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Abstract

In the first accompanying paper we derived an exponentially expanding mesh for use in the simulation of diffusion processes
at microdisc electrodes. In this paper we use this strategy in obtaining a solution for chronoamperometry at a microdisc. We show
that it is possible to obtain accuracy to better than 0.25% from a single simulation using the same mesh at all times of interest.
Demands on computing resources are light, with a full simulation from switch on through to near steady state taking just a few
minutes of CPU time. © 1998 Elsevier Science S.A. All rights reserved.
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1. Introduction

In the first accompanying paper [1] we gave a deriva-
tion of an exponentially expanding mesh for use in the
simulation of diffusion processes at microdisc elec-
trodes. In this paper we make use of this technique to
solve the problem of chronoamperometry at a mi-
crodisc, for which a wide variety of numerical simula-
tion [2—8] and approximate analytical [9—12] solution
methods have been proposed. Throughout this paper
we will compare our numerical results to the approxi-
mate analytic solution given by Aoki and Osteryoung
[9], which is generally accepted to be very accurate.

We begin by illustrating the effect of the boundary
singularity on numerical convergence for chronoamper-
ometry at two representative times, when no special
technique is introduced to remove the effects of the
singularity. We then make use of the refined meshes
described in the first accompanying paper [1] to over-
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come the effects of the singularity. We consider two
methods for dealing with the time derivative: the alter-
nating direction implicit method (ADI) (first suggested
by Peaceman and Rachford [21], and in the electro-
chemical literature by Heinze [5]); and a fully implicit
method. The first of these is the two-dimensional ana-
logue of the Crank—Nicolson method, and although it
is second order accurate in time, it is also affected by
initial oscillations due to the initial time singularity. We
therefore discuss methods of adapting previous ap-
proaches to dealing with the initial time singularity
[14—16] which causes these oscillations. However, it is
well known that for very stiff one-dimensional prob-
lems it is not possible to overcome these difficulties
[19,20]. For these problems a fully implicit method,
which is not affected by initial oscillations, is more
appropriate and its implementation is also described,
even though it is slightly more expensive in terms of
computing costs. The fully implicit method is also only
first order accurate in time, and we therefore discuss the
use of the Richtmyer modification as described by
Rudolph [17,18] and Feldberg et al. [19,20] for one-di-
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mensional problems. These methods are combined with
the generalised finite difference approximations for the
spatial derivatives described in the first accompanying
paper [1]', and results are given for simulations using
the specially designed mesh described in the first accom-
panying paper [1]. Simulated values of the non-dimen-
sional flux are shown to be accurate to 0.25% at all
non-dimensional times of interest. The results at all
times are obtained from a single run on the same mesh,
with the mesh generation requiring only two parame-
ters, and computing demands are light.

As we will show in later papers in this series this
technique can be straightforwardly extended to deal
with the cases of membrane covered electrodes, and
other electrochemical control techniques. In the next
accompanying paper we consider the problem of linear
sweep voltammetry at a microdisc electrode [22].

2. The model problem

Throughout this paper, we assume that semi-infinite
mass transport occurs to a disc-shaped electrode and
that the electrochemical reaction

A+ne =B (1)

takes place at the disc surface. Axial symmetry allows
mass transport to the electrode to be modelled by the
cylindrical diffusion equation
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where D is the diffusion coefficient, r, z, represent the
spatial coordinates, and ¢ is time. Here we solve for the
normalised concentration, u(r, z, t) = c(r, z, t)/c,, Where
¢, 1s the bulk concentration of species A.

2.1. Boundary conditions

Diffusion limited transport towards the electrode and
semi-infinite diffusion conditions are assumed, so the
boundary conditions are identical to those for the
steady state case of the first accompanying paper [1]:
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! This approach has been used successfully for one-dimensional
problems by Feldberg and Goldstein [20] who also combine the use of
an exponentially expanding space grid with an increasing timestep.
However, one-dimensional problems do not contain a spatial singu-
larity at the electrode edge, and a mesh that will give accurate
solutions for one dimensional problems will not be sufficiently fine for
the two-dimensional problem. As described in the first of the accom-
panying papers [1], the spatial mesh for the two dimensional problem

must be designed specifically to overcome the effects of the spatial
singularity.
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where a is the cathode (or electrode) radius. The singu-
larity arises at r =a, z=0 due to the discontinuity in
the normal derivative at the disc edge.

2.2. The current

The current, /(z), flowing through the disc, which is
the electroanalytical response function, is given by

I(t) =2nn FDc, J <6u> r dr. @)
o\0z /). _¢
Here n, is the number of electrons involved and F is
the Faraday constant. In order to facilitate the com-
parison with previous literature we introduce the non-
dimensional time 7 =4Dt/a?, and we will calculate the
dimensionless current, f(r), given by

f(r)=1/4nFDcya = z f <6u> o dr (5)

2a 05_7

3. Numerical methods

In order to obtain a numerical solution the semi-infi-
nite region [0, oo] x [0, co] is replaced by the finite
region [0, r..J X [0, zn., and we follow Britz [23] in
choosing r,,,, to be max (2, 6\/ (Dt)) and z,,, to be
max(1, 6\/ (D)) (since beyond this distance all concen-
tration values will effectively equal the bulk concentra-
tion). This solution region is then discretised using a
general rectangular mesh with mesh spacings

i=0,.,N, —1 (6)
j=0,...N.—1 (7)

hi=ri 1 —r1
ki=z 11—z
in the r and z directions, as described in the first
accompanying paper [1], where N,, N. are the number
of mesh lines in the r and z directions, respectively.

3.1. The ADI method

We described the use of the ADI method on a
regular rectangular mesh in an earlier paper [4]. Its use
on a general rectangular mesh simply involves replacing
the usual central difference approximations to the par-
tial derivatives by the generalised forms given by equa-
tions 12 to 15 of the first accompanying paper [1].
Using a timestep Az (= At/4), the approximate non-di-
mensional solution U} ; (~ u(r, z;, t,)) is found at each
time level ¢, =nAt (where u is the continuous non-di-
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mensional solution in the finite domain, and U7} ; is the
corresponding solution to the discrete problem). The
ADI method introduces an intermediate timestep at
(n + 1/2)At to allow a splitting of the difference opera-
tors. This results in the pair of difference equations

At 1 At
1 ——| L. +-1 Urtiz=|1+—1nLr_ |U".
|: 2( rr 2 r>:| i,Jj |: 2 __:| L] (8)
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where L., L,., L.. are the generalised finite difference
operators defined in equations 12 and 13 of the first
accompanying paper [1]. The first of these equations is
then a tridiagonal system in the r-direction at (n+ 1/
2)At, and the second is a tridiagonal system in the
z-direction at (n+ 1)Az. Each of the corresponding
matrices can be decomposed into LU form just once at
the start of the calculation and stored in vector form.
The resulting algorithm is very efficient computation-
ally in terms of both storage and speed, with the added
benefit that the overall method is unconditionally stable
and second order accurate. Further details of this im-
plementation are given in the Appendix.

3.2. The fully implicit method

As with the Crank—Nicolson method for 1-D prob-
lems, the ADI method is second order accurate in both
time and space, but can suffer from oscillations in the
concentration values when large timesteps are used.
The fully implicit finite difference (FIFD) method (or
Laasonen scheme) has recently been described for use
in simulating one-dimensional problems by Rudolph
[17,18] and has been improved upon by incorporating
the Richtmyer modification (the ‘FIRM’ algorithm)
[19,20]. The FIFD method does not give oscillations
with large timesteps, but is only first order accurate in
time. It can be straightforwardly extended to two-di-
mensional problems and differs from the ADI al-
gorithm in that it uses only values at the current time
level to calculate the finite difference equations for the
spatial derivatives, rather than an average of the values
at the old and new time levels. It again uses a simple
backward difference to approximate the time deriva-
tive. This results in the following finite difference
scheme

n41 n
Uil —Y_ (L,,+1L,+LZZ>U:?71 (10)
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Re-arranging this gives
1
[1 —At(L,,+L,+LZZ>}U§f,-+‘ = U7}, (11)
; . .

Once the boundary conditions are discretised, Eq.
(11) can be written as the matrix equation

AU ' =U"+b (12)

U"*!is a vector of length N=N, x (N, — 1) repre-
senting the unknown concentration values at time 7 +
1, U", b are also vectors of length N representing the
known concentration values at time #n and the Dirichlet
boundary conditions, and A4 is an N x N banded ma-
trix. This system can be solved straightforwardly using
standard software packages which make use of the
banded structure of the matrix. We have used routines
FO7BDF and FO7BEF of the NAG subroutine library
[27] which calculate the LU decomposition of a banded
matrix and then solve the related system, respectively. It
is worth noting that, as with the ADI method, the
matrix A is time-independent, and so need only be
decomposed into LU form once, and the system is then
solved at each timestep using routine FO7BEF. The
number of operations required by this algorithm is
approximately 6N x min (N,, N.) on each timestep,
with a further 2N? to perform the LU decomposition.
The memory requirement to store the banded matrix is
3N X min (N,, N.). Full details of techniques for solving
sparse, banded linear systems can be found in Golub
and Van Loan [28].

3.2.1. The FIRM algorithm

The FIRM algorithm seeks to improve the time-ac-
curacy of the FIFD method by using earlier (known)
values of the concentration to calculate the approxima-
tion to the time derivative. The method as described by
Mocak and Feldberg [19] and Feldberg and Goldstein
[20] can be used in identical form for the two-dimen-
sional problem, and requires only minor modification
to the algorithm. Later in this paper where we compare
the use of the FIFD and FIRM algorithms we will use
the six-level Richtmyer modification, so that instead of
using the simple two-point finite difference for the time
derivative, as in Eq. (10), we use the six-point approxi-
mation given in Table 3 of Feldberg and Goldstein [20].
We use the same simple start-up protocol as these
previous authors which assumes that prior to the initial
timestep, all concentrations can be set to the bulk
concentration. Details of this procedure are given in
Section 3.3 of Feldberg and Goldstein [20].

3.3. Boundary conditions

The conditions on all boundaries are imposed in
identical fashion to those described for the steady state
problem in the first accompanying paper [1], with the
exception of those on r,,, and z,,, which simply
impose the bulk concentration via

U,=1 Jj=1,..m—1
U,=1 i=0,.n—1 (13)
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3.4. Calculation of the flux

At each timestep the flux is calculated in identical
fashion to that described by equations Egs. (18—20) of
the first accompanying paper [1].

3.5. Computing

All programs used to generate results quoted in this
paper are written in standard Fortran 77 and run on an
IBM RS6000 model 550 which has a nominal clock
speed of 41 MHz, but is specially designed for floating
point arithmetic and is capable of a peak performance
of 82 Mflops (manufacturer’s figures) and a sustainable
speed of 15-20 Mflops. This machine is 5 years old and
is now roughly equivalent to the mid-range Pentium
processors. All codes are available from the author on
request.

4. Numerical convergence of the methods

In this section we consider the temporal and spatial
convergence of the simulated flux calculated using each
of the three numerical methods. In an earlier paper [13]
we described for the steady state problem the effects of
the spatial singularity at the electrode edge on the
numerical convergence of the simulated flux. For the
time dependent problem this same spatial singularity is
present and we will again demonstrate its dramatic
effect on numerical convergence. However, for the
time-dependent problem there is also a time singularity
at 1 =0 due to the impulsive change in the boundary
condition when the electrode is ‘switched on’. As re-
ported by Britz and Osterby [15], it has been known for
some time that this second type of singularity can cause
oscillations when using semi-implicit finite difference
methods such as ADI to solve diffusion problems [14],
and several methods of overcoming it are presented in
the classic work of Crank [16]. Britz and Osterby give a
graphic demonstration of the occurrence of oscillations
when using the Crank—Nicolson method for one di-
mensional electrochemical problems, and since the ADI
method can be considered as the two dimensional
equivalent of the Crank—Nicolson method, we will
begin by demonstrating that the same difficulty can also
arise in simulating two-dimensional electrochemical
problems. We then consider the effect of the spatial
singularity on the convergence of the ADI method,
going on to consider the temporal convergence of the
FIFD and FIRM algorithms, before finally showing
that all three algorithms are affected in identical fash-
ion by the spatial singularity. These numerical experi-
ments allow us to derive an expanding timestep method
which can be combined with the refined mesh described
in the accompanying paper [1] to give very accurate

values of the simulated flux at all times of interest in a
single run of the program for each of the three
algorithms.

4.1. ADI method: convergence and oscillations on a
regular grid

To illustrate the effects of the initial time and spatial
singularities we use a simple regular rectangular mesh,
with constant mesh spacing /4 in both the r and :z
directions, to solve the electrode problem by the ADI
method with standard central difference approxima-
tions for each of the spatial derivatives as given in
equation 11 of the first accompanying paper [1].

The effect of the initial time singularity when solving
for the simulated flux is governed by the size of the
mesh ratio, A= At/h?>= At/4h>. This is illustrated in
Fig. 1 which shows the results of solving up to time
7 =1.21, using a mesh spacing 2 = 0.05 (40 points along
the cathode surface), and with three values of the mesh
ratio: 4 =1.0 is given by the solid line; 4= 2.0 is given
by the dashed line; and 4 =4.0 is given by the dotted
line. It is clear that the magnitude and duration of the
oscillations increase with increasing A as expected?.

The effects of the spatial singularity at the electrode
edge on numerical convergence are demonstrated in

Flux

T I T T T I
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Time

Fig. 1. Oscillations caused by the initial time singularity. The full line
is calculated using 4 = At/4h? = 1.0 and shows no oscillations, whilst
for the dashed line 4 = 2.0 we obtain small initial oscillations, and for
the dotted line 4 =4.0 giving large initial oscillations and negative
flux values. In both cases the oscillations decay with time, and their
duration and magnitude increase with A.

2 In numerical analysis, this effect is usually described in terms of a
maximum principle i.e. it can be shown that (for example, chapter 3
Morton and Mayers [25]) both the Crank—Nicolson and ADI meth-
ods will give simulated values of the concentration that are bounded
by the minimum and maximum values on the boundary (in our case
0.0 and 1.0), provided that 1 < 1.0.
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Table 1

Convergence results for the simulated flux f(r) obtained by successively halving the mesh spacing /# in both the r and z-directions on a regular

rectangular mesh at two representative times (zr =0.09 and 7= 1.21)

n, h N, 7=0.09 N, =121
Mesh f(o) Mesh f(o)

10 0.1 36 29 %29 3.494 121 77 %77 1.425
20 0.05 36 57x57 3.501 121 153 x 153 1.498
40 0.025 36 113x 113 3.555 484 305 x 305 1.552
80 0.0125 144 225x225 3.611 1936 609 x 609 1.591
160 6.25x 1073 576 449 x 449 3.656

320 3.125% 1073 2304 897 x 897 3.689

Table 1, and are given at the two representative times
of 1=0.09 and 7=1.21, similar to those used by
previous workers [3,4,7]. The accurate analytic approxi-
mation as given by Aoki and Osteryoung [9] gives flux
values of 3.768 and 1.692 at t=0.09 and 7=1.21,
respectively. The number of timesteps, N,, used in the
numerical simulations is chosen to ensure both time
accuracy and to prevent oscillations, so that for both
times a value of 4= 1.0 is used for all values of n, > 40.
It is clear from the values given in Table 1 that conver-
gence is very slow at both non-dimensional times con-
sidered, being accurate to only 2% at 7 =0.09 and 6%
at 7=121 on the finest meshes considered. Finer
meshes were not used as the computing costs became
prohibitive, taking 6.2 h of CPU time at 7= 0.09, and
53 min of CPU time at 7= 1.21 on the finest meshes
used in Table 1.

It is worth noting that, as for the steady state prob-
lem in the first accompanying paper [1], the rate of
convergence appears to be tending towards 22 on the
finer meshes, so that the effect of the spatial singularity
is similar in the two problems. This suggests that the
mesh refinement approach which gave such accurate
and computationally efficient results for the steady
problem might give equally accurate and efficient re-
sults for the time-dependent problem.

4.2. Spatial and temporal convergence of the FIFD and
FIRM algorithms

Although the FIFD method does not give any oscil-
lations in the simulated flux, or in the concentration
values, since we have used a very simple backward
difference formula to approximate the time derivative
we obtain only first order accuracy in time i.e. the error
in the approximation decays in proportion to Az rather
than with the At? obtained with the second order ADI
method. This is illustrated in Table 2 which shows the
results of successively doubling the number of timesteps
on a very coarse regular mesh (2= 0.1) at two represen-
tative times of 7=0.09 and 7=1.21. The very rapid
time convergence of the ADI method contrasts with the

slower first order convergence of the implicit method,
although both converge to the same value. The values
obtained using the six-level FIRM algorithm are also
shown, and show an improvement over the FIFD
algorithm but less rapid time convergence than the ADI
technique®. It is clear that both methods give much
more rapid time convergence at the longer time. This is
because the truncation errors of the finite difference
methods are proportional to the product of the
timestep for FIFD (the timestep squared for ADI) and
higher time derivatives of the concentration (chapter 2
of Morton and Mayers [24]). Since the concentration
varies quite slowly with time at longer times, the overall
truncation error due to the time discretisation decays
very rapidly with time. As we describe below, this has
important practical implications in choosing the most
appropriate method for the solution of a particular
electrochemical problem.

Finally we note that the ADI, FIFD and FIRM
algorithms converge to the same value of the simulated
flux on this very coarse mesh. Although not shown, this
is also true for all of the regular meshes described in
Table 1, so that all three methods are affected in
identical fashion by the spatial singularity.

4.3. Obtaining time-accurate solution at both short and
long times

Since we wish the methods that we have developed to
be used as a general tool for simulating electrochemical
problems, we would like to be able to obtain accurate
results for the simulated flux over several orders of
magnitude of the non-dimensional time 7 (the range for

3 For the FIRM algorithm we give the values at the end of a
certain number of timesteps to allow direct comparison between the
methods. However, Feldberg and Goldstein [20] give a lengthy discus-
sion of the way in which the start-up protocol affects the ‘temporal
location’ of the calculated concentration values, and this should be
taken into account in any practical application of the FIRM al-
gorithm. It is also worth noting that the simple start-up protocol for
the FIRM algorithm results in oscillations in the simulated flux over
the first few timesteps.
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Convergence results for the simulated flux f(r) obtained by successively halving the mesh spacing / in both the r and z-directions on a regular
rectangular mesh at two representative times (r =0.09 and 7= 1.21)

h N, FIFD FIRM ADI FIFD FIRM ADI
£(0.09) £(0.09) £(0.09) f(1.21) f1.21) F(1.21)

0.1 20 3.560 3.535 3.493 1.439 1.434 1.424
0.1 40 3.527 3.514 3.494 1.432 1.429 1.425
0.1 80 3.510 3.504 3.494 1.428 1.427 1.425
0.1 160 3.502 3.499 3.494 1.427 1.426 1.425
0.1 320 3.498 3.496 3.494 1.426 1.425 1.425
0.1 640 3.496 3.495 3.494

0.1 1280 3.495 3.494 3.494

which results are usually given is =10 —2 to 10%). In
the first accompanying paper [1] we described how to
derive a mesh on which the effects of the spatial
singularity could be effectively removed for the steady
state problem. We will show later that this mesh can be
used to give excellent spatial accuracy for chronoam-
perometry over this range of times, but first we consider
the time convergence of the three solution methods on
the final mesh that we derived, which uses a minimum
mesh spacing of 4 =8 x 10 > immediately adjacent to
the singularity, and a mesh expansion factor f=1.175.
It was shown that this approach leads to the mesh
spacings /;, k; in the r, z directions as follows

hn, 1= hn, = hlast

,, g fhn i1 for i=2,...,n,

,,+, ﬂz,,ﬂ,1 for i=1,...,N,

ko = N

ki1 =tk for j=0,...,N.. (14)

The values of N, and N. are determined automati-
cally to ensure that r,=r, . N, > F'max and z, once the
values of /,,,, and fhave been chosen (this is used as the
stopping criterion in the mesh-generation algorithm).

Table 3 gives the time convergence of the simulated
flux, calculated on this mesh, at either end of the
usually quoted range (the analytic values of the flux
given by Aoki and Osteryoung [9] being f(0.01) = 9.657
and f(100) =1.073). For the ADI method we would
need to use a timestep of the order of 5 x 10~ if we
were to obtain a mesh ratio 4= 1.0 and avoid oscilla-
tions. This in turn implies the need for around 2 x 10'°
timesteps to reach a final time of 7= 100, which is
clearly not feasible in reasonable computing time. Even
if we were prepared to put up with oscillations provided
that these had decayed away by the time of interest, we
would still require around 2000 timesteps even for very
short times, and for v =100 we would require 200000
timesteps. For the fully implicit methods, at 7 =0.01 we
see very similar rates of time convergence to that on the

regular mesh, with FIFD giving first order convergence
and FIRM more rapid convergence. At the longer time
we see the dramatic effect of the very slow variation of
the concentration values with time, so that the contri-
bution to the overall truncation error from the time
terms is negligible and we can obtain extremely accu-
rate results using just ten timesteps for both FIFD and
FIRM.

It is clear from the results given in Table 3 that it will
not be possible to use a fixed timestep to obtain accu-
rate results at all values of 7 of interest in a single run
of the program for any of the three algorithms. The
standard technique for overcoming this problem is to
use an exponentially expanding timestep [20]. However
this would involve re-inverting the matrices associated
with each of the methods at each timestep, which is an
extremely costly procedure in terms of computing time.
We have therefore adapted a suggestion made by Pear-
son [14] for overcoming oscillations associated with the
Crank—Nicolson scheme which involved using a special
calculation on the first timestep, by subdividing the first
interval into a number of smaller sub-intervals. A simi-
lar idea was used by Britz and Osterby [15] who re-
placed the first timestep by a series of exponentially
increasing (they suggested a factor of two) subintervals
whose sum is Ar. Whilst both of these techniques can
also be used both to reduce the oscillations associated
with the ADI method on the refined mesh, and to
achieve time accuracy for all three algorithms, neither is
sufficient to give accurate solutions within acceptable
computing demands.

We therefore use an algorithm which begins with a
timestep that is sufficiently small to remove all oscilla-
tions in the ADI method on the refined mesh (in
practice we ensure that 4 < 1.0 initially), but can also be
used with both of the fully implicit methods to give
accurate values at all values of 7 of interest with
reasonable computing demands. After some ‘suitable’
number of timesteps (say M) the timestep is increased
by a suitable factor, y. After a further M steps this is
repeated with the timestep again increased by a factor
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Table 3

Convergence results for the simulated flux f(z) as a function of the number of timesteps for each of the three algorithms at short (z =0.01) and

long (7 =100) times

N, FIFD FIRM ADI N, FIFD FIRM ADI
£(0.01) £(0.01) £(0.01) £(100) £(100) £(100)
125 9.680 9.671 Osc. 10 1.076 1.074 Osc.
250 9.667 9.662 Osc. 20 1.074 1.074 Osc.
500 9.660 9.658 Osc. 40 1.074 1.073 Osc.
1000 9.657 9.656 Osc.
2000 9.655 9.655 9.653 1x10° Osc.
4000 9.654 9.654 9.654 2x 103 1.073

y, and the process of increasing the timestep exponen-
tially continues until the final time of interest is reached.
We choose the ‘suitable’ number of timesteps and factor
by numerical experiment as described further below. In
practice this algorithm is modified slightly in order to
give values of the simulated flux at times which can be
compared with the work of previous authors.

A simplified example of the effectiveness of this
technique for removing the oscillations in the ADI
method is shown in Fig. 2 which uses a regular mesh
with 2 =0.05. The full line is calculated using an initial
value of Aty = 1.0~ with a value of y = 10.0, giving an
initial value of 4 =0.4. We also choose M = 20, but use
the slightly modified algorithm so that the timestep is
increased by a factor of 10.0 after the first 10 steps at
time 7 = 0.01 to Az = 0.01 (with 4 = 4.0), then again after
a further 19 steps at time 7 = 0.2 to 0.1 (4 = 40.0). As can
be seen no oscillations result, and the calculation up to
7= 1.3 requires just 40 timesteps in total. The dashed
line in Fig. 3 is calculated using the same mesh with a
value of A7 =0.01 (4 =4.0) throughout the calculation,
requiring 130 timesteps to reach 7= 1.3 whilst giving
large initial oscillations and negative flux values.

4.4. Combining mesh refinement with an increasing
timestep

When combined with the very refined mesh derived in
the accompanying paper [1] (using /,,,, = 8 x 10~>, and
f=1.175), a much smaller initial timestep must be used
to overcome the oscillations in the ADI method, and the
time convergence results given in Table 3 also suggest
that we need to use at least 1000 timesteps to obtain an
accurate value of the flux at t=0.01 when using the
FIFD method. Fig. 3 shows the results of our numerical
experiments to determine the most appropriate values of
M and y on the refined mesh. Each of the curves shown
gives the difference (as a percentage of the analytic
value) between the simulated flux and the analytic
approximation given by Aoki and Osteryoung [9],
plotted against log,y(7). Curves A and B are calculated
calculated using FIFD and FIRM, respectively and

values of M = 1000 and y = 10.0, starting with an initial
timestep of Ar=10"° Curves C, D and E are all
calculated using the ADI method with y=10.0 and
M =1000, 2000, and 4000, respectively, and an initial
timestep of At=10"8 (chosen sufficiently small to
remove all oscillations). For values of 7 < 10~ 2 increas-
ing the timestep by a factor of 10 makes no difference
for the ADI method, whilst for the FIFD and FIRM
algorithms it results in a slight increase in the error —
this is more pronounced for FIRM due to the effects of
the startup protocol®. For values of 7 > 10, the position

4 We use equation 8 of ref. [9] for r < 1, and equation 7 of [9] for
r>1.0.

5 This could be improved by using a more sophisticated startup
procedure such as those described by Feldberg and Goldstein, but for
this problem the FIFD algorithm gives sufficiently accurate results (as
discussed in the next section) so that this is not necessary.
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Fig. 2. Use of an increasing timestep to remove the oscillations
caused by the initial time singularity on a regular mesh with # = 0.05.
The full line is calculated using an initial value of /= 0.4 which was
increased to 4.0 after 10 timesteps, and to 40.0 after 30 timesteps, and
shows no oscillations, and requires just 40 timesteps in total. The
dashed line uses a value of 1=4.0 throughout the 130 timesteps of
the calculation, giving large initial oscillations and negative flux
values.
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Fig. 3. Percentage difference between the analytic and simulated flux
values obtained by combining mesh refinement with an increasing
timestep for each of the three numerical algorithms. Curves A and B
are calculated calculated using FIFD and FIRM respectively, and
values of M = 1000 and y = 10.0, starting with an initial timestep of
At=10"° Curves C, D and E are all calculated using the ADI
method with y =10.0 and M = 1000, 2000, and 4000, respectively and
an initial timestep of At = 10"%.7 is plotted on a logarithmic scale.

of the timestep having no effect on the FIFD and little
effect on FIRM. However, it is clear that for the ADI
method, the size of the timestep has an increasingly
marked effect on the error. Closer inspection reveals
this to be a stability problem, with oscillations being
introduced into the concentration values at longer times
when the timestep is comparatively large. This problem
can be reduced by lengthening the interval between
increases in the timestep, as shown in curves C, D and
E where M is 1000, 2000 and 4000 — as M is further
increased, the curves calculated using the ADI method
gradually come to lie on top of those for the FIFD and
FIRM algorithms, but of course the computing time
taken increases proportionately.

4.5. Spatial convergence and comparison with previous
results

In discussing the results presented in Table 3 and in
Fig. 3, we were concerned primarily with the time-con-
vergence, and did not mention spatial convergence ob-
tained on the refined mesh. However, it is clear from
Fig. 3 that except in the range 0.5 <7 <2 we obtain
extremely good agreement with both the analytic solu-
tion of Aoki and Osteryoung [9] and with previously
published numerical simulations. Indeed, in Table 4
where we compare our results with those of previous
workers at the usually quoted non-dimensional times, it

is clear that the spatial accuracy that we obtained in the
first of the accompanying papers for the steady problem
has carried through to the time-dependent problem,
with maximum errors (other than around z = 1.0) being
less than 0.1% for all three methods. These values were
calculated using values of M =1000, y=10 and an
initial timestep of 10~ for both the FIFD and FIRM
(curves A and B in Fig. 3), and M =4000, y =10 and
an initial timestep of 10 ~7 for the ADI method (curve
E in Fig. 3). The refined mesh was generated using
values of /,, =8.0x 107> and f=1.175 in Eq. (14),
giving a mesh with 122 points in the r-direction and 74
in the z-direction, with 48 points covering the electrode
surface. We consider, in Table 4, flux values up to time
=100 to allow comparison with previous workers,
and we therefore choose r,,, and z.,. to be greater
than 6\/ Dt =60. It is worth noting that the maximum
error reported by Amatore and Fossett [2] using the
accurate conformal mapping technique was at 7= 1.21
(these authors did not give a value at 7 = 0.64) and that
few authors using simulation methods have given a
value of the simulated flux at 7 =1.0. The mesh that we
use to obtain the results in Fig. 3 and Table 4 is
designed to strike a balance between various numerical
errors, and should give its most accurate results in the
middle of the range of 7 values of interest i.e. around
7=1.0. In addition, 7=1.0 is the point at which we
switch from using the short-time analytic solution, to
the long-time analytic solution. It therefore seems likely
that the maximum difference that we observe of 0.6%,
occurring at 7 = 1.0 between the analytic and simulated
fluxes is due to error in the analytic solution, and the
lower simulated values of the flux in this region are also
likely to be correct to within 0.1% i.e. the error is in the
analytic solution for 0.5 <7< 2.0. In Fig. 3, we have
also included results up to 7= 10°, and it can be seen
that the flux is overestimated by the fully implicit
methods by about 0.2%. This is in line with the results
presented in Section 4.5 of the accompanying paper [1],
since we designed the mesh to give very accurate results
for intermediate 7 values. If we were primarily inter-
ested in near steady state values, then we could use a
slightly smaller value of the expansion factor as de-
scribed in that paper. For completeness, we have run
the FIFD algorithm to a value of t = 10° (the stability
and time accuracy at long times allows us to do this
using a timestep of 10* or just 100 timesteps in around
40 s of CPU time) and obtained an overestimation of
0.27%, which can be considered to be the maximum
error associated with simulation on this mesh, and is
sufficiently accurate for most experimental situations.

4.6. Computing time

The values of the CPU times given in Table 5 are all
for the calculations made to obtain the results given in
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Table 4

Comparison of the analytic results of Aoki and Osteryoung [9] with those obtained using a conformal map [2] and the results from this work

Flux f(7)

Time (7) Analytic Conformal map FIFD FIRM ADI
0.01 9.657 9.688 9.657 9.678 9.653
0.04 5.235 5.243 5.235 5.235 5.232
0.09 3.768 3.772 3.767 3.766 3.765
0.25 2.605 2.607 2.605 2.605 2.603
0.64 1.968 1.965 1.965 1.964
1.00 1.768 1.758 1.759 1.758
1.21 1.691 1.686 1.685 1.686 1.684
2.25 1.495 1.493 1.493 1.493 1.492
4.00 1.367 1.367 1.367 1.365 1.364
6.76 1.279 1.279 1.279 1.279 1.278

25.0 1.144 1.145 1.145 1.143

100.0 1.073 1.073 1.073 1.072

Table 4. Whilst the ADI method is an order of magni-
tude quicker per timestep than the fully implicit meth-
ods, it becomes inaccurate and unstable at longer times
if the timestep is increased too rapidly. The single run
of the codes used to generate the values given in Table
5 required 4591 timesteps for each of the fully implicit
methods—equivalent to about 20 min of CPU time,
but 22592 for the ADI method—equivalent to about
10 min of CPU time. However, comparing the compu-
tational efficiency of the methods in this simple fashion
is not fair to any of them-—the most appropriate
method to use depends on the particular problem that
is being solved. For example, if we were really inter-
ested in near-steady-state values, we could use either
the FIFD or FIRM algorithms with 100 timesteps and
obtain the value of the flux at =100 to 0.1% accuracy
in 40 s of CPU time, and similarly using the ADI
method we could obtain f(0.01) using 1800 timesteps in
20 s. We discuss further below which of the methods
might be considered most appropriate.

5. Discussion

In the first accompanying paper [1] we derived a
mesh refinement strategy which was designed to give
very accurate values of the simulated flux at a microdisc
electrode when using a variety of electrochemical con-
trol techniques. In this paper we have described how to
use this approach to solve the problem of chronoam-
perometry at a microdisc electrode. By adapting previ-
ous approaches to dealing with errors due to the
time-dependency of the problem, and particularly the
initial time singularity, we have shown that it is possible
to obtain values of the simulated flux with an accuracy
of about 0.1% in the range of 0 < 7 < 100 for which the
mesh was designed, and to about 0.25% for all values of
T.

We have described the use of this mesh with three
methods of solving the resulting finite difference equa-
tions—ADI, FIFD and FIRM. We have shown that the
ADI algorithm is an order of magnitude faster per
timestep than the other fully implicit methods, but can
give problems with stability when used with a large
timestep. The ADI method is also much more accurate
at short times than the fully implicit methods. However,
the codes were run on a fairly old computer, and it
seems likely that this slight advantage enjoyed by the
ADI method will soon become irrelevant with current
advances in technology. So, the ADI is the method of
choice where computing time or short-time accuracy is
the major consideration. It is also appropriate for prob-
lems which do not contain an initial time singularity
such as linear sweep voltammetry (LSV), which we
consider in the accompanying paper [22]. Of the two
fully implicit methods, for problems such as chronoam-
perometry where the error due to the size of the
timestep decays rapidly with time, there is also little to
choose between the FIFD and FIRM algorithms. How-
ever, from a programming perspective, the difference
between the two algorithms is trivial® and we would
therefore recommend that any readers attempting to
use the approach described here should consider coding

Table 5
Comparison of the CPU times taken by the FIFD, FIRM and ADI
methods

CPU time per timestep (s)

FIFD FIRM ADI

0.252 0.266 0.0255

¢ Indeed, the FIFD is simply a two level FIRM algorithm.
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up an n-level FIRM algorithm to give maximum flexi-
bility in adapting the code for other applications.
Again, in the accompanying paper, we show that for
simulations of LSV where the time truncation errors do
not decay, the FIRM algorithm is extremely accurate
and efficient, whilst the FIFD algorithm is much less
accurate.
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Appendix A. An efficient implementation of the ADI
algorithm

As described in the main text, the advantage of the
ADI method is that we can obtain our solution at level
n+ 1 from that at level n, by solving only tridiagonal
systems in alternating directions at each half step. If we
write either of Egs. (8) and (9) in the form

a,U,_+bU,+cU,, =d, for v=1,...k
(15)
then these become Ax =d with
by ¢ 0
A= | (16)
Clcfl
0 a b

In his original paper describing the use of the ADI
method in electrochemical simulations, Heinze [5] gave
no details of how he solved the tridiagonal systems that
arise from the splitting of the difference operators. The
standard technique for solving tridiagonal systems is
known as the Thomas algorithm (Morton and Mayers
[24]), and this appears to have been essentially the
technique used by Taylor et al. [25], although their
algorithm was greatly complicated by the inclusion of
the ‘dual matrix method’ of Britz et al. [26]. Since the
matrix A of Eq. (16) is diagonally dominant, we could
also use the Thomas algorithm. However, 4 is also a
constant matrix in time, so that it is much more effi-
cient to decompose each tridiagonal matrix into upper
(U) and lower (L) triangular matrices such that 4 = LU
just once at the start of the calculation, and use them at
each half time step to obtain the solution. It can easily
be verified that

1 0
L=
0 e, 1
fi & 0
U= |- - 17
o 8r—1
0 S
with
f1:b1
fi=b,—ec,_, i=(,...x)
ei:ai/ﬁ—l i:(l,...K)
g=c i=(,...c—1) (18)

It is important to note that the mesh spacings are the
same along all mesh lines in a given coordinate direc-
tion, and that the boundary conditions are identical for
all rows (when solving in the r-direction), whilst for all
columns (z-direction) we have just two types of
boundary condition (above the electrode and above the
insulator). We therefore obtain only three different
tridiagonal matrices over the whole mesh, which means
that we need to do just three decompositions and store
only nine vectors (the e, f, g of Eq. (18)) of length k to
calculate the solution for all mesh lines in each of the r
and z-directions. Once in the form LUx = d, by writing
z= Ux we may solve the system Lz=d by forward
substitution using

zy =d,

z;=d;—e;z;_, fori=2« 19)

and then obtain our solution x from Ux =z by back-
ward substitution, using

X, =2z

xl{—i:ZK—[_gh‘—th‘—f+1Zf‘K—i fOI‘ i:l’K_l

(20)

This results in an extremely efficient algorithm both
in terms of calculation and storage.
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