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An exponentially expanding mesh ideally suited to the fast and
efficient simulation of diffusion processes at microdisc electrodes. 1.

Derivation of the mesh

D.J. Gavaghan *

Oxford Uni6ersity Computing Laboratory, Wolfson Building, Parks Rd., and Nuffield Deptartment of Anaesthetics, Uni6ersity of Oxford,
Radcliffe Infirmary, Oxford, UK

Received 2 December 1996; received in revised form 21 April 1998

Abstract

The problem of numerical simulation of the current to a microdisc electrode is made difficult by the presence of a boundary
singularity at the electrode edge, which causes large errors in the simulated concentration values, and consequently in the
simulated flux at the electrode. We describe some simple and easily implemented strategies for deriving a refined mesh that will
overcome this problem. We take as our model problem steady-state diffusion to a stationary microdisc electrode, for which the
full analytic solution is known, since this allows us to demonstrate the accuracy of the numerical approximations. By making a
detailed study of the causes of error in the flux calculation, we are able to show how error cancellation can be used to obtain an
exponentially expanding mesh on which the flux can be evaluated to any desired degree of accuracy. © 1998 Elsevier Science S.A.
All rights reserved.
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1. Introduction

In a previous paper [1], where we considered the
numerical simulation of steady-state diffusion to a sta-
tionary microdisc electrode, we gave a detailed descrip-
tion of the effect that the boundary singularity at the
electrode edge has on standard finite difference tech-
niques. We demonstrated that practical convergence
rates were much lower than predicted by theory, result-
ing in very inaccurate approximations for the quantity
of interest, the current. Our conclusion was that it is
not possible to obtain acceptably accurate simulated
values for the current using standard numerical tech-
niques on a regular spatial mesh, without making exor-
bitant demands on computing resources, and that
accurate numerical solution to this problem is possible

only if special techniques are introduced to deal with
the singularity. The problems caused by such boundary
singularities extend both to other electrochemical con-
trol techniques (such as chronoamperometry and in a
more complex, time-dependent form, in the various
types of voltammetry), and other electrode geometries
(such as microband [2,3], micro-electrode arrays [4,5]),
and recessed and protruding electrodes [6].

Several simulation methods have been suggested to
deal with such singularities for these various electro-
chemical problems. Crank and Furzeland [7], Gav-
aghan and Rollett [8], and Galceran et al. [9] used a
locally valid series expansion, Taylor et al. [10] used a
mesh refinement technique based on a coordinate trans-
formation, whilst Michael, Wightman, Amatore et al.
[11–13] and Verbrugge and Baker [14] have used a
coordinate transformation which effectively removes
the singularity by ‘folding’ the radial axis at the disc
edge. Evans and Gourlay [15] used a locally valid series
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expansion in calculating the flux, but made no attempt
to correct the concentration values. There have also
been a large number of analytic approximations for
these problems (for example [17–23]).

Previous attempts at overcoming the effects of the
boundary singularity by using mesh refinement (i.e.
using a much finer mesh in the region of the singularity)
have met with only limited success. The work of Taylor
et al. [10] mentioned above appears to give accurate
results, but it is not clear how to pick the most appro-
priate parameters in the coordinate transformation for
a particular problem for which the answer is not known
beforehand. Michael et al. [11], in attempting to use the
exponentially expanding grid described by Heinze and
Storzbach [16] for comparison with their work on con-
formal maps, could only achieve accuracy of 3–6%.
Galceran et al. [9], using the finite element method,
gave some results using both simple mesh refinement
and the use of special shape functions for comparison
with their work on singularity corrections but could
only achieve at best 4% accuracy in reasonable comput-
ing time. Very recently, Ferrigno et al. [6], using a
commercial finite element package, reported that
‘‘refining the mesh does not help deal with the conflict
of boundary conditions (i.e. the boundary singular-
ity)…(and)…divergence in the calculation of the cur-
rent can be observed’’.

In an attempt to explain these conflicting results, and
to show that when handled carefully mesh refinement
can give excellent accuracy on comparatively coarse
meshes, we introduce in this paper a very simple ap-
proach to mesh derivation which does not involve any
transformation of coordinates. Our aim is to determine
a generally applicable mesh refinement strategy that
will allow us to obtain a mesh on which the flux can be
simulated accurately for any electrochemical technique
at a microelectrode, and in particular in this paper at a
microdisc electrode. We will derive the mesh using the
finite difference method since this is the easiest numeri-
cal technique to understand and implement, but the
principles behind the derivation are equally applicable
to the finite element method [9]. In our earlier paper [1],
we described how a quick review of a large set of
papers in the area yielded two levels of error as the
most often quoted: 0.1% errors were usually quoted as
allowing a numerical simulation method to be consid-
ered ‘accurate’, which was based on the accuracy
achievable when solving one dimensional methods; and
1% errors were quoted as being acceptable in the simu-
lated value of the flux when comparing with practical
experimental errors. Since the primary motivation of all
our numerical simulation is comparison with experi-
mental results, we will take 1% accuracy in the simu-
lated flux to be ‘acceptable’.

One of the difficulties in determining how accurate a
simulation method is for a given electrochemical prob-

lem is the lack of a ‘correct’ answer for most of the
problems of interest, since for all problems except that
of steady-state diffusion to a microdisc [24] no closed-
form analytic solution for the flux exists. Throughout
this paper we will therefore consider the use of our
numerical methods in the solution of the steady-state
problem only, since this will allow us to determine the
exact nature and cause of any numerical errors.

We begin by investigating the nature of the numerical
error in the simulated flux on a regular mesh, as a
function of the radial distance. This allows us to show
that the error is totally dominated by the error in the
immediate vicinity of the singularity. We go on to
devise a simple refinement strategy for reducing this
component of the error, before finally devising a mesh
on which, by balancing the various errors, we can
achieve any desired degree of accuracy. In the accom-
panying papers we demonstrate that the final refined
mesh that we generate in this paper will also allow us to
solve the problem of chronoamperometry [28], and
linear sweep voltammetry [29], both at a microdisc
electrode, to the required accuracy using minimal com-
puting resources. We have also tested this approach for
other electrode geometries such as the band and re-
cessed electrodes and found that it is equally successful
at overcoming the problems caused by boundary singu-
larities, yielding very accurate simulation results. It can
also be extended very straightforwardly to multi-layer
systems such as the membrane covered blood gas and
enzyme sensors typical of medical applications which
are our own particular area of interest [25–27].

2. The model problem

Throughout this paper, we assume that semi-infinite
mass transport occurs to a disc-shaped electrode and
that the electrochemical reaction

A9ne− =B (1)

takes place at the disc surface. When the system is in
the steady-state, axial symmetry allows mass transport
to the electrode to be modelled by the cylindrical
diffusion equation

(2u
(r2 +

1
r
(u
(r

+
(2u
(z2 =0 (2)

where r, z, represent the spatial coordinates. Here we
solve for the normalised concentration, u(r, z)=c(r, z)/
c0, where c0 is the bulk concentration of species A.

2.1. Boundary conditions

Diffusion limited transport towards the electrode and
semi-infinite diffusion conditions are assumed, so the
boundary conditions may be stated as:
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where a is the cathode (or electrode) radius. The singu-
larity arises at r=a, z=0 due to the discontinuity in
the normal derivative at the disc edge.

2.2. The current

The current, I, flowing through the disc, which is the
electroanalytical response function, is given by

I=2pnFDc0
&

0

a �(u
(z
�

z=0

r dr (4)

Here n is the number of electrons involved, F is the
Faraday constant, and D is the diffusion coefflcient. In
order to facilitate the comparison with previous litera-
ture, we will calculate the dimensionless current, C,
given by

C=I/4nFDc0a=
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r dr (5)

2.3. The exact solution

The exact solution, u(r, z), to the steady-state prob-
lem was first given by Saito [24], and in the following
form by Crank and Furzeland [7]:
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for the normalised concentration values. Differentiating
Eq. (6) and setting z=0 we obtain

(u
(z

=
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a2−r2
, 05r5a (8)

As usual we will normalise all distances to the
cathode radius, allowing us to take a=1 in all calcula-
tions. Substituting Eq. (8) into Eq. (5) gives a non-di-
mensional current to the electrode of C=1.

The exact solution Eq. (6) and Eq. (7) is valid for all
z]0, but to obtain a suitable test case for our numeri-

cal methods we will solve Eq. (2) in the finite region
[0, rmax]× [0, zmax], and throughout most of this paper
we will use values of rmax=2 and zmax=1. We then
make use of Eq. (6) to give us the exact solution on the
boundary of this region.

3. Numerical methods

To obtain a numerical solution to the electrode prob-
lem we must first discretise the solution region.
Throughout this paper we will use rectangular meshes,
i.e. lines of mesh points will be parallel to the coordi-
nate axes, but need not necessarily be equally spaced. A
typical example of such a mesh is shown in Fig. 1,
where it can be seen that mesh lines are tightly packed
around the singularity, and sparser away from the
singularity1. We will classify the meshes using three
parameters: n and m are the total number of mesh lines
in the r and z-directions, respectively, and nr is the
number of points along the electrode surface. The
nodes are the set of points {ri, zj : i=0…n, j=0…m}
which are the intersections of these mesh lines. The
mesh spacings are the distances between the mesh lines
and are defined by

hi=ri+1−ri, i=0,…,n−1 (9)

kj=zj+1−zj, j=0,…,m−1 (10)

We will therefore seek an approximate solution Ui,j

to the exact concentration u(ri zj) at each point in the
mesh. In the appendix we give a description of how this
simple method of defining the mesh can be used in a
very straightforward manner to obtain the necessary
finite difference approximations.

3.1. Deri6ing a suitably refined mesh

We will use three different refinement strategies,
starting with the simplest possible, i.e. successively halv-
ing the mesh spacing on a coarse, regular, square mesh,
moving on to refinement only in the immediate vicinity
of the singularity but with regular spacing elsewhere,
and finally using refinement around the singularity and
an expanding mesh away from the singularity. Each
successive strategy will give information about the na-
ture of the error in the simulated flux as a function of
the mesh and the mesh spacing, which will then be used
to devise the succeeding strategy.

1 This type of mesh is superficially similar to that obtained by
Taylor et al. [10] using a coordinate transformation. However, the
approach described here achieves greater flexibility and transparency,
as we will show in a later paper where we will compare the various
approaches used to date for two dimensional problems.
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Fig. 1. A typical example of a mesh suitable for electrode problems, with mesh lines tightly packed around the singularity, and sparser away from
the singularity.

3.2. Generalised second order finite differences

Throughout this paper we will use finite differences
to approximate the partial differential Eq. (2) which
are derived using the Taylor expansion (see Chapter
3 of Britz [33]). On a regularly spaced square mesh,
with mesh spacing h, this gives the familiar central
difference approximations, for example

urr=
(2u
(r2:

Ui+1, j−2Ui, j+Ui−1, j

h2 , (11)

with the error in this approximation being propor-
tional to h2. On a general mesh, the corresponding
mesh points are separated by spacings hi−1, hi in the
r-direction and kj−1, kj in the z-direction, as shown
in Fig. 1. Again using Taylor expansions, we show in
the appendix how to derive the generalised second
order differences as

urr:
2(hi−1Ui+1, j− (hi−1−hi)Ui, j+hi Ui−1, j)

hi−1hi(hi−1+hi)
, (12)

with a similar expression for uzz, and for ur we ob-
tain

ur:
(hi−1

2 Ui+1, j− (hi−1
2 −hi

2)Ui, j+hi
2Ui−1, j)

hi−1hi(hi−1+hi)
. (13)

3.3. Neumann boundary conditions

Along r=0 and on z=0 for r\1, we have deriva-
tive or Neumann boundary conditions. We make use
of the Maclaurin expansion of #u/#r on r=0 to get
#u/#r=#2u/#r2, so that Eq. (2) becomes 2#2u/#r2+
#2u/#z2=0, which is used with the conventional in-
troduction of a ‘fictitious’ [30] mesh line at i= −1 to
give U−1,j=U1,j. Combining these results with Eq.
(12) gives

urr:
4U1, j−4U0, j

h0
2 , (14)

as the second order finite difference operator along
r=0.
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Fig. 2. The nr sub-elements of the mesh covering the electrode surface used in calculating the flux to the electrode.

Along z=0 for r\1, we have again used Taylor
expansions (see appendix) to obtain a one sided second
order finite difference to uz as

uz:−
�k0

2Ui,2− (k0+k1)2Ui,1+k1(k1+2k0)Ui,0

k0k1(k0+k1)
�

(15)

where k0 and k1 are the first two mesh spacings in the
z-direction.

3.4. Dirichlet boundary conditions

On all other boundaries we have Dirichlet conditions
which will be imposed using

Ui,0=0 i=0,…,nr

Un, j=u(rmax, zj) j=1,…,m−1

Ui,m=u(ri, zmax) i=0,…,n−1 (16)

where u(r, z) is the analytic solution given by Eq. (6).
This use of the analytic solution to replace the
boundary conditions ‘at infinity’ is rather unsatisfac-
tory, since for the electrochemical problems of practical
interest we do not know the exact analytic solution. In
the accompanying papers where we consider time-de-
pendent problems, we will replace this boundary condi-
tion by one which assumes bulk concentration at a
sufficient distance from the electrode. However, initially
we will find it extremely useful to be able to investigate
the various mesh refinement strategies on the restricted
region using the boundary conditions given by Eq. (16),
and we give a brief description of its effect in Section
4.5.

3.5. Numerical solution of the finite difference
equations

The various finite difference approximations de-
scribed above form a linear system of equations relating
the concentration values at the interior and boundary
nodes. In our earlier paper [1] we described how to
solve such a system using a very simple iterative
method (the SOR method of Southwell [31]). However,
it is also possible to express the system in matrix form

and obtain the solution by direct inversion of the
matrix, that is, we solve

Au=d to obtain u=A−1d (17)

for u the vector of n(m−1) unknown concentration
values, where A is an n(m−1)×n(m−1) matrix, and d
an n(m−1) vector containing information about the
Dirichlet boundary conditions. All of the results quoted
in this paper are obtained by this matrix inversion
method, making use of routines F07BDF and F07BEF
of the NAG Fortran Subroutine Library [32], which
utilise the banded structure of the matrix.

3.6. Calculation of the flux

The quantity of interest in electrochemical experi-
ments is the current, or equivalently, the nondimen-
sional flux defined by Eq. (5). Our refinement strategy is
therefore aimed at obtaining an acceptably accurate
simulated value of the flux without making exorbitant
demands in terms of computing resources. It will prove
particularly useful when devising the refinement strate-
gies, to consider the flux into each sub element of the
mesh covering the electrode surface, as illustrated in
Fig. 2. We can obtain the exact flux to each of these
sub elements using Eqs. (5) and (8) (setting both a=1
and c0=1) to give

Celt(i)=
&

ri−1

ri r


1−r2
dr=
1−r i−1

2 −
1−r i
2

i=1,…,nr (18)

In our earlier paper [1], we demonstrated that the
most appropriate finite difference approximation to use
in calculating the flux to the electrode surface is the
3-point approximation. On a general mesh this is given
by (see Eq. (15) above)�(u
(z
�

z=0

:f i
z= −

k0
2Ui,2− (k0+k1)2Ui,1

k0k1(k0+k1)
. (19)

The flux into each sub element is then approximated
by numerical integration of Eq. (5) using the trapezium
rule, which is also second order, and is the most
economical way to perform this calculation [1]. For
each element this gives
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and the total flux is given by the sum over all elements
on the electrode. In particular it will prove useful to
compare the flux to the electrode in the final element,
Celt(nr)

with that over the rest of the inner part of the
electrode surface, and we therefore define

Cinner= %
nr−1

i=1

Celt(i) (21)

Clast=Celt(nr)
, (22)

and the corresponding errors, Einner, and Elast, are
defined as the difference between these simulated values
and the exact values from Eq. (18).

4. The mesh refinement strategies

4.1. Aims of the refinement

As we stated in the introduction, our aim in intro-
ducing mesh refinement is to obtain a value of the
simulated flux that is accurate to 1% on a mesh that is
sufficiently coarse that the computing demands are
reasonable. However, it is not simply our aim to find a
mesh on which we can solve the steady-state problem to
this accuracy, we will demonstrate in the accompanying
and later papers that such a mesh will also give very
accurate answers for a variety of electrochemical simu-
lation problems at microdisc electrodes. Our approach
in the following sections will be directed primarily
towards this wider goal.

4.2. Strategy 1: The square mesh

The simplest possible refinement strategy is to use a
square mesh with hi=kj=h, say, for all i, j, as illus-
trated in the upper mesh of Fig. 3. Since we are solving
on the restricted region [0, 2]× [0, 1] we will have n=
2m=2nr on all meshes. Table 1 gives the results of this
refinement strategy for the simulated flux starting with
nr=2 (so that h=1/2) and successively halving h five

Fig. 3. The upper mesh is the simple regular mesh used in Strategy 1.
This is then refined in the shaded region adjacent to the singularity as
shown in the lower mesh to obtain Strategy 2, and all mesh lines are
extended out to the boundary in both directions (as in Fig. 1).

times until nr=64, and h=1/64. We pointed out sev-
eral of the features that are evident in Table 1 in our
earlier paper [1], to which the reader is referred for a
more detailed discussion of their implications. Since
these features will be used throughout the rest of the
paper in devising successive mesh refinement strategies,
we will list the most important of them here:
1. The error in the total flux to the electrode becomes

increasingly dominated by the error in the last ele-
ment which is immediately adjacent to the singularity,
so that by the 128×64 mesh, the error from the inner
63 elements covering the electrode is just +0.16% of
the total flux over the whole electrode, whilst that due
to the 64th and last element is −6.7%.

Table 1
The results of mesh refinement on a square mesh

Flux (C)EinnerMesh (n×m)nr RatioErrorRatioElast

1.1092.109—+0.71484×2 +0.3938 —2
8×4 +1.081×10−2 −0.2586 (39.1%) 1.38 0.7522 −0.2478 1.384

16×8 +7.963×10−3 −0.1872 (38.7%) 1.40 0.8207 −0.1793 1.398
1.40−0.12890.87111.4016 −0.1338 (38.5%)+4.909×10−332×16

+2.868×10−332 −0.0951 (38.3%)64×32 1.41 0.9078 −0.0912 1.40
64 −0.0674 (38.3%)+1.653×10−3 −0.06580.9342128×64

The value in the Ratio columns gives the ratio of the error in that row, with that of the next row. The error in the flux in the last element on
the electrode is also shown as a percentage of its exact value.
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2. The ratio of the errors in the last box on successive
meshes is 
2 implying that the rate of convergence
in this element is h1/2, rather than the h2 that we
might expect from convergence theory for second
order finite differences. Since this error eventually
dominates that for the total flux, the convergence
rate for the total flux can also be seen to be tending
to h1/2.

3. The error in the last element is always negative,
whilst that in each of the other elements is always
positive. We therefore get a small amount of error
cancellation (see Britz [33]).

4. The percentage error in the flux in the last element
(given in brackets in Table 1) becomes constant.
This is simply a further reflection of the h1/2 con-
vergence: from Eq. (18) it can be seen that the exact
flux to the last element is also proportional to h2.

Knowing the exact rate of convergence in the last
element allows us to calculate how many mesh points
covering the electrode would be required to give a value
of the simulated flux accurate to 1%: successively halv-
ing the mesh spacing h a further six times would reduce
Elast by a factor of 8, giving an error of about 0.85%.
However, this would require about 4000 nodes along the
electrode and a mesh with about 30 million unknowns,
which is not feasible in a finite computing time.

4.3. Strategy 2: Refinement in the 6icinity of the
singularity

From the observations made from Strategy 1, it seems
clear that if we simply add in additional points close to
the singularity, i.e. refine the mesh, we should obtain a
more accurate value for the flux. The simplest way to do
this is to begin with a regular square mesh with nr points
along the electrode giving spacing h=hinner=1/nr. We
then successively halve2 the distance between the final
mesh point at the singularity and those immediately
adjacent to it in both the r and z-directions, as illus-
trated in the lower mesh shown in Fig. 3. If we half this
distance lr, lz times in the r and z-directions, respec-
tively, then the mesh spacings will be given by

hi= h for i=0,…,nr−2

hi−1/2 for i=nr−1,…,nr+ lr−2
Í
Ã

Ã

Ã

Ã

Á

Ä

hnr+ lr−2 for i=nr+ lr−1

h2(nr+ lr)−1− i for i=nr+ lr,…,2(nr+ lr)−1

Table 2
The results of successively halving the mesh spacing in the redirection
only immediately adjacent to the singularity (see Fig. 3)

lz hinner hlast Einner Elast Flux (C)lr

1 0.25 2−2 +0.0108 −0.2586 0.75220
0.8030−0.2250+0.02802−31 0.251

1 0.25 2−5 +0.0252 −0.1649 0.86023
1 0.25 2−97 −0.0615 −0.0568 0.8817

0.8831−0.0153−0.10162−1311 0.251
1 0.25 2−1412 −0.1059 −0.0109 0.8832

0.883213 0.251 2−15 −0.1090 −0.0077
1 0.25 2−1614 −0.1113 −0.0055 0.8832

kj= h/2lz for j=0, 1

Í
Ã

Ã

Á

Ä

2kj−1 for j=2,…,lz

h for j= lz+1,…,lz+nr. (23)

which can then be used to calculate the appropriate
finite differences as described earlier.

We will demonstrate the effect of this refinement
strategy in three stages. We will begin with a very
coarse regular mesh3 using h=hinner=4, nr=4, and we
will first refine in the v-direction only as shown in Table
2. As can be seen, after halving the mesh spacing 12
times, the overall flux to the electrode no longer
changes, although the error continues to move from the
last element (where the error continues to decay at the
rate h1/2) to the inner part of the electrode. It is worth
noting that for lr=12 the error in the last element is
about 1% of the total flux. We therefore take this mesh
as the starting point of the second stage of the refine-
ment: successively halving the mesh spacing in the
z-direction immediately above the electrode surface.
The results are shown in Table 3. By the twelfth level of
refinement the error in the total flux is dominated by
the inner error which is positive and totals about +3%
whilst that in the last element is negative and is less
than 0.5%.

Table 3
The results of successively halving the mesh spacing in the z-direction
only immediately above the electrode (see Fig. 3)

lz lr hinner h1 Elast Flux (C)Einner

0.88320.25 2−20 −0.105912 −0.0109
12 0.25 2−31 −0.0333 −0.0108 0.9559

2−50.25 1.01212 −0.01053 −0.0230
12 0.257 1.0292−9 −0.0090+0.3835
12 1.02811 –0.0049+0.03292−130.25

12 0.25 2−14 +0.031412 −0.0041 1.027

h1 is the mesh spacing immediately above the electrode.

2 It is, of course, not necessary to choose to halve the mesh: any
refinement procedure for which we can define the mesh spacings is
acceptable, and the computer program that we have used to solve this
problem allows any fractional ratio between 0 and 1. We do not give
any results here for ratios other than one half since this value
provides all the information needed to move on to the third, and
most computationally economical, refinement strategy.

3 From Table 1 it can be seen that even on this mesh the error in
the flux is dominated by the singularity.
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Table 4
The results of refining the underlying mesh, so that the spacing hinner is successively halved

lz×lr Einner Elasthinner Flux (C)h1=hlast ninner

1.0460.0496 −0.00400.5 13×132−14 1
12×12 +0.0314 −0.00410.25 1.0272−14 3

1.012−0.0042+0.01620.125 11×112−14 7
10×10 +0.0078 −0.00420.0625 1.0042−14 15

9×9 0.99950.03125 +0.00372−14 −0.004231

ninner is the number of mesh points covering the inner part of the electrode surface.

These observations suggest that the final step is to
refine the original mesh away from the singularity, to
reduce the inner error to less than 0.5% so that the total
error will be less than our target of 1%. Of course, if we
can do this in such a way that this inner error remains
positive, error cancellation will give us a value of the
total flux that is much more accurate than 1%. We do
this by successively halving the underlying mesh spac-
ing h as shown in Table 4, whilst keeping the level of
refinement immediately adjacent to the singularity con-
stant. As anticipated, the error in the last element
remains roughly constant, whilst the inner error decays
(at roughly order hinner), but remains positive, so that
we get error cancellation, giving a flux on our finest
mesh being accurate to 0.05%. Any further refinement
would need to be carried out on both the inner part of
the electrode and in the vicinity of the singularity, and
as a rough guide we would expect that we could halve
the total error by halving hinner and quartering hlast.

The final mesh in Table 4 has 40 mesh points along
the electrode surface and the total mesh covering the
restricted solution region is 80×40, that is, we have
achieved our objective of better than 1% accuracy on a
fairly coarse mesh. However, this approach has several
drawbacks: firstly, as shown by the full line in Fig. 4,
the error in the flux is very small close to the axis of
symmetry, but increases rapidly close to the singularity;
secondly, the mesh requires the definition of several
parameters which can each be varied and which will
each cause changes in the error in the calculated flux;
thirdly, and most importantly, whilst this mesh is satis-
factory for the restricted region used so far, for a
problem where we do not know the exact solution, we
will have to solve over a much larger region, and we
will wish to use an expanding mesh away from the
singularity or the mesh will be prohibitively large (e.g.
typically in a chronoamperometry experiment we may
require a solution in the region [0, 40]× [0, 40] which
would correspond to a mesh with around 1300 nodes in
each direction using this technique).

4.4. Strategy 3: The expanding mesh

However, whilst Strategy 2 may not be the most
appropriate, we can again use the information provided

by Tables 2–4 to suggest improvements. We have
shown that the error in the last element decays with
order h1/2, and that this rate of decay persists when we
refine locally. Since our overall requirement is 1% accu-
racy, it would therefore seem sensible to choose the
mesh spacing immediately adjacent to the singularity
(hlast) to give 0.5% error into the last element, and then
gradually increase the mesh spacing away from the
singularity in a way that gives a fairly uniform flux
error distribution over the inner part of the electrode,
but with a total inner error of 0.5%. This may at first
seem an odd procedure: we wish to obtain 1% error
overall, but we are choosing to limit two errors of
opposite signs to just 0.5%, so that clearly, thanks to
error cancellation, we will greatly exceed our target
accuracy. The reason for doing this is that this simple
test problem is not our primary interest, our main
interest is the simulation of more complex electrochem-
ical problems, such as time-dependent chronoamper-
ometry and voltammetry dealt with in the accom-
panying papers. Our assumption in choosing to limit
both the inner and outer errors to less than 0.5% is that

Fig. 4. Plot of the error in the simulated flux plotted as a function of
the radial distance r. The full line shows the error obtained using the
finest mesh (ninner=31) from Table 4, whilst the dashed line shows
the error obtained using the fine mesh shown in Fig. 5 with hlast=
8.0×10−4 and f=1.25.



D.J. Ga6aghan / Journal of Electroanalytical Chemistry 456 (1998) 1–12 9

whilst we expect the errors in simulating these more
complex problems to be of similar absolute size, it is
unlikely that they will balance in an identical fashion to
those for the steady-state problem, since the transport
processes being modelled differ. Obviously, we do hope
that some of the error cancellation will carry through to
these problems, but by choosing to limit each to 0.5%,
we should ensure an overall error of less than 1% even
if no error cancellation takes place. In practice, as we
show in the accompanying paper we are able to obtain
much better than 1% error in all cases considered.

We can achieve the first of these aims using the
information in Table 4. We know that the error decays
like h1/2 in the last element, so that Elast=0.0042 :
Ch1/2 for some constant C. Since h=2−14 in this
element, we have that C:0.0042×27=0.54. We re-
quire Elast=0.005 (i.e. 0.5%), implying that we should
choose hlast= (0.005/0.54)2:8×10−5. We can then ex-
pand the mesh spacing away from the singularity by
simply multiplying by a suitable factor f, say, where
f\1. The simplest way to determine the most appro-
priate value of f is through numerical experiments.
Clearly by choosing a lower level of accuracy, we can
set a larger value of hlast: for example, repeating this
calculation but choosing to aim for 5% accuracy over-
all, and therefore 2.5% accuracy in the last element
gives an estimated hlast=0.002. This approach leads to
the mesh spacings,

hnr−1=hnr
=hlast

hnr− i= fhnr− i+1 for i=2,…,nr

hnr+ i= fhnr+ i−1 for i=1,…,nr−1

k0 =hlast

kj+1 = fkj for j=0,…nr−1 (24)

An example of a mesh generated in this way is shown
in Fig. 5, which was generated using values of hlast=
8.0×10−4 and f=1.25.

Table 5 shows the results of these numerical experi-
ments using hlast=8.0×10−5 and 2.0×10−3. As ex-
pected, the errors in the final element on these meshes
are approximately −0.5% and −2.5%, respectively for
all values of the expansion factor f. By choosing the
expansion factor appropriately via numerical experi-
ments, we can make use of error cancellation to obtain
the total flux to arbitrary accuracy on comparatively
coarse meshes. For hlast=8.0×10−5, choosing f=
1.2473 gives almost perfect error cancellation and re-
sults in a 74×37 mesh (about 2500 nodes in total) with
37 points along the electrode, as shown in Fig. 5. For
hlast=2.0×10−3, choosing f=1.61 gives a coarser
26×13 mesh (338 nodes in total) with just 13 points
along the electrode. The distribution of the error over

Fig. 5. The refined mesh obtained using values of hlast=8.0×10−5

and f=1.25 in Eq. (24). The mesh has a total of 74 points in the
redirection and 37 in the z-direction, with 37 points covering the
electrode surface.

the electrode surface when solving on the finer mesh is
shown by the dashed line in Fig. 4, and it can be seen
that, other than in the last element, the error is now
smoothly distributed over the entire electrode surface.

4.5. Effect of the far field boundary condition

Throughout the above derivations we have restricted
the solution region to the finite region [0, 2]× [0, 1],
using the analytic solution of Eq. (6) as the boundary
condition on the far-field boundary. This solution re-
gion is large enough to contain the diffusion processes
up to intermediate times for the time-dependent prob-
lems considered in the accompanying papers. However,
for many problems we will be interested in solving for
longer times and near-steady-state simulation. In these
cases, a much larger solution region will be used and
the discretisation at large distances from the electrode
will be comparatively course, introducing additional
numerical errors. We can estimate the likely magnitude
and direction of these errors quite simply by solving the
steady-state problem on a larger region. We have done
this using the finer of our two meshes with hlast=8.0×
10−5, choosing f=1.25. Extending the solution region
to [0, 3]× [0, 2] gave a non-dimensional flux of 1.0020,
and to [0, 6]× [0, 5] gave a flux of 1.0045, so that for
very long times we might expect a slight overestimation
of the flux using this mesh. Since, in the accompanying
papers, we will use the same mesh to solve a very wide
variety of problems ranging from very short times to
near-steady-state, in Table 6 we have derived a mesh
which again uses a value hlast=8.0×10−5, but uses an
expansion factor of f=1.175. These mesh parameters
provide a good compromise between very short and
very long times, being accurate for the steady-state
problem to better than 0.25% for a solution region
ranging in size from [0, 2]× [0, 1] up to [0, 100]×
[0, 100]. In the accompanying papers it is this mesh
which is used to solve problems in chronoamperometry
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Table 5
The results of refinement strategy 3

Einner Elasthlast f n×m Flux (C)

+0.0396 −0.00478.0×10−5 2.0 1.034928×14
−0.0048 1.0102+0.15044×228.0×10−5 1.5

74×37 +0.0051 −0.0048 1.00038.0×10−5 1.25
1.00001−0.00483+0.0048574×378.0×10−5 1.2473
0.9986+0.00488.0×10−5 1.20 86×43 +0.0034

+0.0482 −0.02352.0×10−3 2.0 1.02518×9
−0.0240 0.9916+0.015728×142.0×10−3 1.5

+0.0223 −0.02392.0×10−3 1.6 26×13 0.9984
0.9999−0.0238+0.023826×132.0×10−3 1.61

We first choose the minimum mesh spacing hlast and then determine the appropriate expansion factor f by numerical experiment. The overall mesh
size is then determined automatically.

and sweep voltammetry across a wide range of
parameter values of interest.

4.6. Computing

All programs used to generate results quoted in this
paper are written in standard Fortran77 and were run
on a Sun Workstation (Spare Ultra 30) which has a
300 MHz processor. The speed of computation is
therefore slightly faster than a top-of-the-range PC
with a Pentium processor. The CPU time to solve the
largest problem quoted (the 125×77 mesh in Table 6)
is less than 1 s on this machine. All codes are avail-
able from the author on request.

5. Discussion

By investigating in detail the numerical simulation
of the flux in steady-state diffusion to a microdisc
electrode, we have been able to demonstrate the pre-
cise nature of the error over the electrode surface for a
variety of mesh refinement strategies. In particular we
have demonstrated that it would require approxi-
mately 30 million mesh points to obtain acceptable
(1%) accuracy using a standard square mesh, due to

the polluting effects of the boundary singularity at the
electrode edge. We have used the information gained
from the investigation to show how to derive a com-
paratively coarse mesh such as that shown in Fig. 5
on which it is possible, thanks to error cancelling, to
obtain the simulated flux to any desired degree of
accuracy for the steady-state problem.

The final mesh derived uses an expansion factor
f=1.175, and a minimum mesh spacing of hlast=
8.0×10−5, and is designed to yield fast and accurate
numerical solutions to other electrochemical problems
of interest for which we have no closed form analytic
solution. In the accompanying papers we will show
that this mesh is ideally suited to the solution of both
chronoamperometry [28] and linear sweep voltamme-
try [29] at a microdisc electrode, allowing the solution
of these problems to acceptable accuracy with minimal
computing demands.

5.1. Pre6ious work

The results described in this paper also suggest ex-
planations for some of the difficulties experienced by
previous authors in using mesh refinement for micro
electrode simulations. Heinze and Storzbach [16] used
an expanding mesh away from the electrode surface
but a constant mesh spacing along the electrode, and
their method would therefore not compensate at all
for the errors due to the singularity. Taylor et al. [10]
used a coordinate transformation dependent on three
parameters (doing the same job as f and hlast in this
paper) to obtain a refined mesh that is quite similar in
some respects to that derived in this paper. However,
these authors did not consider any error analysis for
their method, and it was therefore unclear how to
choose an optimal set of parameters. In terms of the
work described here, these authors had obtained by
numerical experiment a set of mesh parameters which

Table 6
The effects of altering the position of the far-field boundary

rmax, zmax hlast f n×m Flux (C)

8.0×10−52.0, 1.0 1.175 100×52 0.99795
106×581.1758.0×10−56.0, 5.0 1.0002

8.0×10−511.0, 10.0 1.00101.175 110×62
101.0, 100.0 1.175 125×778.0×10−5 1.0025

By choosing f=1.175 we can obtain good accuracy in the calculated
flux for regions suitable for a wide range of time-dependent problems.



D.J. Ga6aghan / Journal of Electroanalytical Chemistry 456 (1998) 1–12 11

achieved reasonable error balance, but by adjusting
these parameters slightly they could either under, or
over estimate the current, just as we have shown in
Table 5. It should therefore be possible to derive an
optimal set of parameters for Taylor et al.’s method
by considering the solution of the steady-state problem
in the same way as that described in this paper. In the
case of Galceran et al. [9] for the FEM, these authors
acknowledge that they simply have not refined their
mesh sufficiently to overcome the inaccuracy due to
the boundary singularity. In the case of the more
recent FEM work of Ferrigno et al. [6], the authors
report the much more serious problem of divergence
of the simulated flux with mesh refinement. Although
these authors do not give exact details of the refine-
ment strategy that they use (they make use of a com-
mercial software package), it is clear from their
description that they have refined to a very high de-
gree in a local domain very close to the singularity,
but used a very coarse mesh in the ‘bulk region’. It
therefore seems likely that an effect similar to that
described earlier in Section 4.5 is taking place: as the
authors have refined their mesh close to the singularity
they have removed its effect (a negative error), but the
very coarse mesh away from the singularity still gives
large (positive) truncation errors, so that as the mesh
is refined around the singularity the error balance is
destroyed and the simulated flux appears to diverge
(fig. 6 of [6]).
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Appendix A. Derivation of the generalised second order
approximations

A.1. Interior nodes

The finite difference approximations to the partial
derivatives on a general rectangular mesh can be
derived straightforwardly using the Taylor series ex-
pansion. Referring to Fig. 1, this gives in the v-direc-
tion at interior points

u(r−hi−1)=u(r)−hi−1ur(r)+
hi−1

2

2!
urr(r)

−
hi−1

3

3!
urrr(r)+…

u(r+hi)=u(r)+hi ur(r)+
hi

2

2!
urr(r)+

hi
3

3!
urrr(r)+…

(25)

Eliminating urr from these equations we obtain the
general central difference approximation to ur as

ur(r):
hi−1

2 u(r+hi)+ (hi
2−hi−1

2 )u(r)−hi
2u(r−hi−1)

hi−1hi(hi−1+hi)
(26)

and similarly eliminating ur from these equations we
obtain the general central difference approximation to
urr as

urr(r)

:
2(hi−1u(r+hi)− (hi+hi−1)u(r)+hi u(r−hi−1))

hi−1hi(hi−1+hi)
(27)

and similarly for z.

A.2. Boundary nodes

To calculate the flux to the electrode and to impose
the Neumann condition along the rest of the r-axis,
we require a one sided second order finite difference
for uz. This can be found by eliminating uzz from the
following equations to give

u(k1)=u(0)+k0uz(0)
k0

2

2!
uzz(0)+

k0
3

3!
uzzz(0)+…

u(k0+k1)=u(0)+ (k0+k1)uz(0)+
(k0+k1)2

2!
uzz(0)

+
(k0+k1)3

3!
uzzz(0)+… (28)

to give

uz(0)

:−
k0

2u(k0+k1)− (k0+k1)2u(k0)− (k1
2+2k0k1)u(0)

k0k1(k0+k1)
(29)
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