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We carried out a topological study of the Space of Chemical Elements, SCE, based on a clustering analysis

of 72 elements, each one defined by a vector of 31 properties. We looked for neighborhoods, boundaries,
and other topological properties of the SCE. Among the results one sees the well-known patterns of the
Periodic Table and relationships such as the Singularity Principle and the Diagonal Relationship, but there
appears also a robustness property of some of the better-known families of elements. Alkaline metals and
Noble Gases are sets whose neighborhoods have no other elements besides themselves, whereas the topological
boundary of the set of metals is formed by semimetallic elements.

INTRODUCTION gases groups stands out. Snéatstudied 69 elements

(z = 1-83, omitting Z = 58-71) starting from 54
physical and chemical properties. Among the groups
found were the following: {He,NeArKr,Xe, {N,P},
{sSseg, {CI,Br}, {OF}, {B,SiC}, {Ti,\V}, {AsShTeg,
{Zn,Cd,In}, {Hg,TI,PbBi}, {Cr,Mn,Fe,CoNi}, {ZrHf},
{Nb,TaW,Mo,R&, { CuAgAU}, {Tc,RuOsIr}, {RhPdPt},
{Li,NaK,RbCg, {BeAl}, {Mg,CaSr,Ba}, and{ScY,La},
where it is important to remark the appearance of alkaline,
alkaline earth elements, and noble gases, besides fragments
of other groups of the Periodic Table. In Sneath’s work 25%
of the values of the properties used were reported missing.
In addition, out of the 54 properties used, only 14 belong to
chemical elements, the rest of them being related to their
compounds. Finally, taking the atomic perspective, Carbo
Dorc&%?!et al. studied 20 nuclei of chemical elements using
Quantum Similarity and found some relationships shown in
the Periodic Law.

The Periodic Law shows several regularities of the
properties of chemical elemeritsThe Periodic Table is the
result of a graphic representation of the Law where it is
possible to identify families of elements (groups) and periods.
Since its discovery, other patterns such asShegularity
Principle®# (the chemistry of the second period elements is
often different to the later members of their respective
groups),Diagonal Relationship$# (similarity in chemical
properties between an element and that to the lower right of
it in the Periodic Table)nert Pair Effect 34 (In some groups,
the elements following the second and third transition periods
exhibit oxidation states two below the maximum of their
respective groups), and some otléshave been found.
Most attempts to explain the Law have arisen from rather
crude approximations based on applications of Quantum
Theory to the study of Atomic Spectfal® Yet, Klein's
research13 (defining the periodic system as a partial
ordering set) and Kreinovich’s wdtlestablish the possibility
to carry out a mathematical study of the periodic system. METHODOLOGY

According to Villavece¥ a relevant aspect developed by Cluster Analysis. Authors®19which have developed CA
Mendeleyev's methodology was to consider the set of onthe chemical elements have used several different numbers
chemical elements as a whole, not element by element, andof properties to describe each element. There is an open
as a result, to find out several relationships among which problem concerning how many properties are necessary to
neigborhoods are quite important. Taking this as the startingcompletely determine an element or the whole set of
point of our work, it is possible to make a connection with elements. It is not even clear whether the same number of
Topology>t7 properties would suffice to completely determine different

Recently, attempts have been done to study neighborhoodelements, for example, noble gases, with their low reactivity
relationships for chemical elements as cluster analysismay be determined by less chemical properties than a

(CA).1819 Zhou'® et al. studied a set of 50 elemen £ transition element such as iron. Besides, there are problems
1-50) making use of 7 physical properties. Some of the such as covariance, correlations, linear dependences, and so
clusters they found were as follows:Co,Ni,Fe,RhRU}, on, demanding a rigorous analysis, which, up to our
{Mo,Tc}, {ScY,Ti}, {Galn,Sr}, {NO,FH}, {CIBr}, knowledge, has not been answered in the current literature.

{ZnCd}, {Ar,Kr,NeHe}, {Mg,Ca}, {Li,NaK,Ri}, { CuAg}, Although the problem is open still, one may compare our
and{B,C}, where the appearance of alkaline elements and newly proposed methodology with former works, taking at
noble least the same number of properties. Indeed, we took a larger
and more complete set of properties. We applied CA on 72
* Corresponding author phone: (577)6349069; fax: (577)6349009; chemical element&(= 1—-86, omittingZ = 58—71) defined
e-mail: grestrep@uis.edu.co, khemeia@hotmail.com. by 31 physical and chemical properties (Table 1), out of
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Table 1. Properties of Chemical Elementa £ 1—86, omitting
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Table 2. Similarity Functions Employed

58—71) p
i properties units Hamming distancel(A,B) = d,(AB) = ZIX,-A — Xl
1 ionization potenti&P eV/mol atm =
2 polarizability® 10 2cm? n
3 electronegativits? Pauling Euclidean distance(AB) = d,(AB) = [Z|xjA — gl
4 atomic radit* pm &
5 ionic radi?®
6 reduction potentidl v n 12
7  melting point? K XinXig
8 critical temperaturé?s °C ] =
9 heat of vaporizatio kcal/g-atom Gower distance d(AB) = [1—
10 heat of atomizatici?’ kJ/mol L, e, e
11 density? glcm? (25°C) ZXjA + ZXjB XiaXig
12 molar he&t J/mol-K = = 1=
13 electronic affinity® Y n
14 boiling point? K
15 thermal conductivifi$2 W/m—K J %%
16 atomic volume&’28 cmé/mol ; .~ _ -
17 heat of fusiof#?’ kJ/mol Cosine coefficient SAE) n n
18 electrical conductivify/ 1/mohm-cm [ 2 , 2]l/2
19 acid character of oxidé® xe{0, 1 ZXJA ZX’B
20 basic character of oxiéi&® xe{0, 1} J J
21 air reactiof’ xe{0, 1}
1 i 27
g% ;Zggggﬂ m:ﬂ Hgaﬁl\gm i: Eg ﬁ Table 3. Methodologies Employed in the Cluster Analysis
24 reaction with HNG@—15M?7 xe{0, 1} methodology aa as B y
25 no. of oxidation staté% xe{0,1,2,3,4,% unweighted na’/(na + ng) Nng/(Na + Ng) 0 0
26 no. of reduction stat&s xe{0,1,2,3 average linkage
27 no. ofselectrons in the valence shéll x e {1, 2 centroid linkage  na/(na+ng) ne/(na+ng) —nang/(na+ng)2 0
28 no. ofp electrons in the valence stéll xe {0, 1, 2, 3, 4,5, complete linkage 0.5 0.5 0 0.5
29 no. ofd electrons in the penultimate xe{0, 1,2, ..., 19 single linkage 0.5 0.5 0 —-0.5

leveP?
30 minimum common oxidation st&&¢’ xe{—4,—-3,-2,—-1,0
31 maximum common oxidation st&té¢’ xe{1,2,3,4,5,6,7

*n; is the number of elements ofgroup.

_ ~ The similarity coefficientS(A,B) and the metricsd(A,B)
some of their compounds. There was about 1.6% of missingintroduced in this work are shown in Table 2. Two of the
experimental values which were interpolated taking the metrics used are particular cases of Minkowski’'s metric

property as a function of. Second-order Lagrange poly-  families533which are metrics ove®. The one not belonging
nomials were used in the cases where the missing valueso this family is Gower'’s distanc¥;3°3335 amply used in

were bounded by known values. Two values were not CA.

bounded (electric conductivity ¢f andHe), and they were We calculated a similarity array (7% 72) for each
calculated through the respective Lagrangian polynomial for similarity function and carried out groupings with the

Li and Ne (second period). In this way, we defined each methodologies shown in Table 3, which are special cases of
element as a 31-tuple of physicochemical properties which | ance and Williams’ formuld?32
was further normalized %
f(k,i) = auf(Al) + ogf(B,i) + SF(AB) + yIf(Ai) — f(B,i)]
- Xia ~ Ximin
%A Ximax ~ Xjmin whereA,B andi are objects to grougk is the reunion ofA

andB; f(A,), f(B,i) andf(A,B) are the similarity functions
betweenA andi, B andi and A andB, respectively.

Finally, we made and visualized the 16 dendrograms (trees
— graphs$® employing the graphic interphase TreeVigw
(Internet freeware). Due to their number they cannot be
presented in this paper, but they may be requested from the
authors. Together with the trees obtained with the 31
described properties we included the atomic nunibas a
new variable and followed the same procedure. Dendrograms
did not vary considerably. As there is an arbitrariness in the
choice of a particular grouping or similarity function, we
obtained consensus trees to search for those features common

After, we build up a data array (72 31) on which we to several of the employed methods.
applied C&°32 making use of 4 similarity function§A,B) Consensus TreesThere are several methodologies to
and 4 grouping methodologies. The most commonly used obtain consensus tre&s¥*We applied the freeware software
similarity functions are those relating objects with the COMPONENT® to obtain 3 different consensuses:
distance among thef:22 In this work we used 3 distance Majority Rule Consenstf§ To build a consensus tree from
functions (metrics) and 1 similarity coefficient (nonmetric). a set ofN trees, we take the rule that a pair, a trio, etc. of

wherexa is the value of property of chemical elemen#
andXjmin and Xjmax are the minimum and maximujrvalues
for all elements.

Definition 1. Let Q be

Q = { (X, X, X3,... %57)|0 =< % =< 1}

thenQ is calledSpace of Chemical Element§SCE).

Definition 2. Xa = (Xa,XeaXaa,..-Xa1a) € Q is the vector
representing the chemical elemeftwhereX is the jth
property of elemenA.
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Figure 1. Consensus trees: a) strict, b) majority rule, and ¢) Adams.
. . . . . — Sb ~ Rh = Sn
elements is a pair, a trio, and so on in the consensus tree if 1% Te 8 Ay 3 pp
- : —68
they appear in at least out of theN trees. Usuallyk > gr; — B o Ir . ZIn
N/2 _ N L g As =Pt — Ga
. : . T __-r @y & Sy
Strict Consensu® A tree is called the strict consensus of —56 & pt —100 _ 7 &
a set of trees if it is built by the majority rule, takihg= N. @k % He 2 Mn
. . . - = be
Adams Consensi# This consensus contains the nestings = K (75— s S Al
common to all trees in a profile. Given two sets of elements, [0 gg —75— gca — ge
AandB, and a tred, setA nests in seB if (1) Ais a subset S & —Ba — Br ——si
: B — L roo | —0
of B, and (2) the elements in sét have a more recent 6 € Na [90_ &, N
common ancestor i than do the element in s& For | &Y T F —cC
example, given the treé\(B,(C,D))), the set§C,D}, {B,C}, & _65@ i o
and{B,D} all nest insidg{A,B,C,0}, but only{C,D} nests ,_gg@ )R(e “ Os
inside{B,C,D}. Consensus Trees and grouping frequencies [e_= No LT 2;‘
for Majority Rule Consensus are shown in Figures 1 and 2. — 75 = ﬁr — Ed
. . e — Fe
In these consensuses the grouping of alkaline elements 75 Nb — % co
and noble gases is clear. On the other hand the couple Be 75 \'\,"V° = :;‘g
. 68 R
and Al appear in 93% of the trees as has been foreseen & Ru T T
= Ta

through the Diagonal Relationshif. ) _ o
Some of the papers mentioned above reach this point with ~'9Ur€ 2. Frequencies for majority rule consensus.

other choices of properties. Now, we propose to develop aacyclic and connected. In our case every graph has three
topological study based on the groupings found in dendro- different kinds of vertices: vertices of degree 1 which
grams. correspond to chemical elements, of degree greater than 3

Topology from a Single Dendrogram.As an example  which are called nodes and we have only one vertex of
we choose the tree obtained through the cosine similarity degree 2 which is called root of the tree. Aiming to build up
function and the single linkage grouping methodology a topology from the dendrogram we introduced the concept
(Figure 3). Besides, we interpret every tree as a graphof subtree.
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Figure 3. Dendrogram obtained from cosine coefficient and single
linkage methodology.

Figure 4. Two subtrees of dendrogram of Figure 3.

Sc
Sr
Ni

Cd

Figure 5. An example of a graph which is not subtree.

Definition 3. We define asubtree as any subgrap® of
a dendrogranD such that
1. G does not contain the root.
2. There is a nodp of D whose degree is different from

1 such thatG correspond to one of the connected subgraphs

obtained subtracting from D.

Some instances of subtrees for the tree in Figure 3 are

shown in Figure 4.
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Figure 6. Some examples of maxima8lsubtrees.
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Thus, subtrees in Figure 6 are examples of maximal
3-subtrees.

Definition 6. Let X be the set of chemical elements and
a collection of subsets of such that

M) Xer

@ er

(3) If 04,...0n € 1, thenﬂjnlej €T

@ If o el, Oy € 7, thenUy Oy € T then,t is atopology,
the couple X7) is called atopological space and the
elements ofr are calledopen sets

Definition 7. Let (X,7) be a topological space. A collection
B of open subsets of, B C 7 is abasisfor the topologyr
iff each open seO e 7 is union of elements oB.

Theorem 1. Let B be a collection of subsets in a non
empty setX, such that

(1) X = UgesB;

(2) If B1,B; € B, thenB; N By is the union of elements of
B; then,B is a basis for topology, wheretr = { UgrB|I" C
B}.

Starting from each tree we search for a collection of
subsets of) fulfilling the conditions in Theorem 1.

Definition 8. Let B, = {B C Q|B be formed by the
elements of some maximalnsubtreé.

From the above it results that for each valuenathere
may arise a different topology.

Example 1.Forn = 1 we haveB; = {{E}|E € Q} and
71 = P(Q), which is called theadiscrete topology

Example 2. For n =72 we haveB, = {Q} and 7, =
{@2,Q}, which is called thendiscrete or coarse topology

As an example we develop the topoloBy (n = 5). For
the dendrogram in Figure 3 the ba#ls is

{ScSrMg,Ca} {Ni,Cd} {Y,La} { zr Hf,Ti,V} { Fe,Co,In},
{SnPb,zn,Ga} ,{ShTeBi,AsS¢g ,{PoAt} ,{Cr,Mn},
{NbMo,W,RuTa} {Og {RhAU} {CuAg,PdHg,Tl} {TcRe,
{B}.{G¢&} {P.§} {C} {BeAlSi} {Kr.XeRnNeAr} {Br,l,Cl},
{F}{N} {O} {Ir,Pt} {He} {H} {K,RbCsLi,Na} { Ba}

B;=

Bs is a basis for topologys wherers = {Uger BII' C
Bs}.

Definition 9. Let A Cc Q andx € Q, x is said to be a
closure point of A iff for every O € s, such thatx € O,
thenON A= @.

Definition 10. Let A C Q; theclosure of A is defined as
the following: A = {x € Q|x is closurepoint of A}.

Definition 11. Let A C Q andx € Q, it is said thaix is an
accumulation point of A iff for every O € 75, such thak
O, then © — {x})N A= &.

On the other hand the graph which appears in Figure 5 pefinition 12. Let A ¢ Q, thederived setof A is defined
arises from dendrogram in Figure 3, but it is not a subtree. 55 the following: A' = {x € QJx is accumulatiorpoint of

Definition 4. Let ann-subtreebe a subtree of cardinality
less than or equal to.

It means that am-subtree has at mostelements. In this
way the subtrees in Figure 4 are examplessafubtrees,
7-subtrees, ...m-subtrees wheren cannot be lower than 6.

Definition 5. Let amaximal n-subtree be anyn-subtree
such that it is not possible to find anothersubtree
containing it.

Al.

Definition 13. Let A C Q andx € Q, it is said thatx is a
boundary point of A iff for every O € 5, such thak € O,
thenONA=dandO N (Q — A) = Q.

Definition 14. Let A C Q, theboundary of A is defined
as the following: b(A) = {x € Q|x is boundarypoint of A}.

Now we show some application examples of these
properties.
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Figure 7. Topological properties of alkaline metals based on a single dendrogram.
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Figure 8. Topological properties of elements of group 8 based on a single dendrogram.
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Figure 9. Topological properties of chalcogen elements based on a single dendrogram.

Example 3.Let A = {Li,Na,K,Rb,C5}, this set is a basic This example suggests an existence of topological
open, and it is easily verified th& = A, A’ = A andb(A) relationships between elements in group 8 and other more
= & (Figure 7). distant elements in the Periodic Table suchlmasvhich

These results indicate there are not any elements besidess not considered a transition eleméhtt is interesting
the alkalies whose open sets or neighborhoods contain eleto remark that topological properties of transition ele-
ments strongly related to the alkalies. This, at the same time,ments show, in general, a similar behavior to the elements
indicates that in the space of chemical elements (providedof group 8. -
with topologyzs) alkaline elements form a robust group with Example 5. Let G = {O, S, Se, Te, B thusG =

little relationship to other chemical elements. {O,SSeTePo,P,ASShBi,At}, G' = {SeTeP,AsShBi,At},
Example 4.Let D = {Fe, Ru, O%. For this subsefFe € andb(G) = {SSeTePo,P,AsShBi,At} (Figure 9).

{Fe,Co,In}, Rue {NbMo,W,RuTa}, andOs € { Os which Here we observe that chalcogen group elements (16) with

are open sets, théd = { Fe,RuOsCo,In,NbMo,W,Ta}, D’ the exception of oxygen are closely related to pnicogen

= {Co,In,NbMo,W,Ta}, andb(D) = {Fe,Co,In,Nb,Mo,W,- elements (15), except nitrogen. On the other hand, it is

RuTa} (Figure 8). notable that oxygen and nitrogen behave differently from
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Figure 10. Topological properties of metals based on a single dendrogram.
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Figure 11. Topological properties of elements of group 8 based o

n a consensus tree.

the rest of the elements in their group as predicted by thethe subsets making up the basis of the topolBgyIn this

Singularity Principle®4
Example 6. Finally, we consider the set of metallic
elements’? The results obtained are shown in Figure 10.

Li,Na,K,RbCsBeMg,Ca,Sr,Ba,ScY,La,Ti,Zr,HfV,
Nb,Ta,Cr,Mo,W,Mn,Tc,ReFe,Ru0sCo,Rhlr,Ni,Pd,
Pt,Cu,Ag,Au,Zn,Cd,Hg,Al,Galn, TI,GeSnPb,ShBi,Po

M

Li,NaK,RbCsBeMg,Ca,Sr,Ba,ScY,La,Ti,Zr,Hf,V,Nb,Ta,
M =1 Cr,Mo,W,Mn,Tc,ReFe,Ru0sCo,RhIr,Ni,Pd,Pt,Cu,Ag,
Au,Zn,CdHg,Al,Ga,In, TI,GeSnPb,ShBi,Po,At,B,SiAsSeTe

Li,Na,K,RhCsBeMg,Ca,Sr,ScY,La,Ti,Zr,Hf,V,Nb Ta,
Cr,Mo,W,Mn,Tc,ReFe,Ru,Co,RhIr,Ni,Pd,Pt,CuAg,
Au,Zn,Cd,Hg,Al,Ga,In, TI,SnPb,ShBi,At,B,Si,AsSeTe

Mr

b(M) = {BeTc,ReB,Al,Si,AsShBi,SeTePo,At}

In this example it is interesting to outline that the boundary
of metals is formed by several semimétallements which

example we uses.

{Ti,V,Zr Hf} {RuW,Ta} { Tc,Rg ,{NbMo} {Og,
{CuAgPd} {Hg,Tl} {RhAW} {CrMn} {B} {Cd} {Si,
{C} {Zn,Ga,SnPhk} {Y,La,Sq {Fe,Co,In} {BeAl} {Ni},
{Ge} {AsSeShTeBi} {P,S {K,RbCs {Li,Na} ,{Ba},
{NeArKr,XeRn} {Br,I,Cl,0} {Mg,Sr,Ca} { PO,At},
{Ir.,P% {H} {F} {N} .{He}

o]

Here we show the same sets studied in the example above
and calculate their topological properties.

Example 7.Let A = {Li,Na,K,Rb,C}, again, this setis a
basic open set therefole= A, A' = A andb(A) = & and
their representations are the same as in Figure 7.

Example 8.Let D = {Fe, Ru, O}, thenD = {Fe,Co,In,-
RuW,Ta,0s}, D' = {Co,In,Ta,W}, andb(D) = {Fe,Co,In,-
RuTaW} (Figure 11).

When considering consensus trees and comparing results
in Figure 8 it is observed thaib and Mo no longer share
their neighborhoods or open sets with those elements in group
8. But still the relationship withn remains. For transition
elements the open sets in the topological basis taken from

chemists have considered as having intermediate propertieslifferent dendrograms are not always the same as occurring

between metals and nonmetals.
Topology from a Consensus TreeNow we show an

in a majority of cases for an element in the extremes of the
Periodic Table (groups 1, 2, 15, 17 and 18). For this, it is

example making use of Adams Consensus. As in the caserecommendable to study transition elements with the help

of a single tree we consider the maxinmegubtrees to build

of consensus trees.
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Figure 12. Topological properties of calcogen elements based on a consensus tree.
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Figure 13. Topological properties of metals based on a consensus tree.

Example 9. Let G = {O, S, Se, Te, Bo thusG = CONCLUSIONS
{SP'_IS_’PSZ'?;;[Br'l’Cé’%gssfsbg QE'} ’A?le{gilgkp’és’ge' There is a clear topological structure underlying the
Tng 'I’:. i ariz (G) = {P.SPoALBr.I.Cl,O0AsSeSh- Periodic Law. Thus, a topological space of chemical ele-

&Bi} (Figure 12). ments, Q,7r) making sense, may be defined using CA. There

:En this Iexaln(;lpllze_ th“e behavior |_sdl|kedthat |tn”§xan|1ple 5£ seem to be topologically invariant sets of elements, such as
xamplé LU. Finally, we considered metaflic elements  y,q 5)kali metals and the noble gases. Other sets of elements

(Figure 13). are not invariant, and their neighborhoods, boundaries, and
so on seem to have interesting chemical meanings. The
Li,Na,K,RbCsBeMg,Ca,Sr,Ba,ScY,La,Ti,Zr,HfV, important fact is that we have found that the use of point set
M ={ Nb,Ta,Cr,Mo,W,Mn,Tc,ReFe,Ru0sCo,RhIr,Ni,Pd, topology makes clear the origin of known regularities. Now,
Pt,Cu,Ag,Au,Zn,Cd,Hg,Al,Ga,In, TI,GeSnPb,ShBi,Po work must be done to apply it systematically to unravel

several other possible properties of the set of Chemical
Elements, but more than that, the possibility opens up to

_ | LiNaKRbCsBeMg,Ca,SrBaScY,La,Ti.Zr,HfV,NbTa, study sets of chemical compounds by their properties and
M= Cr,Mo,W,Mn,TcReFeRuOsCoRhIr,Ni,PdPLCuAg, move on toward the long cherished dream of periodic tables
Au,Zn,CdHgAl,Ga,In,T|,GeSnPb,ShBi,PoAtAsSeTe of compounds. In principle, it is the same methodology, and

given that cluster analysis has been used successfully to
correlate properties in several sets of elements (see for
Li,Na,K,RbCsBeMg,Ca,Sr,ScY,La,Ti,Zr,Hf V,Nb Ta, example ref 29 and references therein), there is reasonable
M’ ={ Cr,Mo,W,Mn,Tc,ReFe,RuCoRhIr,Pd,PtCuAgAL, hope that the use of topology will take us further in this
ZnHg,Al,Ga,In, TI,SnPb,ShBi,At,AsSeTe direction.
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