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Transient Diffusion and Migration to a Disk Electrode 
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A coordinate transformation is implemented that greatly facilitates the numerical solution of the equations describing transient 
ionic diffusion and migration to a disk electrode. The transformed coordinates are a modified form of the classical oblate 
spheroidal coordinates; singularities arising at the electrode edge are removed, and the infinite model space is collapsed down 
to a finite rectangle. The resulting savings in storage and execution time make it feasible to do numerical calculations that 
were previously difficult and computationally expensive. We have applied the coordinate transformation to model transient, 
two-dimensional transport to a disk surface during the deposition of a metallic film. We focus our discussion on the current 
distribution (which determines the film thickness and uniformity of coverage), the effect of inert electrolyte, and the influence 
of the disk size with regard to obtaining accurate rate-constant information. 

Introduction 
It is now widely recognized that microelectrodes can be used 

to investigate charge-transfer processes at electrode-electrolyte 
interfaces more effectively than larger area electrodes that have 
been used traditionally.’ Because it is difficult to fabricate 
microelectrodes to the precise dimensions required for quantitative 
electroanalytical work, microdisk electrodes have been the elec- 
trode geometry of choice. For construction of typical microdisk 
electrodes, micrometer-diameter wire of the electrode material 
is housed in an insulator such as borosilicate glass; the assembly 
is polished to form a disk electrode flush with an insulating plane. 
A schematic illustration of the disk system is shown in Figure 1. 
Experimental apparatus are available that make experimentation 
with such microelectrodes as routine as that for larger-area 
electrodes. 

The chief difficulty in using microdisk electrodes for quantitative 
electroanalytical research is that the mathematical description 
of the two-dimensional transport associated with the disk system 
presents a substantial task, as evidenced by recent papers in this 
topic area. (Without attempting to be inclusive, we refer the 
reader to refs 2-10, and references cited therein, for recent work.) 
For the characterization of chemical systems with a large excess 
of inert electrolyte, the authors have provided a simple analytic 
solution6 for the steady state if the Nernst-Planck e q ~ a t i o n l l - ~ ~  
accurately describes ionic transport. If only one electrochemical 
reaction takes place at the electrode, the added influence of 
migration for reactant, product, and inert species can be treated 
without approximation by use of a special dependent-variable 
transformation, which yields a one-dimensional integral equa- 
tion.’J4 For more complex cases, however, including multiple 
surface and bulk reactions as well as transient mass transport, 
more general numerical methods such as finite differences or finte 
elements will most likely be the only resort. 

Given the disk geometry, it is natural to do calculations in 
cylindrical coordinates, but achieving suitable accuracy with 
finite-difference or finite-element routines is difficult because of 
(1) the discontinuous nature of the surface boundary conditions 
at the electrode-insulator edge and (2) the need to address 
boundary conditions specified for infinite values of the radial and 
axial coordinates. These problems become more tractable by 
mapping the infinite half-plane of Figure 1 (all r,  y 1 0 )  onto a 
coordinate system that is more amenable to numerical solution. 
For the disk geometry considered heqe, the oblate spheroidal 
coordinate ~ystem’~J’  removes the edge discontinuities referred 
to in 1 above and was recently used by Michael et ale4 to treat 
a transient diffusion equation for the disk electrode. We use a 
modified version of this transformation, obtained by compressing 
the axial coordinate so that the independent spatial variables range 
over finite values. As a result, the model region is transformed 
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to a bounded rectangle with continuous boundary conditions on 
each edge. We will present the transport equations as they appear 
in this bounded domain, use them to investigate a metal-depasition 
reaction, and study the electrode behavior during transient dif- 
fusion and migration in tandem with interfacial electrochemical 
reaction. The transient problem is of interest for the study of fast 
electrode reactions, as will be discussed in the context of Figure 
9. It is also important to understand what determines how long 
it takes a microelectrode to reach a steady state, a topic inves- 
tigated by Zoski et a1.I0 in the absence of migration. We focus 
our discussion on the current distribution, the effect of inert 
electrolyte, and the influence of the disk size with regard to 
obtaining accurate rate-constant information. The effect of the 
electrical double layer is not considered in this work; Norton et 
a1.I6 have recently considered this matter in their treatment of 
a hemispherical microelectrode. 

The oblate spheroidal coordinates, which form the basis of our 
analysis, have been applied to a variety of different problems in 
the past, and it is perhaps appropriate to briefly discuss some of 
the differences in notation and terminology which are used. The 
interested reader can find more details in Table 2 1 . 1  1 of Abra- 
mowitz and Stegun.” Levich’* and N e ~ m a n ’ ~ , ~ ~  refer to these 
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Figure 1. Schematic illustration of the disk electrode. 

coordinates as (rotational) elliptic coordinates. The form they 
give is somewhat different from that used here (see Table 21.1 1 
noted above for the transformation between the two), and it is 
not conformal. Smyrl and Newman2I have demonstrated the 
utility of the rotational elliptic coordinate system for the analysis 
of a disk electrode using the finite-difference method. The form 
used in our work is conformal and is similar to that found in the 
book by Moon and Spencer,15 which tabulates separable coordinate 
systems for different geometries. It is the same form used by 
Michael et al.4 All forms share a property of particular interest 
to us. The transformed coordinate lines of these systems are either 
the lines of constant concentration or the perpendicular flux lines 
when transport is determined by steady-state diffusion with 
constant concentration along the disk. In the more general sit- 
uation, when the transport equations include migration, are 
transient, and satisfy nonconstant boundary conditions on the 
electrode, concentration profiles still have roughly the same 
geometric form. The similarity of the coordinate system to the 
equiflux and equiconcentration lines in solution means that fewer 
nodes are necessary to discretize the problem. As already men- 
tioned above, we have further modified these coordinates in order 
to map the half-infinite model space onto a finite box. 

Transformed Equations 
In this work, we examine metal deposition as an example ap- 

plication. Microelectrodes have been shown to be useful for the 
study of high-rate metal deposition due to the large ionic fluxes 
at the electrode surface.6 The electrode reaction we model can 
be written as 

k 
0 + ne- & insoluble product (1) 

The following subscript convention is used: 1 = reactant ion (e.g. 
Ag+), 2 = unreactive ion (e.g. ClOc), and 3 = unreactive ion (e.g. 

The material-balance equation for each species dictates that 

k, 

H+). 

aci/at = -v.N~ (2) 
where t denotes time and c and N represent species concentration 
and flux, respectively. Electroneutrality in solution is also assumed 

(1 8) Levich, V. G. Physicochemical Hydrodynamics; Prentice-Hall: En- 
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(20) Newman, J. J .  Electrochem. SOC. 1966, 113, 1235; 1967, 114, 239. 
(21) Smyrl, W. H.; Newman, J. J .  Elecrrochem. SOC. 1976, 123, 1235. 
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czic, = 0 (3) 
i 

where zi is the charge number of species i ,  and the current density 
i is given by 

i = F&Ni (4) 
i 

These three equations form the foundation of most transport 
models for electrochemical systems. 

All that remains to complete eqs 2-4 is to give expressions for 
the ionic fluxes. In this work, we employ the Nernst-Planck 
equation:"-13 

( 5 )  Ni = -DiVc; - z~Fu,c~V@ -- 
diffusion migation 

The electric potential in solution is given by a. The physico- 
chemical parameters Di and ui refer to the diffusion coefficient 
and mobility, respectively; both are taken to be constant. F 
represents the Faraday constant. Since convective transport is 
neglected in this analysis, the treatment is valid only for systems 
in which the disk radius is much smaller than that of the hy- 
drodynamic boundary layer, a condition that is usually met in 
microelectrode investigations. Using the Nemst-Planck equation, 
we can rewrite the material-balance equation as 

aci/at = D ~ ~ ~ c ~  + ziFuiv.(civa) ,  i = 1, 2, 3 (6) 
Equations 3 and 6 can be used to solve for the unknowns cl, c2, 
c3, and a, once boundary conditions are specified. 

At time t = 0 all concentrations are set to their constant bulk 
values 

ci(O,r,y) = c;, i = 1, 2, 3 
At points far from the electrode, bulk concentrations and zero 
potential are specified: 

lim ci(t,r,y) = c;, i = 1, 2, 3 

lim @(t,r,y) = 0 

On insulating surfaces, the normal fluxes are at all times zero: 

r + p -  

+Y-- 

Ni.n = 0 i = 1 ,  2, 3 

where n is the unit normal vector pointing into the solution. A 
Butler-Volmer equation is used at the electrode surface 
N,.n = k,  exp[(l - @)nf(E - a)] - kccl exp[-@nf(E - a)] 

for r I a, y = 0 ( 7 )  
wheref= F / ( R T )  and a is the electrode radius. The electrode 
potential relative to a reference electrode of the same kind as that 
used to assess the value of a is given by E; @ denotes a transfer 
coefficient; and k, and k, represent the anodic and cathodic rate 
constants, respectively. For the unreactive ions, the normal fluxes 
are zero on the electrode surface: 

N,-n = 0 for t L 0, r I a, y = 0,  and i = 2, 3 

The electroneutrality equation is also applied at the electrode 
surface as well as in the solution, which provides the needed fourth 
equation. 

It will be convenient to introduce dimensionless forms of the 
variables and constants appearing in these equations: 

ci = q / c ;  = c;/c; 
a 

DlC; 
ai = Di/DI = -Ni = -[ajVCi + ZiCiV\k] 

V = f ( E - E , )  X = r / a  

Y = y / a  Zi = ziulRT/DI 



4574 The Journal of Physical Chemistry, Vol. 96, No. 11, 1992 

Electroneutrality eq 3 can thus be written as 
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czic, = 0 
i 

The equilibrium potential E, corresponds to the electrode potential 
at which no current flows: 

We shall scale the current densities to the steady-state diffusion 
limiting value 

4 nFD,c; 
iD = --- ~a 

In addition, we use the parameter a, a measure of the mass 
transport to kinetic resi~tance:~-' 

4 io3- 
u iD a=--- 

where io,- is the exchange current density based on bulk con- 
centrations 

io,- = nFk,8(kcc;)'-0 

To further elucidate the role of the dimensionless parameter a, 
we note that for a given chemical system, the only easily adjusted 
parameter in a for the experimentalist is the electrode radius 
a-since a is proportional to a and is the only dimensionless 
parameter that contains a,  it is convenient to view a as a di- 
mensionless disk radius (large disks denote large a). Thus in the 
plots that follow, exploring the effect of the disk radius is ac- 
complished by varying a. 

With these scalings, the dimensionless form of material-balance 
eq 6 and the associated boundary conditions take the form (where 
9 means taking V with respect to the scaled coordinates X and 
Y) 

C,(O,X,Y) = lim Ci(T,X,Y) = q, 
aci/aT = ~ , V C ,  + z,9.(ci9\k), for i = 1, 2, 3 

X,Y-- 
for i = 1, 2, 3 and T 10 

lim ~ ( T , X , Y )  = 0, for T I O  
X,Y-- 

Ri.n = - [ ~ , V C ,  + Z,C~VP].~ = 0, 
f o r X  > 1, Y = 0, and all i 

or X 5 1 ,  Y =  0, and i = 2, 3 

for X I 1 and Y = 0 
As noted in the Introduction, the numerical solution of these 

equations is facilitated by the use of oblate spheroidal coordinates, 
defined by the equations 
X = cos (e) cosh ( f )  and Y = sin (e) sinh ( f )  (8) 

This coordinate transformation maps the half-space of points with 
y 1 0 to the half-infinite strip with 0 I 19 I u/2  and 0 I I? < 
m. (The coordinate f corresponds to r used by Michael et al.4 
to  model transient diffusion to  a disk electrode with the oblate 
spheroidal coordinates, and the 19 coordinate of this work is 
identical to that used by Michael et al.4) To compress this 
half-infinite strip onto a finite box, we introduce the coordinate 

R,.n = a(exp[( 1 - b)n( V -  \k)] - C,exp[-@n(V - *)]I, 

r: 
f r = -  

l + f  
The transformation in terms of 8 and r is now given by 

Y = sin (e) sinh ( L, (9) 1 - r  

0 1 2 3 4 5 6 
4 Disk 1- Radial position X 

0 0 0 0 0 0 0 0 0  

r 0 0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0  

0 d4 d2 
Disk edge e Disk center 

Figure 2. Botton panel: New coordinate system with an 1 1  X 1 1  equally 
spaced mesh. The coordinate system may be viewed as a compressed 
form of the oblate spheroidal ~ystem.'~.' '  Top panel: Disk electrode and 
associated cylindrical coordinates X and Y. (The problem is rotationally 
symmetric.) Shown on the top panel are the node placements corre- 
sponding to the mesh depicted in the lower panel. 

Using this transformation, one can map the half-space of points 
with Y 1 0 onto the rectangle with 0 I e I ~ / 2  and 0 I r I 
1 (as indicated in the plots of Figure 2, which shall be discussed 
in the next section). 

With these definitions, the following transformed version of the 
material-balance equation is derived in the Appendix: 

I 

a 9  a2q 
ae ar2 tan (e) - + (1 - r)4 - + 

a\k 
1 - r  - 2(1 - r)3] E} + + 

f o r i  = 1, 2, 3 (10) 
aci a\k (1  - 1714 - - ar ar 

The region for which these equations will be solved corresponds 
to the space X, Y 10, or 0 I 0 I u/2  and 0 I I' I 1. There 
are thus four boundary components which must be considered: 
the electrode surface, Y = 0 and 0 I X I 1 (I' = 0 and 0 I 8 
I 7r/2); the insulating container wall, Y = 0 and X > 1 (e = 0 
and 0 < r I 1); the line of symmetry through the center of the 
disk, X = 0 (e = u/2 and 0 < r I 1); and the region where X 
and Y tend to 03 (I' - 1 and 0 I 6 I n/2) .  Boundary conditions 
in cylindrical coordinates have been given for all components 
except the line X = 0 through the center of the electrode disk, 
where by rotational symmetry the radial component of the fluxes 
must vanish. Expressions for the normal components of the fluxes 
on the boundary components are given in the Appendix, and they 
yield the following initial and boundary conditions: 
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C,(O,O,r) = lim C,(T,O,I') = 
r-i ~. 

for i = 1, 2, 3 and T 2 0 

lim 9 ( T , d J ' )  = 0 
r-i 

for T L 0 

ac, a 9  
a6 a6 

ai - + ZiCi - = 0 for 6 = 0, ~ / 2  and all i 

ac, a 9  
ar ar Di - + Z,Ci - = 0 for r = 0 and i = 2, 3 

We now address the calculation of the average current density. 
Using expression A8 given in the Appendix for the normal flux 
on the electrode and the fact that 

N,.n = i /nF 

we can write 

- i = -( A - ac1 + ZICl - 
iD 4 sin ( 6 )  ar ar 

which is embodied in the boundary condition of eq 11. The 
average scaled current density is obtained by surface integration 
of eq 12: 

:l"* (z  + ZICl ar 

For numerical calculations, the material-balance equation for 
species 3 was combined with the electroneutrality equation, re- 
sulting in three equations for the three unknowns CI, C,, and 9. 
These equations were solved by the finite-difference method. By 
comparing OUT steady-state calculations with the integral-transform 
solution to the steady-state version of this problem,' we found that 
a grid consisting of 31 equally spaced mesh points in the 0 co- 
ordinate and 21 equally spaced mesh points in the r coordinate 
yielded sufficient accuracy for steady-state analyses (usually less 
than a 1% difference between the two methods was observed). 
The accuracy of the transient behavior of the solutions depends 
on the grid spacing of both the space and time dimensions, and 
Figure 3 gives an indication of what accuracy can be expected 
for problems of this type. Using different grid spacings, average 
currents as a function of dimensionless time were calculated for 
a well-supported system (C, << C,) and a potential step to V = 
-6. Under these conditions, the potential Q in Butler-Volmer 
eq 11 goes to zero, the migration terms in the flux go to zero as 
well, and the current can be calculated from a single transient 
diffusion equation in C1. The resulting single equation reduces 
the amount of time and memory required for finer grid calcula- 
tions, allowing one to see how the calculations converge as grid 
size decreases. Shown in the top panel of Figure 3 are results for 
short times, and the bottom panel displays results for longer times. 
The accuracy of the 21 X 21 grid results of Figure 3 are indicative 
of the accuracy of the analyses in the Results section. For the 
full coupled, nonlinear problem, we found that coarse grids (e.g., 
11 X 11 grids) often gave trouble with regard to convergence of 
the Newton-Raphson iteration. Convergence was easier to obtain 
with a larger number of mesh points along the disk surface, which 
is why 31 mesh points were used in the 6 direction and 21 in the 
r direction for our analyses. 

The plots of Figure 2 give an indication of why the compressed, 
oblate spheroidal coordinate system admits accurate numerical 
analysis for the disk system. A slightly different form of these 
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Mesh, Time step 
1 1  x 11,0.002 

21 x 21,0.0005 - 
5? 
.-!a $ l o /  - 8  -- 

- 41 x 41,0.000125 
E 
e! 
L. 

0 0.005 0.010 0.015 0.020 0.025 0.03 
Time t 

Mesh, Time step 

1 

1 1  x 11,O.l 

_- 21 x 21,0.025 
- 41 x 41,0.00625 

----------_- -.--_.__- _ _ _ -  -._ 

01 I I , I I 

0 0.5 1 1.5 2 2.5 3 
Time t 

Figure 3. Grid and time-step analysis. The dimensionless average cur- 
rent (iav/iD) is plotted as a function of the dimensionless time (7 ) .  Top 
panel: Short-time results. Bottom panel: Long-time results. The mesh 
points in the r and B direction and the time-step size (AT) are indicated. 
For this plot, q >> 1 and V = -6. All other conditions are given in Table 
I. 

TABLE I: BaseCase Parameter Values 
~~ 

1 .oa z ,  and Z, l .Ob a 1.0 
0 0.5 

G n2, n, 1.0 z2 and Z2 l.Ob 
n 1 .o z ,  and Z, - l .Ob 

By electroneutrality, = 2. bZi  = z, assumes the Nernst-Einstein 
relation, D, = u,RT. 

plots can be found in the work of Michael et al.4 Shown in the 
lower panel is an example of a finite-difference mesh using 11 
nodes in each direction. The upper panel maps these mesh points 
back onto the cylindrical coordinate system; curves of constant 
r are depicted. The mesh-point density is highest near the 
electrode-insulator boundary; farther from the disk, the nodal 
density is decreased and curves of constant r begin to take on 
a circular-arc appearance. We are not able to show curves in the 
top panel for > 0.7 without going to larger values of X and Y, 
which would obscure the important features near the electrode 
surface. Although this variable density of mesh points gives some 
idea of why calculations in the transformed coordinates are more 
efficient, it is also worth noting that doing numerical calculations 
in the transformed coordinates is not equivalent to doing calcu- 
lations in cylindrical coordinates with the corresponding variable 
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C 
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0.0 0.2 0.4 0.6 0.8 .1 .O 
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Figure 4. Current distributions i (X) / iD  for various times 7 and electrode 
potentials V. The potential was stepped from its open-circuit value to 
Vat time zero. 

grid spacing. For example, it is known (see the discussion at the 
end of the next section) that at steady-state limiting current 
conditions the current distribution in cylindrical coordinates has 
a square root singularity at the disk edge, and a finite number 
of mesh points cannot capture this behavior. In the transformed 
coordinates, this same current distribution becomes constant and 
can thus be exactly represented with few mesh points. 

Results 
In order to understand the nature of transient migration and 

diffusion to a disk electrode, we investigate the metal-deposition 
reaction of eq 1. The values of Table I are used to form our base 
case. Reasonable parameter values of many real chemical systems 
yield dimensionless-group values similar to those of Table I; the 
values of Table I were also chosen for a base case because they 
correspond to a situation wherein both migration and diffusion 
contribute significantly to transport, and resistance due to 
mass-transport, ohmic, and interfacial-kinetic phenomena are 
important. 

Potential Step. Perhaps the easiest experiment to analyze is 
a potential step from an initial condition corresponding to an open 
circuit. The results of Figures 4-7 represent such an experiment. 
The current-distribution results are shown in Figure 4 for di- 
mensionless potential values Vof -2, -4, and -6 and dimensionless 
times 7 of 0.05, 0.5, and 3.0. Initially, the current distribution 
is identical to that of the secondary current di~tribution.'~," That 
is, before the concentrations are altered from their bulk values, 
the Laplace equation applies for the electric potential and the 
Butler-Volmer equation can be used with constant concentrations. 

5 = 0.05 - 0.8 1 
0 
E 
.- - - 2 0.6 
C 
0 
6 
8 

* 0.2 

0.4 

I 

0.0 1 0  2.0 3.0 
Time 7 

Figure 6. Average current i J i D  corresponding to the plots of Figures 
4 and 5 .  

7.5 , " ' I " ' " I  " " 

\ 
'. V = - 6  

0.00 0.01 0.02 0.03 
Time T 

3.5 

0.0 1 .o 2.0 3.0 
Time T 

Figure 7. Effect of supporting electrolyte (represented by the parameter 
c; /c ; )  on the average current ( i a v / i D )  response. 

This can be seen by considering the equation for conservation of 
the total charge, which, by electroneutrality, takes the form 

V.[CZiDiVCi + (CZfFt4,Ci)VO) = 0 
I i 

For small T,  the gradients of the concentrations will be negligible 
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outside of a thin boundary layer around the electrode, so that the 
above equation reduces to a simple Laplace equation in the po- 
tential 0, or its scaled form 9. Note that the potential gradients 
create fluxes in all three species, even though the boundary 
conditions stipulate that the normal fluxes for the supporting 
electrolyte must vanish along the electrode. It follows that the 
concentrations of species 2 and 3 must change in the boundary 
layer at the electrode surface, and, by electroneutrality, this causes 
a change in the concentration c1 of the reacting species as well. 
As T increases, so does the magnitude of the concentration changes 
at the electrode surface, as well as the thickness of the region of 
nonconstant concentrations near the electrode. Once these con- 
centration changes become significant, the secondary current 
distribution no longer prevails; until that time, the system behavior 
is dictated by an ohmic drop throughout the electrolyte solution 
and by charge-transfer processes at the electrode-electrolyte in- 
terface. When the secondary current distribution prevails, the 
uniform current distribution is obtained as the solution becomes 
well supported (c;/c; - 0). This is because the potential in 
solution 9 tends to zero, and the average current density is given 
by 

8.0 

b 6.0 

cr/c; - 0 (13) 

More generally, the right-hand side of eq 13 provides a bound 
on the current density at all times for the conditions in this work. 
At the other extreme, as T - - and V -  --, the primary current 
distribution is obtained, which corresponds to maximum non- 
~n i fo rmi ty . '~ J~  

A discussion of the factors influencing the steady-state current 
distribution associated with the reaction of eq 1 was given in 
previous work,' and some of the same observations carry over to 
the transient analysis. In particular, for small values of a the 
current distribution tends to become uniform at all times 7. The 
primary current distribution observed for large negative voltages 
near steady-state conditions also arises for large values of a and 
small voltages; as the voltage becomes more negative, the non- 
uniformity of the current distribution increases. Thus the plots 
of Figure 4 show nearly uniform current distributions for small 
electrode potential values and increasing nonuniformity for larger 
negative values of V. The surface concentration profiles corre- 
sponding to the current-distribution results of Figure 4 are given 
in Figure 5; shown are plots for the smallest and largest magnitudes 
of the electrode potential, V = -2 and -6, respectively. The general 
form of the surface-concentration profiles is similar to that of the 
current distribution. The more accessible edge region of the disk 
obtains larger current densities and reactant concentrations. 
Contrary to the current distribution, however, the surface con- 
centration of the lone reactant will be uniformly zero under 
steady-state limiting current conditions (7  - - and V - --). 
As shown in Figure 6, the average current density undergoes a 
large change for dimensionless times less than unity and as- 
ymptotes to its steady-state value for longer times; the steady-state 
results correspond to the integral-transform results generated in 
ref 7 for this system. 

The effect of migration is demonstrated in Figure 7 for an 
electrode bias of V = -6. The lower panel shows results corre- 
sponding to longer times; these results are similar to the steady- 
state analysis for this system-as the supporting electrolyte 
concentration is decreased, corresponding to smaller values of 
c; /c; ,  larger currents result due to the increased effect of ionic 
migration. The results of Figure 7 indicate that, for the case of 
excess inert electrolyte (c;/c; = 11) and long times, the average 
current nears the limiting current for a well-supported solution, 
Le., iJiD - 1. As was mentioned in the discussion of Figure 4, 
for very short times the species concentrations are nearly constant 
along the electrode surface and the secondary current distribution 
prevails. Under these conditions, the influence of supporting 
electrolyte is to increase the average current iav/io by decreasing 
the electrolyte ohmic resistance (9 tends to zero as the supporting 

" " I " " I " " 
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Figure 8. Potential ramp experiment. Top panel: Electrode potential 
source (V) versus time. Bottom panel: Average-current (iav/iD) response 
for different potential sources. 

electrolyte is increased).l3J0 The upper panel of Figure 7 contains 
calculations in this shorter time regime and shows that the curves 
cross at a dimensionless time near 0.02. The case corresponding 
to the largest amount of inert electrolyte (c;/c; = 11) yields the 
highest initial average current density. To underscore the results 
of Figure 7, we note that the addition of supporting electrolyte 
introduces two different effects. It increases the electrolyte 
conductivity but also decreases the electric fields which drive 
migrational transport of the reactant. At short times, the first 
effect dominates, causing an increase in the average current, 
whereas at long times, the second effect dominates and causes 
a decrease in the average current. 

Potential Ramp. A second commonly employed chronopoten- 
tiometry technique involves the use of a ramped potential source, 
such as that shown in the top panel of Figure 8. This technique 
is particularly useful for the study of fast electrode reactions. 
Shown in the bottom panel of Figure 8 are current responses to 
the three potential regimes of the top panel. The ramp durations 
are all of the order of the characteristic time for mass transport, 
az /D1.  For shorter ramp times, the resistance to mass transport 
is reduced over the ramp time relative to the interfacial charge- 
transfer resistance, which allows for more accurate kinetic studies. 
The peak average current is highest for case A and lowest for c8se 
C, reflecting that faster potential ramps yield higher peak currents. 
For very slow potential ramps, the averagscurrent response would 
be identical in form to the potential response; i., would vary linearly 
with time during the potential ramp and maintain a constant value 
after the ramp duration. 

The utility of the ramped potential source for the investigation 
of fast electrode reactions is evident in Figure 9. In the 
steady-state analysis of this system,' it was shown that, for values 
of a greater than 2, accurate kinetic measurements cannot be 
obtained. In contrast, the transient analysis depicted in Figure 
9 shows that, for a potential-ramp time corresponding to the 
characteristic time for transport, resulting in a dimensionless ramp 
time of unity, the average-current response is strongly dependent 
on the value of a for a 5 10. For shorter ramp times, a greater 
sensitivity to the value of a is obtained, and more accurate kinetic 
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Figure 9. Influence of mass-transport resistance to kinetic resistance on 
the average-current ( iav/ iD)  response. Note that a = -4i0,4(7riD), where 
io,, is the exchange current density based on bulk concentrations and i, 
is the diffusion-limiting current density. 
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Figure IO. Dimensionless flux [aC,/Br + Z,C,(a?!/ar)] versus position 
for various electrode potentials V and T = 3 (near steady-state condi- 
tions). These curves correspond to the potential-step current distributions 
shown in the lowest panel of Figure 4. 

measurements can be made. For very short ramp times, dou- 
blelayer charging can influence significantly the current-potential 
relationship, although such capacitive effects become noticeable 
only if unusually short potential-ramp times are e m p l ~ y e d , ~ ~ , ~ ~  
since microelectrodes in general reduce the influence of double- 
layer charging. (These capacitive effects are not included in the 
calculations.) For very small microelectrodes, sometimes referred 
to as nanodes," the thickness of the electric double may be similar 
to that of the characteristic electrode length, and the potential 
drop across the double-layer region must be included in analyzing 
the microelectrode system.16 The dimensionless peak average 
current is a function of the parameter a; larger values of a, 
corresponding to faster reactions or smaller diffusion-limiting 
current densities, yield larger peak values of iav / iD.  In addition, 
larger values of a shift the maximum in the dimensionless-cur- 
rent-versus-time curve to shorter times. These observations can 
be understood by recognizing that fast reaction rates will yield 
larger currents prior to the onset of mass-transport limitations. 
Since the secondary current distribution prevails before concen- 
tration variations exist, larger values of a yield larger initial values 
of iav/iD; consequently, the effects of mass-transport limitations 
are observed sooner in the iav/iD - 7 response, as the electrolyte 
layer near the electrode surface is depleted sooner of the reactant 
which is required to produce the current. 

Attributes of the Coordinate Transformation. The coordinate 
transformation we have employed can be used to simulate a variety 
of electrochemical experiments with microdisk electrodes. The 
most obvious advantage of the transformed system relative to the 
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Figure 11. Concentration C,(m,O,r) in the compressed, oblate spheroidal 
coordinate system. (Note that both axes are plotted so as to range 
between 0 and 1.) 
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Figure 12. Concentration C,(m,O,r) in the compressed, oblate spheroidal 
coordinate system. 
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Figure 13. Potential ?!(m,e,r) in the compressed, oblate spheroidal 
coordinate system corresponding to the steady-state results of Figures 11 
and 12. 

cylindrical coordinate system is that we are able to replace a 
boundary value problem on an infinite half-plane, with discon- 
tinuous boundary conditions at  the disk edge, with a new problem 
on a rectangular domain that contains none of the original dis- 
continuities on the boundaries. Using Figures 10-13, we are able 
to note other aspects of the transformed problem that help to 
explain the success obtained with the transformed coordinate 
system. 

It is known that the limiting current distribution for the 
steady-state problem is given by 

i ( r ) / i av  = 0.5/[1 - ( r 2 / a 2 ) ] 1 / 2  

even if migrational effects are present;' the infinite currents that 
occur at  the disk edge create difficulties if one tries to solve the 
model equations in cylindrical coordinates. From eq 12, however, 
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act a s  4 sin (8) i - + ZICl - = - - a r  a r  77 iD 

and one can show that under steady-state limiting-current con- 
ditions the left side of the above equation becomes constant. Thus 
near the limiting current, the nearly constant derivatives in the 
oblate spheroidal coordinates can be captured numerically using 
fewer nodes than would be necessary in cylindrical coordinates. 

The phenomenon of large currents at  the disk edge is observable 
both for large disks and large negative voltages, as shown in the 
current distributions of Figure 4. Figure 10 shows the same 
distributions shown in the bottom panel of Figure 4, but now the 
flux expression appearing on the left-hand side of eq 14 is plotted 
instead. Because of the factor sin (8) in eq 14, this flux expression 
goes to zero a t  the disk edge, where 8 = 0. Furthermore, as 
evidenced by the comparison of the lowest panel of Figure 4 with 
Figure 10, the curvature in the dimensionless flux versus position 
is more pronounced in the cylindrical coordinate system, which 
can also lead to greater numerical difficulties. 

Three-dimensional surface plots for the dependent variables 
CI, C,, and 9 are shown in Figures 11-13 respectively. These 
plots are for the steady-state condition with V = -6. The anno- 
tations of Figure 1 1  identify the disk center and edge and the 
boundary at  infinity. It is quite apparent that the surface contours 
are all rather smooth, indicating that numerical methods can be 
used to approximate accurately the solutions to these variables. 
As was noted at  the end of the previous section, if one were to 
use simply the coordinate locations shown in the top panel of 
Figure 2 with a variable mesh point scheme and solve the problem 
in the X-Y system (assuming that large values of X and Yare 
employed to mimic the infinity conditions), accuracy equal to that 
for the transformed coordinate system should not be expected. 
This is because the second-order approximations employed in the 
calculation of finite-difference derivatives will in general lead to 
greater errors in the X-Y coordinate system relative to the 8-r 
system. 

Conclusions 
Using a coordinate transformation, we have modeled the disk 

electrode subject to nonlinear, transient mass transport and ac- 
companying electrochemical reaction. The coordinate transfor- 
mation amounts to mapping the electrode, the coplanar insulator, 
and the adjacent infinite reservoir of electrolyte onto a rectangular 
region, which removes singularities arising at  the electrode edge 
and collapses the infinite model space down to a finite rectangle. 
The resulting savings in storage and execution time make it feasible 
to do numerical simulations with more general numerical methods, 
such as finite differences or finite elements, that would otherwise 
be prohibitively expensive. 

We have applied the coordinate transformation to model 
transient mass transport to a disk surface during the deposition 
of a metallic film. Our simulation results indicate that many of 
the conclusions reached for the steady-state analysis of this 
problem' apply to the transient analysis. Specifically, the pa- 
rameter a, 

44,- 
77iD 

= -- 

which is a measure of the mass-transport resistance (reflected by 
the inverse of the diffusion-limiting current density io) to that of 
kinetics (as embodied in the inverse of the exchange current density 
io,-), plays a major role in determining the average current and 
the current distribution. For a given chemical system, with 
speclfed electrode materials and bulk solution concentrations, only 
the electrode potential (or average current) and the disk radius 
may be altered by the researcher; in the dimensionless form of 
the steady-state and transient equations, only the dimensionless 
parameter a is affected by the disk radius (through the value of 
io). In agreement with the steady-state analysis, smaller values 
of CY yield ( 1 )  a more uniform current distribution and (2) a higher 
sensitivity to charge-transfer rate constants. The primary ad- 
vantage to using transient techniques is that a need not be as small 
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in order to make accurate kinetic measurements, as evidenced by 
the potential scan results of Figure 9. 

A distinguishing difference between the steady-state and 
transient analyses is the effect of inert (or supporting) electrolyte. 
The steady-state analysis shows that inert electrolyte serves to 
diminish migrational transport by reducing the electric field 
strength, which leads to reduced current densities. The same trend 
is observed in the present work for longer times. The transient 
analysis shows that for times significantly shorter than the 
characteristic time constant for mass transport, however, the 
primary effect of inert electrolyte is to increase the solution 
conductivity, which leads to increased current densities. Thus if 
nonlinear migration is neglected in metal-deposition studies (cf. 
eq l ) ,  then the calculated average current will exceed the actual 
current for short times and underestimate the average current for 
long times. 
List of Symbols 
U 
C 

ci 

ai 
f 

D 

E 

F 
i 
i 
iD 
io*- 

ka 
kc 
n 
n 
r 
R 
t 
T 
U 
V 
X 
Y 
Y 

Zi 
Z 

disk-electrode radius, cm 
concentration, mol/cm3 
dimensionless concentration ci/cf 
diffusion coefficient, cm2/s 
dimensionless diffusion coefficient Di/Dl  
electrode potential, V 
F/  R T, V-I 
Faraday's constant, 96 487 C/equiv 
normal current density at  the disk surface, A/cm2 
current density, A/cmZ 
diffusion limited current density, -4nFD,cf/(sa) 
exchange current density based on bulk concentrations, 
A/cm2 
anodic rate constant, mol/(cm2.s) 
cathodic rate constant, cm/s 
number of electrons in reaction, equiv/mol 
unit normal vector pointing into solution 
radial position, cm 
gas constant, 8.314 J/(mol.K) 
time, s 
temperature, K 
ionic mobility, (mol.cm*)/(J.s) 
dimensionless electrode potential f ( E  - E,) 
dimensionless radial coordinate, r / a  
dimensionless axial coordinate, y / a  
axial coordinate, cm 
charge number, equiv/mol 
ziuiRTIDI . .  

Greek Letters 
a -4 io , - / (dD)  
0 transfer coefficient of reaction 
r 
0 
s dimensionless time, tD, /a2  
@ 
\k 
Subscripts 
e equilibrium 
i species i 
m 

Appendix: The Coordinate Transformation 
In this appendix we will give the details of the transformed 

material balance equation (6) when the potential and all con- 
centrations depend on the radial and axial cylindrical coordinates 
r and y only; i.e., they have no dependence on the angular co- 
ordinate. In terms of the scaled variables (see the List of Symbols 
for definitions), this equation takes the form 

normal coordinate in transformed space 
tangential coordinate in transformed space 

electrical potential in solution, V 
dimensionless electrical potential in solution fa 

evaluated far from the electrode surface 

"[ai 5 + ZiCi "1 (Al) 
ay a z  a y  

We compute the transformed version of this equation in two steps: 
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first b expressing it in terms of the oblate spheroidal coordinates 

coordinates 8 and r given by eq 9. 
8 and F (given by eq 8) and then transforming the result into the 

For step 1, the chain rule can be used to write 

and by inverting this matrix equation, one obtains 

where 

-cash_(?) sin (e) sinh (E) cos (e) 
sinh (r) cos (e )  cosh (r) sin (e) 

and 
det = cosh2 ( f )  sin2 ( 8 )  + sinh2 ( f )  cos2 (e) 

= sinh2 (f)  + sin2 (e) 
Second derivatives in X and Y can be calculated as derivatives 

in 0 and f by applying the expressions in eq A2 to themselves; 
the matrix elements aij must also be differentiated when this is 
done. The transformed version of eq A1 is, however, easier to 
obtain by noting that eq A1 can be written as 

aci/a7 = aiv2ci + ziciv2* + zivci.ve ( ~ 3 )  
where 

x ax 

(A4) aci + tanh (f)  - - tan  (e )  - af ae 
Using eq A2, one also finds that 

To complete the calculation, all that remains is step 2, Le., to 
transform the f coordinate to the I' coordinate, where 

f r = -  
l + F  

One then has 

and 

- a 2  = (1 - r)2 -[ a (1 - r)2 $1 
af2 ar 
= (1 - 19~- a2 - 2(1 - r)3 - a 

ar2 ar 
Inserting these formulas into eqs A4 and A5 and using the results 
in eq A3, one obtains 

sin2 ( e )  + sinhZ (L)] eci = DiI5 - tan (e) - aci + I 1-r  aT a82 ae 

(1 - r)4 - + (1 - 1')2 tanh 
a2ci ar2 I 

I ,  

To obtain boundary conditions along the electrode (I? = f = 
0 and 0 I 8 I ?r/2), one notes from the formulas A2 and A6 that 
on the electrode 

so that 

Similarly, on the insulating container wall (e = 0 and 0 < r I 
1) one finds 

-c;DI 
N,.n = ( Di $ + ZiCi E )  ae (A9) u sinh [ r / ( l  - r)] 

and on the line of symmetry through the center of the disk ( r  = 
0,O = r / 2 ,  and 0 < I' I 1) 

( P i  5 + zici ") - ae (A10) 
-c;D~ 

u msh p / ( i  - r)j ae Ni.n = 


