
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